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Abstract. A new approach to data clustering is proposed, in which two
or more measures of cluster quality are simultaneously optimized using a
multiobjective evolutionary algorithm (EA). For this purpose, the PESA-II
EA is adapted for the clustering problem by the incorporation of specialized
mutation and initialization procedures, described herein. Two conceptually
orthogonal measures of cluster quality are selected for optimization, en-
abling, for the first time, a clustering algorithm to explore and improve
different compromise solutions during the clustering process. Our results,
on a diverse suite of 15 real and synthetic data sets—where the correct
classes are known—demonstrate a clear advantage to the multiobjective
approach: solutions in the discovered Pareto set are objectively better than
those obtained when the same EA is applied to optimize just one mea-
sure. Moreover, the multiobjective EA exhibits a far more robust level of
performance than both the classic k-means and average-link agglomerative
clustering algorithms, outperforming them substantially on aggregate.

1 Introduction

The automation of the human ability to recognize patterns in data, and to induce
useful hypotheses from them, is the key goal of data-mining. A major branch of
this project is the development of methods for unsupervised classification of multi-
dimensional data, namely the clustering of data into homogeneous groups: by now
a classic Al problem with algorithms dating back to the 60s [15]. In a broad def-
inition, clustering of data might include the recognition and removal of outliers,
the recognition and focusing on key dimensions of the data (i.e. feature selection)
and the estimation of the correct number of clusters inherent to the data. In a
far more restricted definition, the k-clustering problem (on which we focus here)
simply requires us to find a partitioning of a set of data into &k disjoint sets such
that some objective function operating on this partitioning, and employing a notion
of distance in the data space, is optimized. This restricted (but still very broad)
problem is NP-complete when stated as a question, and remains NP-complete for
many restrictions on the distance functions used and the nature of the objective
function, even when k = 2 [3].

Both classic and a vast array of new algorithms for k-clustering exist [12].
Common to almost all of them is the fact that they optimize either implicitly
or explicitly just one measure on the partitioning of the data. For example, k-
means [15] attempts to minimize the summed variance of points within each cluster
from their centroid. Although such a method is very effective on certain sets of data,



it is also clear that it will fail to find even very obvious cluster structure in other
data sets. This is because variance is only a proxy for (i.e. one aspect of) a more
fuzzy ‘concept’ of true cluster structure. Thus, by focusing on just one aspect of
cluster quality, most clustering algorithms can fail catastrophically on certain data-
sets: they are not robust to variations in cluster shape, size, dimensionality and
other characteristics.

To combat this problem, practitioners in some fields (where time constraints are
secondary) are used to applying several different algorithms to their data, in the
hope or expectation that one of them will deliver a good solution. Subsequently,
these different partitionings can be tested in the real world: e.g. a biologist with
several hypothetical groupings of functionally-related genes can devise experiments
that test these alternatives. The idea central to our work is that in such a situation,
it may be better to generate alternative solutions using a single algorithm, but
one that explicitly optimizes multiple proxy measures of cluster quality: namely,
a Pareto multiobjective EA [7]. This approach may offer greater flexibility and
variety in the measures that are used to optimize the clustering, affording higher
quality solutions, and, in the process, facilitate greater understanding of the data’s
structure. In future work we may incorporate feature selection, outlier-removal and
determination of k, all within a multiobjective EA framework. However, in this our
first paper on multiobjective clustering, we focus on the pivotal question whether
this approach can generate objectively high quality solutions.

Readers familiar with clustering research may notice similarities between our
proposed approach and other recent methods. Certainly, several EAs for cluster-
ing have been proposed ([16,10,14, 8]), though none to our knowledge have used
a Pareto multiobjective EA. Other recent work has also used the term ‘multiob-
jective’ with regard to clustering [13], but the approach was based on using an
ensemble of clustering algorithms [18] and then obtaining a consensus clustering
from these, similarly to the EA proposed in [10]. Our proposed approach, on the
other hand, optimizes different objectives explicitly in one clustering algorithm, en-
abling different tradeoffs to be explored during the clustering process. Its originality
derives from this.

The remainder of the paper is organized as follows. Section 2 describes our
multiobjective EA, including our selected representation and operators. The ob-
jective functions are discussed in Section 3. Section 4 briefly introduces the test
suite and points to supporting material where more information on this can be
found. Section 5 details our experimental set-up including comparison of our mul-
tiobjective EA to two single-objective versions as well as k-means and average-link
agglomerative clustering. Section 6 presents results and Section 7 concludes.

2 VIENNA: an EA for clustering

A multiobjective evolutionary algorithm (MOEA) for clustering was developed
through extensive preliminary experimentation on a diverse set of clustering prob-
lems. This algorithm, employing specialized initialization and mutation
operators, is called VIENNA (for Voronoi Initialized Evolutionary Nearest-
Neighbour Algorithm).



