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Abstract

This article providesa generabverview of thefield now knowvn as“evolution-
ary multi-objective optimization”, which refersto the useof evolutionary algo-
rithmsto solve problemswith two or more(often conflicting) objective functions.
Using asa framework the history of this discipline,we discusssomeof the most
representate algorithmsthathave beendevelopedsofar, aswell assomeof their
applications. Also, we discusssomeof the methodologicaissuesrelatedto the
useof multi-objective evolutionaryalgorithms,aswell assomeof the currentand
futureresearchrendsin thearea.

1 Intr oduction

Optimizationusingmetaheuristichasbecomeavery popularresearchopicin thelast
few years[14]. Optimizationrefersto finding the bestpossiblesolutionto a problem
givena setof limitations (or constraints).Whendealingwith a single objective to be
optimized(e.g.,thecostof adesign) we aimto find thebestpossiblesolutionavailable
(called“global optimum?), or atleasta goodapproximatiorof it.

However, when devising optimizationmodelsfor a problem,it is frequentlythe
casethat thereis not one but several objectvesthat we would like to optimize. In
fact, it is normally the casethattheseobjectvesarein conflict with eachother For
example,when designinga bridge, we would like to minimize its costwhile max-
imizing its safety Theseproblemswith two or more objectie functionsare called
“multi-objective” andrequiredifferentmathematicahndalgorithmictools thanthose



adoptedto solve single-objectie optimizationproblems. In fact, even the notion of

“optimality” changesvhendealingwith multi-objective optimizationproblems. The
generalnonlinearsingle-objectie optimizationproblemis asmuchan openproblem
asthe generalnonlinearmulti-objective optimizationproblem. Therefore the useof

metaheuristicés a valid choicewhich, in fact, hasrapidly gainedacceptancamong
researcherfrom a wide variety of disciplines. From the several metaheuristicgur-

rently available, evolutionary algorithms (which are basedon the emulationof the
mechanisnof naturalselection)are amongthe mostpopular[35, 28]. Evolutionary
algorithmshave beenpopularin single-objectie optimizationand,morerecently have
alsobecomecommonin multi-objective optimization,in which they presentseveral
advantageswith respectto othertechniquesaswe will seelateron. In this article,
we will provide anoverview of the field now called“evolutionarymulti-objective op-

timization”, which refersto the useof evolutionaryalgorithmsto solve multi-objective
optimizationproblems. The overview will not be comprehensie nor will discussin

detail the mary approachesurrently available (moretechnicalsurveys with that sort
of informationalreadyexist [5, 85, 88]). Insteadjt will bea historicaltour thatwill try

to illustratethe rapiddevelopmenbf thisfield.

2 BasicConcepts

In anattemptfor avoiding theuseof cumbersomenathematicalerms,we will provide
only informal definitionsof the main conceptsequiredto understandhe restof this
article. It is assumedhowever, thatthereadeiis familiarwith thegeneralitieof evolu-
tionaryalgorithms(if morebackgroundnthistopicis requiredthereareseseralgood
referenceshatthereadeiis invited to consult,suchas[35, 28, 25]).

First,we needo defineamulti-objective optimizationproblem(MOP).A MOPis a
problemwhich hastwo or moreobjectivesthatwe needto optimizesimultaneouslylit
is importantto mentionthattheremight be constraintsmposedon the objecties.lt is
alsoimportantto emphasizéhatit is normallythe casethatthe objectvesof the MOP
arein conflict with eachother If thisis notthe casethena singlesolutionexists for
the MOP, andwhatwe will discussn the remainderof this article no longerapplies,
becausdhe objectivescanbe optimizedoneby one,in sequentiabrderto find this
singlesolution.

