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Abstract. The quadratic assignment problem (QAP) is a very difficult andpracti-
cally relevant combinatorialoptimizationproblem which hasattractedmuchresearch
effort. Local search(LS) moves can be quickly evaluatedon the QAP, and hence
favouredmethods tendto behybridsof globaloptimizationschemesandLS. Herewe
introducethemultiobjectiveQAP(mQAP)where����� distinctQAPsmustbemini-
mizedsimultaneuouslyoverthesamepermutationspace,andhencewerequireasetof
solutionsapproximating theParetofront (PF).We arguethatthebestway to organise
a hybrid LS for themQAP will depend on detailsof themultiobjective fitnessland-
scape.By usingvarious techniquesandmeasuresto probethelandscapesof mQAPs,
weattemptto find evidencefor therelativeeasewith whichthefollowing canbedone
by LS: approach the PF from a random initial solution, or searchalongor closeto
thePFitself. On thebasisof suchexplorations,we hope to designanappropriatehy-
brid LS for this problem. Thepapercontributesa numberof landscape measurement
methodsthat we believe aregenerally appropriatefor multiobjective combinatorial
optimization.

1 Introduction

Many problemscanbe formulatedasa quadratic assignmentproblem(QAP). Com-
putationally, this is NP hard[10] andevenrelatively smallgeneralinstances( ���	��
 )
cannotbesolvedto optimality. We introduceherethemultiobjectiveQAP (mQAP)as
botha practicallyimportantproblemanda benchmarkthatwe believe will beuseful
in generalresearchonmultiobjectivecombinatoriallandscapes.As in thescalarQAP,
fastlocalsearch(LS) is possiblebecauseadifferencein theobjectivefunctionvalue(s)
canbecalculatedquickly whenusinga 2-exchangeoperator.

The questionof interestis how to control and organisethe many requiredruns
of LS. Dependingon the landscape,it may not be efficient to start eachsearchab
initio. Rather, it maybebetterto searchin parallelfor thedifferentParetooptima, by
alternatingthe‘searchdirection’ in theobjectivespace,stepby step.Or, alternatively
again,the bestapproachmay be to first find oneParetooptimum andthento search
alongtheParetofront from thisoneto find others.



Our aim hereis to proposesomemultiobjective landscapeanalysismethodsthat
mightbeusedto predictthebestapproachgivenanunseenmQAPinstance.Thepaper
is necessarilyspeculativeaslittle work hasbeendoneon thebestway to applyhybrid
LS in multiobjectivedomainsandstill lessonmultiobjective landscapeanalysis.

The remainderis organizedas follows. Section2 reviews the scalarQAP and
describesa bestimprovementLS that canalsobe usedfor the mQAP. Section3 in-
troducesthemQAP, proposingapplicationsandits theoreticalinterest.A testinstance
generatoris describedin Section4. Section5 outlinesdifferentoverall searchstrate-
giesfor approximating thePFof themQAP, relatingtheseto landscapecorrelations.
Tools for measuringpropertiesof the multiobjective landscapearedescribedin Sec-
tion 6, andsomeillustrative resultsaregiven.Section7 concludes.

2 The scalar QAP

The quadraticassignment problem(QAP) is the problemof assigning eachof � fa-
cilities to exactly oneof � possible locationsso asto minimize the sumof products
of flows betweenthe facilities andthe distancesbetweenthe locations. For a math-
ematicalformulation of the problemseethat for the mQAP in section3, the only
differencebeingtheuseof multiple ( �
��� ) flow matrices.Solutionsto theQAPmay
be representedby a permutation� on the set ����������������� , where � is the numberof
facilities/locations.

A deterministic best-improvementlocal searchfor theQAP, basedon exchanging
thelocationsof two facilities,wasproposedby Taillard [3]. Thesearchis fastbecause
it is possible to calculatethechangein costof anexchangein ����� � time asonly the
two affectedrows andcolumnsin theflow matrix mustbere-evaluated.Further, it is
possibleto usesolutions from previous iterationsto calculatesomeof theexchanges
in just 
!�"�#� time.