2.1 PESA-II

We based VIENNA on the elitist MOEA, PESA-II, described in detail in [5] and [6].
Briefly, PESA-II updates, at each generation, a current set of nondominated solu-
tions stored in an external population (of non-fixed but limited size), and uses this
to build an internal population of fixed size to undergo reproduction and variation.
PESA-II uses a selection policy designed to give equal reproduction opportunities
to all regions of the current nondominated front; thus in the clustering application,
it should provide a diverse set of solutions trading off different clustering measures.
No critical parameters are associated with this ‘niched’ selection policy, as it uses
an adaptive range equalization and normalization of the objectives. PESA-IT may
be used to optimize any number of objective functions, allowing us to simultane-
ously optimize several clustering measures, but in this paper we will use just two
(conceptually distant) measures as objectives, described in Section 3.

2.2 Representation Issues

PESA-II can be applied without changes to the clustering problem, given a suitable
representation of a partitioning, and related operators. A number of GA clustering
representations have been tried and compared in the literature, with seemingly no
clear overall winner [4]. In the end, we have chosen to use a straightforward repre-
sentation in which each gene represents a data item, and its allele value represents
the label of the cluster to which it is assigned. This means that for any parti-
tion, multiple genotypes code for it, i.e. it is a non-injective encoding — normally
thought to be undesirable [17]. This drawback is not serious, however, provided
there is not a significant bias or over-representation of certain solutions, and/or
we can design operators that work effectively and quickly with this coding. Re-
garding undesirable bias, the inherent frequency of solutions is free from bias: for
every solution that correctly partitions the data into k clusters, there are exactly k!
genotypes coding for it. Regarding operators, we have discovered an initialization
and mutation operator that work well with this coding, as described next.

2.3 Initialization based on random Voronoi cells

In preliminary work not reported here, we investigated an alternative represen-
tation for our EA to use, based on optimizing Voronoi cells. This representation
was inspired by [16], where an EA was used to optimize the location of k cluster
‘centres’, to minimize overall variance when the data points were assigned to the
nearest centre. This GA achieves results similar to (but slightly better than) the
k-means algorithm. OQur idea was to extend this representation by allowing the EA
to use j > k cluster ‘centres’ (for a partitioning of k clusters) to enable it to cope
better with non-hyperspherical, and especially elongated and intertwined, clusters.
In our representation, in addition to the location of the j centres, each centre’s
label is also evolved on the genotype. The kind of clustering solution that this
representation affords is depicted in Figure 1.

Although this representation performs well with PESA-II correctly configured,
we have found it slightly inflexible compared with the direct encoding we have



Fig. 1. The kind of complex partitioning boundary enabled by a Voronoi cell genotype
coding. Here there are two clusters (k = 2) but j = 6 centres (squares) have been used to
cluster the data. The label of each centre (here visualized by its colour) takes a value in
1..k. Both the label and location of each centre are coded by the genotype

opted for, as well as adding an unwelcome parameter j, to be chosen. However,
we found that the Voronoi coding is very effective at generating diverse and high-
quality clustering solutions that can be used to ‘seed’ our direct-coded EA. The
initialization that we have found effective, and which we use in all our experiments,
is to set j = 2k, and to place the cluster centres uniformly at random in a rect-
angular polytope centred on the data, and of side-length twice the range of the
data, in each objective. The labels associated with each of the j centres is also
assigned uniformly at random, from which it is possible to label all of the data
items. We then decode this partitioning into our direct coding, and the Voronoi
representation is no longer used. This initialization is used for all members of the
initial population in VIENNA.

2.4 Directed mutation based on nearest neighbours

We have explored numerous recombination and mutation operators in preliminary
investigations not reported here, including Grouping GA-based methods [9], as well
as multi-parent recombinations based on expectation maximization of an ensem-
ble [18]. Overall, we have found it very difficult to design operators that enable a
GA to explore broadly enough to escape the very strong local attractors found in
some problems when optimizing certain objectives (e.g. variance on non-spherical
clusters), without descending into a fruitless random search of what is a very large
search space, and whilst also enabling small clustering differences to be explored.

However, in the end, we have found that a single, deceptively simple, directed
mutation operator (and no crossover) is sufficient to drive the search. This muta-
tion operator is applied to every gene with probability p,,, which we set to 1/N
in all experiments, where N is the size of the data set. When a gene undergoes
mutation to a different allele value (i.e. cluster), a number g of other genes are
simultaneously ‘moved’ with it into the same target cluster (and the genotype is
updated accordingly). The particular data items that undergo this move are the
g nearest neighbours to the data item coded for by the initially mutated gene.
The integer g itself is chosen, independently at each mutation event, uniformly at
random in 0..N/k.