MostMOPs,however, donotlendthemselesto asinglesolutionandhave,instead,
a setof solutions.Suchsolutionsarereally “trade-ofs” or goodcompromiseamong
theobjectives.In orderto generatehesetrade-of solutionsanold notionof optimality
is normally adopted. This notion of optimality was originally introducedby Francis
Ysidro Edgevorthin 1881[23] andlater generalizedy Vilfredo Paretoin 1896[69].
It is called Edgeworth-Pareto optimumor, simply, Pareto optimum In words, this
definitionsaysthatasolutionto aMOPis Paretooptimalif thereexistsno otherfeasible
solutionwhichwould decreassomecriterionwithout causinga simultaneouincrease
in at leastoneothercriterion. It shouldnot be difficult to realizethat the useof this
conceptalmostalwaysgivesnot a singlesolutionbut a setof them,whichis calledthe
Paretooptimalset Thevectorsof thedecisionvariablescorrespondingo the solutions
includedin the Paretooptimal setare callednondominated The plot of the objective



functionswhosenondominatedectorsarein the Paretooptimalsetis calledthe Pareto
front

3 Why Evolutionary Algorithms?

The OperationResearclttommunityhasdevelopedapproacheso solve MOPssince
the 1950s.Currently awide variety of mathematicaprogrammingechniquego solve
MOPsareavailablein the specializediterature(seefor example[59, 24]). However,
mathematicaprogrammingtechniquesave certainlimitations whentackling MOPs.
For example,mary of themare susceptibldo the shapeof the Paretofront and may
notwork whenthe Paretofront is concae or disconnectedOthersrequiredifferentia-
bility of the objective functionsandthe constraints Also, mostof themonly generate
asinglesolutionfrom eachrun. Thus,severalruns(usingdifferentstartingpoints)are
requiredin orderto generatesereral elementsof the Paretooptimal set[59]. In con-
trast,evolutionaryalgorithmsdealsimultaneouslyvith a setof possiblesolutions(the
so-calledpopulation)which allows us to find several membersof the Paretooptimal
setin asinglerun of thealgorithm. Additionally, evolutionaryalgorithmsarelesssus-
ceptibleto the shapeor continuity of the Paretofront (e.g.,they caneasilydealwith
discontinuousndconcae Paretofronts).

4 The Origins of the Field

Thefirst hint regardingthe possibilityof usingevolutionaryalgorithmsto solvea MOP
appearsn a PhDthesisfrom 1967[74] in which, however, no actualmulti-objective
evolutionaryalgorithm (MOEA) wasdeveloped(the multi-objective problemwasre-
statedas a single-objectie problemand solved with a geneticalgorithm). Although
thereis ararelymentionedattemptto usea geneticalgorithmto solve amulti-objective
optimization problemfrom 1983 (see[43]), David Schafer is normally considered
to be the first to have designeda MOEA during the mid-1980s[76, 77]. Schafer’s
approachgalledVectorEvaluatedGeneticAlgorithm (VEGA) consistf asimplege-
netic algorithmwith a modified selectionmechanism.At eachgenerationa number
of sub-populationsveregeneratedy performingproportionalselectionaccordingto
eachobjective functionin turn. Thesesub-populationsvould thenbe shufled together
to obtaina new population,on which the GA would apply the crosseer andmutation
operatordn the usualway. VEGA hada numberof problems,from which the main
onehadto dowith itsinability to retainsolutionswith acceptablg@erformanceperhaps
above average but not outstandindor ary of the objective functions. Thesesolutions
were perhapsgood candidatedor becomingnondominatedsolutions,but could not
survive underthe selectionrschemeof this approach.

5 The First Generation: Emphasison Simplicity

After VEGA, researcheradoptedor seseralyearsothernaive approachesThe most
popularnwerethelinearaggreyatingfunctions which consistsn addingall theobjective



functionsinto asinglevaluewhichis directly adoptedasthefitnessof anevolutionary
algorithm[26]. Nonlinearaggreyatingfunctionswerealsopopular[6]. Lexicographic
orderingwasanotherinterestingchoice. In this case a singleobjective (which is con-

sideredthe mostimportant)is chosenand optimizedwithout consideringary of the
others. Then,the secondobjective is optimizedbut without decreasinghe quality of

thesolutionobtainedfor thefirst objective. This processs repeatedor all theremain-
ing objectves[33].