Much work hasbeenconcernedwith measureson the fitnesslandscapeof QAP
instances.Herewewill justgivethoseusedlaterin thispaper, whichmainlydependon
ameasureof distancein theparameter(permutation)space.For example,Bachelet[1]
measuresdistance$&%('*)����+�-,.� betweentwo solutions � and , asthesmallestnumberof
2-swapsthatmustbeperformedto transformonesolution into theother(this canbe
computedin �/�0�1� time); this distancemeasurehasa rangeof 23
4���657�98 . Fromthis,
othermeasurescanbeeasilydefined.Bacheletgives thediameterof apopulation : as
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where � U Y is thenumber of timesfacility \ is assignedto location ] in thepopulation.
Thefitnessdistancecorrelation[9] hasbeenwidely used.Oftenaplot is shown,either
giving the fitnessagainstdistancefrom the nearestglobal optimum or bestknown
solution, or all pairsof solutionsmayalsobedifferenced.

VollmannandBuffa [12] introducedflow dominanceasa meansof characterizing
QAP instances.Flow dominanceis ameasureof theflow matrixgivenby^`_ �>a��+@b�c
�
edgfh ij@lk Anmoqp�r�A=ms p�rutqv o sxw h�y(zS z {|@ A�moqp�r#A�ms p�r�v o sS z

Whenthereis highflow dominancethereis low epistasis,in general.Thedistance
dominance

_�_
canbedefinedon thedistancematrix in ananalogousfashion.

3 The multiobjective QAP model

Themultiobjective QAP (mQAP),with multiple flow matrices(definedbelow) natu-
rally modelsany facility layoutproblemwhereweareconcernedwith theflow of more
thanonetypeof item or agent.For example,in a hospital layoutproblemwe maybe
concernedwith simultaneouslyminimizingtheflowsof doctorsontheir rounds,of pa-
tients,of hospital visitors,andof pharmaceuticalsandotherproducts.Wemayimagine
thateachof thematricesdescribingtheseflows is very differentandthatuntil we see
theParetofront it maynot bepossible to simply weight the importanceof eachflow.
Thuswe have a very naturalmultiobjective problem. Similar examplescanbegiven
for otherfacility locationproblemssuchasthe layoutof factoryfloorsandthetopol-
ogy of distribution networks. Furthermore,otherproblemsthatcanbemodeledusing
QAP, suchasscheduling,may alsoexist in multiobjective form. The mQAP is also
likely to beausefulproblemto studyfrom a theoreticalviewpoint.

Formally, themQAPproblemis to ‘minimize’:}a��H�~�+@b�Da W ���~���xa J ���~�����������xax���H�~�����~��� K9�*K a������.�+@ ST U VXW STY VXW i U Y {x�B o B sc�R�������(���
where � is the numberof facilities/locations, � is the numberof differentflow ma-
trices, i U Y is the distancebetweenlocation \ andlocation ] , { �U Y is the � th flow from
facility \ to facility ] , and � U givesthelocationof facility \ in permutation ����:/��� � ,
where :��0� � is thesetof all permutationsof ��������������������� .

The term ‘minimize’ must also be definedbecausedifferent methodsare avail-
ablefor tacklingmultiobjective problems,including lexicographicordering,scalariz-
ing techniques,or constraintmethods.However, it is oftenundesirableto useany of
theaforementionedtechniques,whichinduceatotalorderingonthesolutions, without
knowledgeof whattrade-offs of theobjectivesare‘out there’to befound. In thiscase
it is bestto useParetooptimization, a techniquethat makesthe fewestpossible as-
sumptionsaboutwhichsolutionsarepreferable,beforethesearchis conducted.Here,



theaim of Paretooptimization is to find a setof solutions :��c��� ����:��0� � , thePareto
optimalset,whicharenondominated in thewholesearchspace:� � � ��: � ��� �O��|����:��0� � '-�4�x�e)-�!��)~��� � � �¡��� K��-K ��� � � %(¢� �n�����������������£�¤a � �H�~�¦¥�a � ���.���?§¨�©�����������9���9���£�ª'-�&�x�j)��&��)«a � �H�~�ª¬ a � �H�.�x�
where �­�®�.� is readas � dominates�~� . The set of objective vectors(or points)¯ �£� ¯

, called the Paretofront (PF), is the imageof the Paretooptimal set in the
objectivespace,

}a«�>: � ��� �*�ª°± ¯ � , and
¯

is theimageof thewholepermutation space}a+�0:/��� �*�/°± ¯
. The aim of Paretooptimization is to find a goodapproximationto

thewholeParetofront
¯ � . To understandwhatis meantby agoodapproximation, the

readeris referred to [7] but needonly know thatsetsof solutions(approximationsets)
canbepartiallyorderedwithout additional assumptions.