This operator enables very large changes to result from a single mutation, yet
constrains them to be ‘reasonable’ moves that respect local distance relations. On
the other hand, very small changes in the clustering solution are also possible. The
operator works in linear time since the nearest neighbours of every data item can
be pre-computed once at the beginning of the EA’s run.

3 Objective Functions for Clustering

Given a candidate partitioning of the data, numerous ‘internal’ measures for esti-
mating its quality exist [11]. These measures are based on intuitive notions of the
properties of a desirable partitioning — such as the compactness of clusters and
their clear separation.

In the EA we present in this paper, we optimize two such internal measures,
described next, though we have tried several others in our preliminary testing.

3.1 Overall deviation

The overall deviation of a clustering solution reflects the overall intra-cluster ‘spread’
of the data. It is computed as
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where C is the set of all clusters, uy is the centroid of cluster Cy and d(.,.) is
the chosen distance function (see Section 4). As an objective, overall deviation
should be minimized. Note the relationship to variance (e.g. as used in k-means),
which squares the 4(.,.) in the sum. In preliminary experiments, we found overall
deviation to be preferable to variance for use in our EA.

3.2 Connectivity

As a second objective function, we propose a new measure, connectivity, which
evaluates the degree to which neighbouring datapoints have been placed in the
same cluster. It is computed as
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nn;(j) is the jth nearest neighbour of datum 4, and h is a parameter determining
the number of neighbours that contribute to the connectivity measure. The value
of connectivity lies in the interval [0,1], and as an objective, it should be maxi-
mized. Connectivity, unlike overall deviation, is relatively indifferent to the shape
of clusters, and we have found it robust to the chosen value of h, independently
of the data set. It is also fast to compute as the nearest neighbour list can be
pre-computed. One drawback of this measure is that trivial attractors, with all, or
nearly all, data items placed in the same cluster, exist.



4 Data Sets

Clustering problems vary greatly along a number of important dimensions. For this
reason, it is incumbent on the researcher developing new clustering algorithms to
test them on a range of problems that exhibit this variety as much as possible.
We use eight synthetic and seven real data sets; the former allow us to control
several characteristics in isolation, while the latter help to verify that our results
are ultimately meaningful in real applications.

For the real data, we first normalize each dimension to have a mean of zero and
a standard deviation of one, and use the Cosine similarity as distance function. For
the synthetic data, the Euclidean distance is used with no prior normalization.

4.1 Synthetic Data

All eight of our synthetic data sets consist of 500 two-dimensional data items,
enabling us to easily visualize the results of a clustering. Pictures and explanations
for all these sets are available at [1] but we briefly describe them below. Note: the
synthetic data sets are defined in terms of distributions, and the actual data points
are sampled from these, independently, in each successive algorithm run.

Three of the data sets (Squarel, Square3 and Square5) consist of a square
arrangement of four clusters of equal size and spread, each cluster being a Gaussian
distribution about a central point. The difference between the sets is the degree
of overlap of the four clusters. In Squarel, the clusters touch but hardly overlap,
whereas for Squareb the overlap is so much that there is little density difference
moving from one cluster to the next.

The next three data sets (Sizesl, Sizes3 and Sizes5) are based on Squarel, but
change the relative cluster sizes (in terms of the number of constituent data items)
such that the ratio of the three smaller to the one larger cluster is respectively 2,
6, and 10. Note: the spread of the clusters is unchanged.

The last two of our synthetic data sets (Smile and Longl) contain different,
non-spherically shaped clusters, making it more difficult for methods based on
minimizing variance. For pictures of these demanding problems, see [1].

4.2 Real Data

For the real data sets we chose seven from the UCI Machine Learning Repository [2]
to obtain a good variety in data dimensionality, size of the data set, number of
clusters and evenness/unevenness of the cluster sizes. The sets we chose are Der-
matology, Digits, Iris, Wine, Wisconsin, Zoo and Yeast. They range up to size 3498
and dimension 34, with up to 10 clusters. For complete details also see [1]. Note:
we permute the data in these sets on each algorithm run.

5 Experimental Setup

In our experiments, we compare VIENNA running with two objectives — over-
all deviation and connectivity — against two classical clustering algorithms with
proven performance across a wide range of data sets: k-means and average-link
agglomerative clustering. Moreover, to establish the usefulness of a multiobjective
approach we also compare against two single-objective versions of VIENNA, using
identical operators and parameter settings, but optimizing only one objective.