Despiteall theseearly efforts, the directincorporationof the conceptof Paretoop-
timality into an evolutionary algorithmwasfirst hinted by David E. Goldbeg in his
seminalbook on geneticalgorithms[35]. While criticizing Schafer's VEGA, Gold-
berg suggestedhe useof nondominatedankingand selectionto move a population
towardsthe Paretofrontin amulti-objective optimizationproblem.Thebasicideais to
find the setof solutionsin the populationthat are Paretonondominatedy the restof
thepopulation.Thesesolutionsarethenassignedhe highestrankandeliminatedfrom
further contention. Anothersetof Paretonondominatedolutionsis determinedrom
theremainingpopulationandareassignedhe next highestrank. This processcontin-
uesuntil all thepopulationis suitablyranked. Goldbeg alsosuggestethe useof some
kind of niching techniqueto keepthe GA from corverging to a single point on the
front. A nichingmechanisnsuchasfitnesssharing[36] would allow the evolutionary
algorithmto maintainindividualsall alongthe nondominatedrontier. Goldbeqg did
not provide an actualimplementatiorof his procedureput practicallyall the MOEAs
developedafterthepublicationof hisbookwereinfluencedby hisideas.Fromtheses-
eralMOEAs developedfrom 1989to 1998,the mostrepresentatie arethe following:

1. Nondominated Sorting Genetic Algorithm (NSGA): This algorithmwas pro-
posedby SrinivasandDeb[80], andwasthefirst to bepublishedn aspecialized
journal (EvolutionaryComputatio). The NSGA is basedon several layersof
classificationsf the individualsassuggestedy Goldbeg [35]. Beforeselec-
tion is performed,the populationis ranked on the basisof nondomination:all
nondominatedndividualsareclassifiednto onecategory (with adummyfitness
value,whichis proportionalto thepopulationsize,to provide anequalreproduc-
tive potentialfor theseindividuals). To maintainthe diversity of the population,
theseclassifiedindividuals are sharedwith their dummyfithessvalues. Then
this group of classifiedindividuals is ignored and anotherlayer of nondomi-
natedindividualsis consideredThe processontinueauntil all individualsin the
populationareclassified.Sinceindividualsin thefirst front have the maximum
fitnessvalue, they alwaysget more copiesthanthe restof the population. The
algorithmof the NSGA is not very efficient, becauséParetoranking hasto be
repeatecbveranoveragain.Evidently, it is possibleto achieve the samegoalin
amoreefficientway.

2. Niched-Pareto GeneticAlgorithm (NPGA): Proposedn [40]. TheNPGAuses
atournamenselectiorschemébasen Paretodominance Thebasicideaof the
algorithmis quite clever: Two individualsare randomlychosenand compared
againsta subsefrom theentirepopulation(typically, around10%of thepopula-
tion). If oneof themis dominatedby theindividualsrandomlychoserfrom the



Figurel: MasahiroTanaka.

population)andthe otheris not, thenthenondominatedndividual wins. All the
othersituationsareconsidered tie (i.e., both competitorsareeitherdominated
or nondominated) Whenthereis a tie, the resultof the tournamenis decided
throughfitnesssharing.

3. Multi-Objecti ve Genetic Algorithm (MOGA): Proposedn [29]. In MOGA,
the rank of a certainindividual correspondso the numberof chromosome#n
the currentpopulationby which it is dominated.All nondominatedndividuals
areassignedhe highestpossiblefitnessvalue (all of themgetthe samefitness,
suchthatthey canbe sampledat the samerate), while dominatedonesare pe-
nalizedaccordingo the populationdensityof the correspondingegionto which
they belong(i.e., fitnesssharingis usedto verify how crowdedis the region
surroundingeachindividual).

During thefirst generationfew peopleperformedcomparatie studiesamongdif-
ferent MOEAs. However, thosewho comparedthe three previous MOEAs unani-
mouslyagreedon thesuperiorityof MOGA, followedby the NPGA andby theNSGA
(in a distantthird place)[84]. This periodwascharacterizedy the simplicity of the
algorithmsproposedand by the lack of methodologyto validatethem. No standard
testfunctionswereavailableandcomparisonsverenormally donevisually (no perfor
mancemeasuresvereavailable).