4 An mQAP instance generator

To obtaininstancesfor themQAPwehavedevelopedageneratorthatallowsdifferent
problemfeaturesto be controlled. The generatormakes symmetric multi-objective
QAP instanceswith onedistancematrix andmultipleflow matrices.Thedistanceand
flow matriceshave structured,‘real-world-like’ entries[3] andcorrelationscanbeset
betweencorrespondingentriesin thetwo or moreflow matrices.Thegeneratorfollows
proceduresfor makingthenon-uniformly randomQAPproblemsgiven theappelation
TaiXXb in theliterature,outlinedin [3].

The numberof flow matricesis controlledby a parameter, � . With � �²� , a
multiobjective QAP problemis generatedwith � flow matrices. The entriesin the� th matrix �>��¥b��¥	�=� aregeneratedwherea randomvariable ³ is correlatedwith
the valueof ³ usedin the correspondingentry in the first flow matrix. Correlations
between5�� and � canbesetbetweenthefirst andeachof theadditionalflow matrices
using �´5 � furtherparametersto thegenerator.

A degreeof overlapbetweenthe matricescanalsobe specified.Theoverlappa-
rameteris setbetween
 and � . It controlsthefractionof entriesin the ] th flow matrix
thatarecorrelatedwith thecorrespondingentriesin the1stflow matrix. With theover-
lapparametersetto zero,a randomun-correlatedvaluewill beplacedin eachentryof
the ] th flow matrixthatcorrespondsto azeroentryin thefirst flow matrix. Similarly, a
zerowill beplacedin eachentryof the ] th flow matrix thatcorrespondsto anon-zero
valuein thefirst flow matrix. Thusthereis no overlapbetweenthe flows of thefirst
and ] th matrix. With theoverlapparametersetto � all theflows arecorrelated.With
the overlap setto intermediatevaluessomeof the flows will overlapandotherswill
not.

5 Hybrid search schemes for the mQAP

Multiobjective(MO) metaheuristicsfor Paretooptimizationhavebeenaroundfor quite
sometime now andMO versions of geneticalgorithms[5], simulatedannealing[2],
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Figure1: Waysto approachtheParetofront andtheunderlying landscape appropriateto each.Theleft
columnshows theParetofront of a two-objective problemanddifferent waysa searchalgorithm may
find points closeto thePF. Thecentreandright columnsdepict correlationsbetweenthemultiobjective
fitnessandthedistancebetweenpointsin theparameterspace.Seemaintext for further explanation

tabu search(TS) [6], andothershave beenproposed.Somehybrid geneticalgorithm
approacheshave alsobeenput forward,e.g.[8]. With the mQAP, the availability of
a fastbest-improvementLS (or TS) meansthatany hybrid approachshouldconsider
employing LS by specifyinga scalarizingweightvectorandallowing theLS to find a
local optimum of this search‘direction’. Thequestionis, how shouldtherunsof the
LS be controlledby the overall searchstrategy? This questionis alreadydifficult in
scalaroptimization,Webelievetheanswerconcernsthebestway to moveaboutin the
multiobjective landscape.