5.1 VIENNA Configuration

The parameter settings for VIENNA, held constant over all problems, are given in
Table 1. There are three versions of the algorithm: a multiobjective one, which we
label, VIENNA-moo; and two single-objective versions, named VIENNA-dev and
VIENNA-conn. In addition to the objective(s) to optimize, all VIENNA algorithms
use a constraint that no cluster should be empty, and enforce this constraint by
lethally penalizing the value(s) of each objective.

Table 1. Parameter settings for all VIENNA algorithms

Parameter setting

Number of generations (synthetic data) 500

Number of generations (real data) 40[VN ]

External population size 100 (VIENNA-moo only)
Internal population size 200

Initialization random Voronoi cells (see section 2.3)
Mutation type g nearest neighbours (see section 2.4)
Mutation rate pm, 1/N

Recombination none

VIENNA-moo objective functions deviation and connectivity (h = 10)
VIENNA-dev objective function overall deviation only
VIENNA-conn objective function connectivity (h = 10) only
Constraints empty clusters lethally penalized

5.2 Average-link agglomerative clustering and k-means

We use a standard implementation of average-link agglomerative clustering, [20],
which is deterministic for a given data order. The implementation of the k-means [15]
algorithm is based on the batch version, that is, cluster centres are only recomputed
after the reassignment of all data items. As k-means can sometimes generate empty
clusters, empty clusters are identified in each iteration and are randomly reinitial-
ized. Obviously, this enforcement of the correct number of clusters can prevent
convergence, and we therefore set the maximum number of iterations to 100. To
avoid suboptimal solutions k-means is run repeatedly (100 times per ‘run’) using
random initialization, and only the best result in terms of minimum variance is
returned.

5.3 Data collection and processing

For each problem, we perform 50 independent runs of the VIENNA algorithms and
collect data on the entire evolution of the population. In particular, for VIENNA-
moo we collect the final external population of nondominated points. For k-means
and average-link agglomerative clustering we also perform 50 independent runs and
collect the final output solution obtained in each run.

We evaluate solutions objectively using the F-measure [19], which combines
information on the purity and the completeness of the generated clusters with



respect to the known, real class memberships. This measure is limited to the range
[0,1], where 1 reflects a perfect agreement with the correct partitioning.

Importantly, the F' measure we quote for VIENNA-moo will be for the solution
in the final external population with the best F' measure value. This is in-line with
our philosophy that in many applications we would be able to test a small number
of alternative clustering solutions.

6 Results

The results of the F-measure are presented graphically as boxplots [21] in Figure 2.
On several datasets the solutions generated by VIENNA-moo are better than those
of the other algorithms by a large margin. On Iris, Yeast, Zoo, Longl, and Smile,
its superiority is clear. Equally impressive, however, is the fact that it exhibits a
far more robust performance than any other algorithm: indeed, the sample median
F measure of the VIENNA-moo solutions is unbeaten across all data sets (not
significance tested), and is even slightly better than that of the multiple-restarted
k-means algorithm on its ‘home territory’ of the Sizes and Square series of data-sets,
with all-spherical clusters. Tabulated results are available at [1].

Further graphical results are also available at [1], including figures displaying the
Pareto fronts obtained on some problems, and plots of the time-evolution of the F’
measure and the two objectives. A number of these results indicate that the global
optima on overall deviation and/or connectivity alone do not correspond with the
global optimum on the F' measure. It is only by exploring other nondominated
local optima (trading off these two objectives) that the EA is able to find good F
measure solutions. This exploration is possible as a direct consequence of optimizing
multiple objectives.

7 Conclusion

Most clustering algorithms operate by optimizing (either implicitly or explicitly)
a single measure of cluster solution quality. Such methods may perform well on
certain data-sets but lack robustness with respect to variations in cluster shape,
proximity, evenness and so forth. In this paper, we have proposed an alternative
approach: to optimize simultaneously over a number of objectives using a multiob-
jective EA. We demonstrated that with this approach a greater robustness may be
achieved — solutions selected from the generated nondominated front were never
worse than those generated by either of two classic algorithms, across all 15 of
our data sets, and were substantially better on a number of them, including three
of seven real data sets from the UCI Machine Learning Repository. Much further
work is needed to investigate using different and more objectives, and to test the
approach still more extensively. However, we will first concentrate on the important
issue of developing methods for identifying the best candidate solution(s) from the
Pareto front, or reducing the number of solutions that must be assayed. We have
already begun with this, and have found it possible to cluster the nondominated
front to just a handful of significantly different solutions on the data sets used here.
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Fig. 2. Boxplots [21] giving the distribution of F' measure values achieved for 50 runs of
each algorithm on the 15 data sets. Key: A=average-link agglomerative clustering, K =
k-means, Vc=VIENNA-conn, Vd= VIENNA-dev, Vmo= VIENNA-moo. Median and IQR
values have also been tabulated and can be found at [1]
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