Thereis, however, an importantresultduring this periodthatis normally disre-
garded.MasahiroTanaka(seeFigurel) [82] developedthefirst schemdo incorporate
users preferencesnto a MOEA. This is a very importanttopic, sincein real-world
applicationdt is normallythe casethattheuserdoesnot needthe entireParetooptimal
set,but only a small portion of it (or perhaponly a single solution). Thus,it is nor
mally desirablethatthe usercandefinecertainpreferenceshatcannarron the search
andthat can magnify certainportionsof the Paretofront. For mary years,however,
few researcherm this areapaid attentionto this issue(seefor example[12]).

Anotherimportanteventduringthefirst generationwasthe publicationof thefirst
sunwy of the field. Fonsecaand Fleming publishedsuchsurwey in the journal Evo-
lutionary Computationin 1995[30]. CarlosM. FonsecgseeFigure2) alsoproposed
thefirst performancaneasurehatdid not requirethe true Paretofront of the problem
beforehandsee[31]), andwasalsothefirst to suggesa way of modifying the Pareto



Figure3: EckartZitzler.

dominanceelationshipn orderto handleconstraint§32]. Themainlessorearntfrom
thefirst generatiorwasthata successfuMOEA hadto combinea goodmechanisnio
selectnondominatedndividuals (perhaps but not necessarilybasedon the concept
of Paretooptimality) combinedwith a goodmechanisnto maintaindiversity (fithess
sharingwasa choice,but not the only one). The questionwas: canwe designmore
efficientalgorithmswhile keepingatleastthe effectivenesschievedby first generation
MOEAs?

6 The SecondGeneration: Emphasison Efficiency

Fromtheauthorsperspectie,asecondyeneratiorof MOEAs startedvhenelitism be-
camea standardnechanismAlthough thereweresomeearly studiesthat considered
the notion of elitism in a MOEA (seefor example[42]), mostauthorscredit Eckart
Zitzler (seeFigure3) with the formal introductionof this conceptiin a MOEA, mainly
becauséis StrengthPareto EvolutionaryAlgorithm (SPEA)was publishedin a spe-
cialized journal (the IEEE Transactionson Evolutionary Computatiof), [92] which
madeit a landmarkin the field. Needlesdo say after the publicationof this paper
mostresearcherm thefield startedo incorporateexternalpopulationsn theirMOEAs
andthe useof this mechanisn{or an alternatie form of elitism) becamea common
practice. In fact, the useof elitism is a theoreticalrequiremenin orderto guarantee



convergenceof aMOEA andthereforeits importancg75].

In the context of multi-objective optimization,elitism usually(althoughnot neces-
sarily) refersto the useof an externalpopulation(alsocalledsecondaryopulation)}to
retainthe nondominatedndividualsfound alongthe evolutionary process.The main
motivationfor this mechanisnis the factthata solutionthatis nondominatedvith re-
spectto its currentpopulationis not necessarilynondominatedvith respecto all the
populationsthat are producedby an evolutionary algorithm. Thus, what we needis
a way of guaranteeinghatthe solutionsthatwe will reportto the userare nondomi-
natedwith respecto every othersolutionthatour algorithmhasproduced.Therefore,
the mostintuitive way of doing this is by storingin an externalmemory(or archive)
all the nondominatedsolutionsfound. If a solutionthat wishesto enterthe archive
is dominatedby its contentsthenit is not allowedto enter Corversely if a solution
dominatesanyonestoredin thefile, the dominatedsolutionmustbe deleted. The use
of this externalfile raisessereralquestions:

e How doesthe externalfile interactwith the main population? In otherwords,
do we selectindividualsfrom the union of the main populationandthe external
file?, or dowe selectonly from the mainpopulation jgnoringthe contentsof the
externalfile?

e Whatdo we do whenthe externalfile is full (assuminghatthe capacityof the
externalfile is bounded)? Since memory capabilitiesare always limited, this
issuedeseresspecialattention.

e Do we imposeadditionalcriteriafor a nondominatedolutionto be allowedto
enterthe file ratherthanjust using Paretodominancele.g.,usethe distribution
of solutionsasanadditionalcriterion)?