Figure1 illustratesthreequitedifferentstrategies,usinga 2-objective problemas
an example. The first strategy is to usea population-basedapproachwhich tries to
graduallyimprove the populationin all directionsat once,approachingthe PF from
all angles,with LS appliedto all solutions in the population at eachgeneration.In
the secondstrategy, a scalarizingweight vector is first chosenandthe LS is applied
multiple timesin only this directionuntil no moreimprovementresults.EachLS re-
startcouldbe from a randompoint but moreusuallyit would be from a perturbation



of the previous local optimum, taking it out of that basinof attraction[11]. After
onepoint on or nearthePFis foundtheprocessis repeatedfor a differentscalarizing
vector. In the last strategy we envisagemoving towardsthe PF in onedirectionby
repeatedLS applicationsasin thepreviousmethod.But thenonceonthePF, thesame
solutionshouldbeperturbedagainandminimizedover a ‘nearby’ scalarizingvector,
resultingin apointnearbyon thePF.

Clearly, thebestapproachwill dependonwhetheror notpointsnearbyin objective
spaceare alsonearbyin the permutationspace. In particular, we canconsiderthis
in two differentways. For a particularscalarizingvector is it easyto move towards
(perpendicularto) the PF i.e. is the fitnessdistancecorrelationgood in this search
direction? And for a setof mutually nondominatedpoints (i.e for points sharinga
common‘fitness’ but not in thesameobjectives),is it easyto move from onepoint to
othersnearby, parallelto thelocal Paretofront? It is possible thatthedegreeof corre-
lation in thelandscapevariestremendously dependingonwhichdirectionof searchis
consideredand/orwhatis thefitnesslevel. It maybevery difficult to find meaningful
measurementsof thesepropertiesandevenmoredifficult to predictwhich will bethe
bestmethodof search.Nonetheless,it seemslikely that thesuccessof searcheswill
dependheavily on whatkind of overall strategy is employed,andthis in turn on the
landscape,so it seemswell worth trying to gain someunderstandingof local corre-
lationsaswell asglobal properties. In the next sectionwe describesomeexample
measurementswehavemadeanddiscusswhatthey couldmean.

6 Landscape measurement tools and example results

Our methods arebasedon thosepreviously proposedfor the scalarQAP, asbriefly
reviewed in section2.1 (and thoroughly describedin [1]). The overall strategy in
the scalarQAP caseis to run a local searchfrom several randomstartingsolutions.
Measuringdifferentpropertiesof thelocaloptimaobtained,aswell aspropertiesof the
startingsolutions, gives someinsight into how correlatedtheoptimaare,andthereby
hintsat thedifficulty of finding a globaloptimum. Thesamestrategy is applicableto
themQAP, althoughcomplicatedby thefactwe needto try to find optimaall over the
PF.

Algorithm 1 shows our approach.We startby defininga setof evenly distributed
scalarizingvectorsµ . For eachof these‘directions’ we repeatseveralLS runsfrom
randomstartsolutions. For eachsuchLS run, we recordthe startingpoint, its mul-
tiobjective evaluation, the local optimum reached,its multiobjective evaluation, the
scalarizingweight vectorusedin the LS, andthe numberof LS movesapplied. We
thenanalysetheserecords.First, we canjust comparesomepropertiesof all starting
solutions, ¶ , andoptima � : the entropy, the diameterandthe numberof LS moves
performedon ¶ to obtain � , N(;�;=�u¶��<@·NG;<;=�>�¸� . Note that althoughentropy and
diameterweredefinedfor the QAP [1], thesecanbe usedwithout alterationon the
mQAP. Next, we cantry to investigatepropertiesof the landscapeperpendicularand



Table1: Resultsof our measurementson two 20 node, 2 flow matrix, andtwo 30 node, 3 flow matrix
instanceswith differentflow correlationsandotherparameters. Thefirst figure in aninstancenameis
thenumberof nodes,thesecondis thenumberof flow matricesandthethird is justanindex. Theglobal
propertiesare:max(¹ ), themaximum distancein thedistancematrix;max(º ) themaximumflow in any
of theflow matrices;corr»Gº½¼H¾uºD¿-À thecorrelation betweencorresponding flow matrix entriesof the Á th
and Â th flow; theoverlap of correlatedentries;ÃÅÄ&Æ , theflow dominanceof the Ç th flow matrix; and Ä�Ä
thedistancedominance.Thelocal searchmeasures werecollectedfrom 100000(105000,3 objective)
startingpoints. Figuresin brackets aresamplesizes. Where È or É is primed this meansthat the
measureis calculatedonasampleof thisset.Thesamplingcriteriaareasfollows: Ê�Ë refersto arandom
sample; ÌÍ to solutionssatisfyingthecondition,