Theseandsomeotherissuegelatedo externalarchives(alsocalled“elite” archives)
have beenstudiedboth from an empiricalandfrom a theoreticalperspectie (seefor
example[49, 27]). Besidesthe useof anexternalfile, elitism canalsobe introduced
throughtheuseof a (i + A)-selectionin which parentscompetewith their childrenand
thosewhich are nondominateqand possibly comply with someadditionalcriterion
suchasproviding a betterdistribution of solutions)areselectedor thefollowing gen-
eration.Many MOEAshavebeenproposediuringthesecondyeneratiorfwhichweare
still living today). However, mostresearcherwill agreethatfew of theseapproaches
have beenadoptedasa referenceor have beenusedby others. The authorconsiders
thatthe mostrepresentatie MOEASs of the secondyeneratiorarethefollowing:

1. Strength Pareto Evolutionary Algorithm (SPEA): This algorithmwasintro-
ducedin [91, 92]. Thisapproactwasconcevedasaway of integratingdifferent
MOEAs. SPEAusesan archive containingnondominatedolutionspreviously
found (the so-calledexternal nondominatede). At eachgenerationnondom-
inatedindividualsare copiedto the externalnondominatedet. For eachindi-
vidual in this externalset,a strengthvalueis computed.This strengthis similar
to the ranking value of MOGA [29], sinceit is proportionalto the numberof
solutionsto which a certainindividual dominates.In SPEA, the fithessof each



Figure4: JoshuaD. Knowles.

memberof the currentpopulationis computedaccordingto the strengthsof all
externalnondominatedolutionsthatdominateat. Thefithessassignmenprocess
of SPEAconsidershoth closenesso the true Paretofront andeven distribution
of solutionsat the sametime. Thus,insteadof usingnichesbasedon distance,
Paretodominanceis usedto ensurethat the solutionsare properly distributed
alongthe Paretofront. Althoughthis approachdoesnot requirea nicheradius,
its effectivenesseliesonthesizeof theexternalnondominatedet. In fact,since
theexternalnondominatedetparticipatesn theselectiorproces®f SPEA,if its
sizegrowstoo large, it might reducethe selectionpressurethusslowing down
the search Becausef this, theauthorsdecidedto adoptatechniquehatprunes
the contentsof the externalnondominatedset so that its size remainsbelov a
certainthreshold.

. Strength Pareto Evolutionary Algorithm 2 (SPEA2): SPEA2hasthreemain

differenceswith respecto its predecessdB9]: (1) it incorporatesfine-grained
fithessassignmenstrateg)y whichtakesinto accounfor eachindividualthenum-

ber of individualsthatdominateit andthe numberof individualsby whichit is

dominated;(2) it usesa nearestneighbordensity estimationtechniquewhich

guidesthe searchmoreefficiently, and(3) it hasanenhancedrchive truncation
methodthatguaranteethe preserationof boundarysolutions.

. Pareto Ar chived Evolution Strategy (PAES): Thisalgorithmwasintroducedn
[52]. PAES consistof a(1+1)evolution stratey (i.e.,asingleparenthatgener
atesa singleoffspring)in combinationwith a historicalarchive thatrecordsthe
nondominatedsolutionspreviously found. This archive is usedasa reference
setagainstwhich eachmutatedindividual is beingcompared.Sucha historical
archie is the elitist mechanisnmadoptedin PAES. However, an interestingas-
pectof this algorithmis the procedureausedto maintaindiversity which consists
of acrowding procedurehatdividesobjective spacen arecursve manner Each
solutionis placedin a certaingrid locationbasedon the valuesof its objectives
(which areusedasits “coordinates’or “geographicalocation”). A mapof such
grid is maintainedindicatingthe numberof solutionsthatresidein eachgrid lo-
cation. Sincethe procedures adaptve, no extra parametersrerequired(except
for the numberof divisionsof the objective space).This adaptve grid (or vari-



ationsof it) hasbeenadoptedby severalmodernMOEAs (e.g.,[10]), andis the
contribution by which JoshuaD. Knowles (seeFigure4) is more well-known,
althoughhe hasmadeseveral other significantcontributionsto the field (e.g.,
[49, 50, 51)).

4. Nondominated Sorting Genetic Algorithm 11 (NSGA-II): This approachwas
introducedn [19, 20] asanimprovedversionof the NSGA[80]. In theNSGA-
I, for eachsolutiononehasto determinehow mary solutionsdominateit and
the setof solutionsto which it dominates.The NSGA-II estimateghe density
of solutionssurroundinga particularsolutionin the populationby computing
the averagedistanceof two pointson eithersideof this point alongeachof the
objectivesof theproblem.This valueis the so-calledcrowdingdistance During
selection,the NSGA-Il usesa crowded-comparisomperatorwhich takes into
consideratioboththenondominatiomankof anindividualin thepopulationand
its crowding distancei.e.,nondominatedolutionsarepreferredoverdominated
solutions but betweertwo solutionswith thesamenondominatiorrank,the one
thatresidesn thelesscrowdedregionis preferred). The NSGA-II doesnot use
anexternalmemoryastheotherMOEAs previously discussedinsteadtheelitist
mechanisnof the NSGA-II consistsof combiningthe bestparentswith thebest
offspringobtained(i.e., a (1 + A)-selection).Dueto its clever mechanismsthe
NSGA-II is muchmoreefficient(computationallyspeaking}thanits predecessor
andits performances so good,thatit hasbecomevery popularin the last few
years,becominga landmarkagainstwhich other multi-objective evolutionary
algorithmshave to becompared.

Many otheralgorithmshave beenproposediuring the secondgeneratiorn(seefor
example[10, 16, 15]). Also, fitnesssharingis no longerthe only alternatve to main-
taindiversity, sinceseveralotherapproachebave beenproposedBesidesheadaptie
grid from PAES, researcherhave adoptedclusteringtechniqueg61], crowding [20],
entropy [48], andgeometrically-basedpproachef86], amongothermechanismsAd-
ditionally, someresearcherbave alsoadoptedmatingrestrictionscheme$62]. More
recently the useof relaxed forms of Paretodominancehasbeenadoptedasa mech-
anismto encouragemore explorationand,therefore to provide morediversity. From
thesemechanismsg¢-dominancehasbecomeincreasinglypopular not only because
of its effectivenessput also becauseof its soundtheoreticalfoundation[56]. Also,
new suneys on evolutionary multi-objective optimizationwere publishedduring this
period,aswell asseveralmonographidooks[18, 12, 13, 81, 67].

During thesecondyenerationmary otheraspectsvereemphasizedThemainone
hasbeenwith no doubt,efficiency. Researchemaisedconcernsaboutefficiencgy both
atanalgorithmiclevel andatthe datastructuredevel [45, 51]. Theincreasinghumber
of publicationsduring the secondgenerationfrom the endof 1998to date)makesus
wonderwhatwill thethird generatiorhave to offer.

INote hawever thatthe differencesbetweerthe NSGA-II andthe NSGA areso significantthatthey are
consideredistwo completelydifferentalgorithmsby severalresearchers.



Figure5: Kalyanmg/ Deh

7 Methodological Issues

During the secondgenerationseveral researcherproposeda variety of performance
measurego allow a quantitatve (ratherthanonly qualitatve) comparisonof results
[87, 31, 92]. Zitzler etal. [87] statedthat, whenassessingerformanceof a MOEA,
onewasinterestedn measuringhreethings:

1. Maximizethe numberof elementof the Paretooptimal setfound.

2. Minimize thedistanceof theParetofront produceddy ouralgorithmwith respect
to the global Paretofront (assumingve know its location).