A Æ¿>Î4Ï » Í Æ«ÐjÑ�Æ À�Ò¦Ó=Ô#Õ Ô#Ö whereÑª× »(Ô#Õ Ô#¾>ÔDÕ ØD¾>ÔDÕÚÙ�À for
the threeobjective instances,and Ñ©× »ÛÔDÕÜÖ�¾>Ô#Õ Ý�À for the two-objective instances;and Þ�¹�Ë refers to the
nondominatedsolutionsfrom thefull set

Instances
Glob. Property Kno20-2fl-1rl Kno20-2fl-2rl Kno30-3fl-1rl Kno30-3fl-2rl;/�#ß`� _ � 196 173 172 180;/�#ß`� ^ � 9883 9644 9967 9968
corr� ^ W � ^ J � 0.0 0.4 0.4 0.7
corr� ^ W � ^Xà � – – 0.0 -0.5
overlap 1.0 1.0 0.7 0.7á�â W � á�â J � á�â à 206,260,– 243,315,– 235,354,252 234,324,342â�â

54.9 57.9 56.1 58.6
LS Measure
ent�ã¶�� 0.999971 0.999971 0.999959 0.999962
ent�>�M� 0.910517 0.870681 0.938710 0.915543
diam�ã¶©äW ��å�æ#� 16( �c
 à ) 16 ( �c
 à ) 23 ( �c
 à ) 24 ( �c
 à )
diam�>��äW ��å�æ#� 16( �c
 à ) 16 ( �c
 à ) 23 ( �c
 à ) 23 ( �c
 à )
lmm �ã¶ äW ��å�æ#� 14.73( �c
 à ) 15.459( �c
 à ) 26.007( �c
 à ) 26.239( ��
 à )
diam�>��äW � }ç � 16( �c
 à ) 16 ( �c
 à ) 24 ( �c
 à ) 23 ( �c
 à )
ent�>� ä W � }ç � 0.900( �c
 à ) 0.847( ��
 à ) 0.853( �c
 à ) 0.846( �c
 à )
lmm �>�?äJ � }ç � 13.719( ��
 à ) 15.511(��
 à ) 25.625(�c
 à ) 26.866( ��
 à )
diam�>��äà ��� _ æ#� 14 (200) 14 (200) 22 (200) 22 (200)
ent�>��äà ��� _ æD� 0.489(200) 0.252(200) 0.743(200) 0.746(200)
lmm �>�?äà ��� _ æ#� 16.695(200) 17.310(200) 28.945(200) 29.955(200)

parallelto thePF. Todothisweconstructsamples(subsets)of acompletesetof records
(i.e. of � or ¶ or ��è6¶ ) suchthatall recordsin thesamplesatisfysomecondition on
them.Threedifferentconditions,andcombinationsof these,seempromising. Thefirst
is to consideronly optimathathavebeenfoundusingasimilarLS direction,whichwe
canspecifyusinga targetvector é andthefollowing condition:

A �Y VXW � ç � 5�é � � J ¬7ê ,
where ê is somesmallpositive value. The secondconditionis to take only solutions
of thesamenondominated rank. In thesimplest casethis just meanstakingonly the
nondominatedsolutions (i.e., Paretooptimal from amongthosepoints found). The



Algorithm 1 Outlineof a landscapeanalysistool for themQAP
1: Input: � ; µ ; ë�ìcí-î�ï�ðxñ!íxì ; mQAPinstanceò ; conditions

¯
; measuresó

2: ¶õô ö
3: �lô ö
4: for each

}ç �£µ do
5: for \¡@l� to ë�ìcí-î�ï�ðxñ!íxì do
6: �6ô RandomPermutation( � )
7: �1ä&ô LS �H�+��ò½�
8: å&�H�~�+ô ���+� }¯ ���~����ëj÷ùø«�nú#û�ü#æ�� }ç �
9: å&�H�1äý�+ô �H�1äþ� }¯ �H�1äÛ����ëj÷ùø«�nú#û�ü#æ�� }ç �

10: ¶ÿô ¶�è �#å4���~�x�
11: �lô ��è �#å4��� ä ���
12: end for
13: end for
14: for eachmeasure��å�ü?� ó do
15: print ��å�ü��ã¶��
16: print ��å�ü��>�M�
17: end for
18: for eachcondition a�� ¯ do
19: ø�ô �#å&�H�~�¦� � I a��0å4���.�-�+@������	��� , where

� @ÿ��
�¶�
6� è�¶
20: for eachmeasure��å�ü?��ó do
21: print ��å�ü�� øR�
22: end for
23: end for

third condition is to specifysometargetobjective vectorandtake only pointsnearby
to this. By measuringthe entropy anddiameterof thesesubsetswe canget a feel-
ing for how similar solutions within thesesubsetsare. We can of coursecombine
thesepartitioningconditionstogetherto furtherour investigations. Wearealsoableto
measurefitness-distancecorrelationswithin our differentsubsetsusing,asfitness,the
Manhattandistancebetweenpoints in theobjectivespace.

Table1 presentssomeillustrativeresultsof ourlandscapeanalysesfor fivedifferent
mQAPinstances.Thesewerecollectedby running1000local searchesfrom eachof
100(for 2-objective instances)or 105(3-objective instances)different

ç
vectors,thus

giving usapproximately200000recordsin all. Althoughat thisstageit is notpossible
to draw any conclusionsaboutwhichoverall searchstrategywouldbemostsuitablefor
eachinstance,wecanseethatpertinentinformation is provided.For example,wecan
seethatthediameterof thesubsetstendsto beaboutthesamesizeasthatof all of the
entiresets ¶ and � . Entropy, however, changes,indicatingthatalthoughoptimacan
befoundover a largeregion, they areat leastclusteredtogetherin groups.For the2-
objective instances,theentropy of thenondominatedpoints is quitelow. This means,
particularly in the instancewith positive correlation(0.4) in the flow matrix entries,
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Figure2: Fitness-distancecorrelationplotsbetweenall pairsof points.In (a)a random sampleof local
optimais plotted. In (b) a sample(of the samesize)of nondominatedoptimais plotted. The greater
fitness-distancecorrelation in (b) is clear

thatpointson thenondominated front arequitesimilar. This suggeststhatsearching
parallelto thePFmaybemuchmoreefficient thanre-startingsearchesfrom random
points. Pointsfoundusinga particular

ç
vector, or onecloseto it, do not have such

a low entropy. This might suggestthaton theway towardsthePF optima arespread
all over thespaceandareonly in relatively smallclusters.Thusfrom thepreliminary
resultsseenherewe might guessthat it is easierto move alongthePF thanto get to
thePFin thefirst place.Many moreexperimentsusingthesetechniquesareneededto
confirmthishypothesisandto makemoredetailedinferencesor predictions.

In Figure2 we canseetwo fitness-distancecorrelationplots for (a) all pairsof a
randomsampleof optima and(b) all pairsof the nondominatedoptimaof instance
Kno20-2fl-2rl.Clearly, thenondominatedoptimaarehighly correlated,indicatingthat
it is probablyquiteeasyto find solutionson thePFonceonehasbeenfound.

7 Conclusion

Someproblemswith multiple objectives can be searchedusing a hybrid approach
whichmakesuseof anefficient localsearch.Whendecidingonanoverall searchstrat-
egy, however, we arguethat onemustconsiderwhetherthereis correlationbetween
nearbyoptimaor not. In a multiobjective landscapewecanmeasuresuchcorrelations
either‘perpendicular’or ‘parallel’ to theParetofront. Thiswill helpusdecidewhether
oursearchshouldfirst approachthePFandthenspreadaroundfrom there,or whether
our searchshouldstartrepeatedlyfrom new randompoints,or whetherit shoulduse
a gradualapproachtowardsthe PF from all directionsin parallel. In this paperwe
have introducedanddiscussedthesenotionsandgivensomemethodsfor measuring
the landscapeof a multiobjective combinatorial optimizationproblem,mQAP, which



wealsointroducedherefor thefirst time.
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