3. Maximize the spreadof solutionsfound, so thatwe canhave a distribution of
vectorsassmoothanduniform aspossible.

This, however, raisedsomeissues.First, it wasrequiredto know beforehandhe
exactlocationof thetrue Paretofront of a problemin orderto usea performancenea-
sure. This may not be possiblein real-world problemsin which the location of the
true Paretofront is unknovn. The secondissuewasthatit is unlikely that a single
performancameasurecan assesshe threethingsindicatedby Zitzler etal. [87]. In
otherwords,assessinthe performancef aMOEA is, also,aMOP! Onceresearchers
startedto proposeperformancaneasuresgriticismsarose.Someresearchergealized
(empirically)thatmary of thenew performanceneasuresverebiased.In otherwords,
therewere casesin which they provided resultsthat did not correspondo what we
couldseefrom the graphicalrepresentationf theresults(seefor example[84]). Iron-
ically, mary researchersientbackto the graphicalcomparisonsvhensuspectedhat
somethingwaswrong with the numericalresultsproducedirom applyingthe perfor
mancemeasuresvailable. Although slowly, researcherstartedto proposed differ-
enttype of performanceneasureshatconsideredot onealgorithmatatime, but two
[31, 92]. Theseperformancameasuresverecalled“binary” (in contrastto thosethat
assesperformanceof a single algorithmat a time, which were called “unary”). In
2002,thetruthwasfinally in the open:Unaryperformanceneasurearenotcompliant
with Paretodominanceand,thereforearenotreliable[90, 93]. Not everythingis lost,
however, sincebinary performanceneasuresanovercomethis limitation [88, 93].

10



Concurrentlywith the researcton performancemeasuresptherresearchersvere
designingtestfunctions. The mostremarkablework in this regardis dueto Kalyan-
moy Deb (seeFigure5) who proposedn 1999 a methodologyto designMOPsthat
waswidely usedduring several years[17]. Lateron, an alternatie setof testfunc-
tionswasproposedhut this time, dueto their characteristicsno enumeratie process
wasrequiredto generatetheir true Paretofront [21, 22]. Consideringthat thesetest
functionsarealsoscalabletheir usehashecomewidespreadSo, today researchers
thefield normallyvalidatetheir MOEAs with problemshaving threeor moreobjective
functions,and10 or moredecisionvariables.

8 Applications

MOEAshave becoméncreasinglypopularin awide varietyof applicationdomainsas
reflectsarecentbookentirelydevotedto thistopic[9]. In orderto providearoughidea
of thesortof applicationghatarebeingtackledin thecurrentliterature we will classify
the applicationsin threelarge groups: engineering,industrial and scientific. Some
specificareaswithin eachof thesegroupsare indicatednext. We will startwith the
engineeringapplicationswhich are,by far, the mostpopularin theliterature,perhaps
dueto the factthat engineeringproblemshave well-studiedmathematicamodels. A
representatie sampleof engineeringapplicationss thefollowing:

e Electricalengineering73]

Hydraulicengineering63]

Structuralengineering37]

Aeronauticakengineerind4]

RoboticsandControl[70, 60]

A representatie sampleof industrialapplicationds the following:

Designandmanufcture[47)

Schedulind39]

Managemen[66]

Finally, we have avariety of scientificapplications:
e Chemistry[57]

e Physicqd58]

e Medicine[55]

e Computersciencq34]

11



Thestronginterestfor usingMOEAsin somary differentdisciplinesreinforceshe
ideastatedat the beginningof this article regardingthe multi-objective natureof mary
real-world problems However, someapplicationdomainshaverecevedrelatively little
attentionfrom researchersre representaireasof opportunity For example: cellular
automata[64], patternrecognition[65], datamining [68], bioinformatics[41], and
financialapplicationd78].

9 Current Reseach Trends

Fromtheauthors perspectie, researcherBaven’t producedanotheibreakthrougthihat
is so significant(as elitism) asto redirectmostof the researchinto a new direction.
Thus,thethird generatioris yetto appearHowever, thereareseveralinterestingdeas
thathave certainlyinfluencedalot of thework beingdonethesedaysandwhichdesere
closerattention.Someexamplesarethe following:

e Theuseof relaxedforms of Paretodominancehasbhecomepopularasa mecha-
nismto regulatecorvergenceof aMOEA. Fromthesemechanisms-dominance
is, with no doubt,the mostpopular[56], but it is notthe only mechanisnof this
type (seefor example[54]). e-dominanceallows to control the granularity of
the approximatiorof the Paretofront obtained.As a consequencey, is possible
to accelerateornvergenceusingthis mechanisn{if we aresatisfiedwith a very
coarseapproximatiorof the Paretofront).

¢ Thetransformatiorof single-objectie problemsinto a multi-objective form that
somehwv facilitatestheir solution. For example, someresearchersave pro-
posedthe handlingof the constraintof a problemasobjectives[8], andothers
have proposedhe so-called‘multi-objectivization” by which a single-objectie
optimizationproblemis decomposeihto several subcomponentsonsideringa
multi-objective approach44, 53]. This proceduréhasbeenfoundto be helpful
in removing local optimafrom a problemandhasattracteda lot of attentionin
thelastfew years.

e The useof alternatve bio-inspiredheuristicsfor multi-objective optimization.
The mostremarkableexamplesare particle swarm optimization[46] and dif-
ferential evolution [71], whoseusehasbecomeincreasinglypopularin multi-
objective optimization(seefor example[1, 11]). However, other bio-inspired
algorithmssuchasartificial immunesystemsandant colory optimizationhave
alsobeenusedto solve multi-objective optimizationproblemd7, 38].

10 Future Reseach Trends

Thereareseveraltopicsinvolving challengeghatwill keepbusyto the researcherm
this areafor the next few years.Someof themarethefollowing:

e Parametercontrol is certainly a topic that hasbeenonly scarcelyexploredin
MOEAs. Is it possibleto designa MOEA that self-adaptsts parametersuch

12



that the userdoesnt have to fine-tunethemby hand? Someresearcherbave
proposeda few self-adaptatiorand on-line adaptationproceduresor MOEAs
(seefor example[83, 3]), but recently not muchwork seemdo be goingin this
direction.

e Whatis the minimum numberof fitnessfunction evaluationsthat are actually
requiredto achieze aminimumdesirableperformancevith aMOEA? Recently
someresearcherbave proposedhe useof black-boxoptimizationtechniques
normallyadoptedn engineeringo performanincrediblylow numberof fitness
functionevaluationswhile still producingreasonablyoodsolutions(seefor ex-
ample[51]). However, this sortof approachs inherentlylimited to problemsof
low dimensionality So,thequestionis: arethereary otherwaysof reducingthe
numberof evaluationswithout sacrificingdimensionality?

e Thedevelopmenbfimplementationef MOEAsthatareindependentf theplat-
form andprogramminganguagean which they weredevelopedis animportant
steptowardsa commonplatformthatcanbe usedto validatenew algorithms.In
this direction,PISA (A Platformandprogramminganguagendependeninter-
facefor SearchAlgorithms)[2] constitutesanimportantstep,andmorework is
expectedn this direction.

e How to dealwith problemsthat have “many” objectves? Somerecentstudies
have shavn that traditional Paretoranking schemegio not behare well in the
presencef mary objectves(where“many” is normallyanumberabove 3 or 4)
[72].

¢ Thereareplentyof fundamentatjuestionghatremainunansweredror example:
whatarethe sourcef difficulty of a multi-objective optimizationproblemfor a
MOEA?Whatarethedimensionalityimitationsof currentMOEAs? Canwe use
alternatve mechanismto anevolutionaryalgorithmto generateondominated
solutionswithout relying on Paretoranking(e.g.,adoptingconceptfrom game
theory[79])?

11 Conclusions

Usingasabasisahistoricalframework, we have attemptedo provideagenerabvervien
of thework thathasbeendonein thelasttwentyyearsin evolutionarymulti-objective
optimization.Many detailswereleft outdueto obviousspacdimitations, but the most
significantachierementgo datewereat leastmentioned.Our discussiorincludedal-
gorithms methodgo maintaindiversity, methodologicaissuesandapplications Some
of the mostrepresentatie currentresearchrendswerealsodiscussedandin the last
partof thearticle,theauthorprovidedhis own insightsregardingthefuture of thefield.
We arestill awaiting for the third generatiorto arrive. As morepapersgetpublished
in this area&, it getsharderevery dayto producenew contritutionsthataretruly sig-

2The authormaintainsthe EMOO repository which currentlyholdsover 2100bibliographicreferences.
The EMOO repositoryis locatedat: http://delta.cs.cinvestav.mx/"EMOO
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nificant. So,we wonderwhatsortof changewill make it possibleto shift theresearch
trendsin anentirelynew direction.
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