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Abstract. The qualratic assignmenprodem (QAP) is a very difficult and practi-
cally relevart combinatorialoptimizationproblem which hasattractedmuchresearch
effort. Local search(LS) maves can be quickly evaluatedon the QAP, and herce
favouredmethod tendto be hybridsof globaloptimizationschemesndLS. Herewe
introduwcethe multiobjectiveQAP (MQAP)wherem > 2 distinctQAPsmustbemini-
mizedsimultaneuasly overthesamepermuationspaceandhencene require asetof
solutionsappoximating the Paretofront (PF).We argue thatthe bestway to organise
a hybrid LS for the mQAP will depeid on detailsof the multiohjective fithessland
scape By usingvarious techniqiesandmeasure$o prabethelandscapesf mQAPs,
we attemptto find evidercefor therelative easeawith whichthefollowing canbedore
by LS: approah the PF from a randan initial solution or searchalongor closeto
the PFitself. Onthebasisof suchexplorations,we hope to designanapprgriatehy-
brid LS for this prodem. The papercontritutesa number of landscap measuremen
methodsthat we believe are gererally appopriatefor multiobjedive combnatorial
optimization

1 Introduction

Many problemscanbe formulatedasa quadratic assigimentproblem (QAP). Com-
putationaly, thisis NP hard[10] andevenrelatively smallgenerainstancegn > 20)
cannotbe solvedto optimality. We introduceherethe multiobjectve QAP (MQAP) as
both a practicallyimportantproblemanda benchmarkhatwe believe will be useful
in generakesearclon multiobjective combinatorialandscapesAs in the scalarQAP,
fastlocalsearchLS) is possble becausa differencen theobjective functionvalue(s)
canbe calculatedquickly whenusinga 2-exchangeoperator

The questionof interestis how to control and organisethe mary requiredruns
of LS. Dependingon the landscapeijt may not be efficient to starteachsearchab
initio. Ratherit maybe betterto searchin parallelfor the differentParetooptima, by
alternatingthe ‘searchdirection’ in the objectve space stepby step.Or, alternatvely
again,the bestapproachmay be to first find one Paretooptimum andthento search
alongthe Paretofront from this oneto find others.



Our aim hereis to proposesomemultiobjective landscapenalysismethodsthat
mightbeusedto predictthe bestapproactgivenanunseemQAPinstance Thepaper
is necessarilyspeculatre aslittle work hasbeendoneon the bestway to apply hybrid
LS in multiobjectve domainsandstill lesson multiobjective landscapeanalysis.

The remainderis organizedas follows. Section2 reviews the scalarQAP and
describesa bestimprovementLS that canalsobe usedfor the mQAR Section3 in-
troduceghe mQAR proposingapplicationsandits theoreticalnterest.A testinstance
generatoiis describedn Section4. Section5 outlinesdifferentoverall searchstrate-
giesfor approximatng the PF of the mQAP, relatingtheseto landscapeorrelations.
Tools for measuringpropertiesof the multiobective landscapere describedn Sec-
tion 6, andsomeillustrative resultsaregiven. Section7 concludes.

2 Thescalar QAP

The quadraticassignnent problem(QAP) is the problemof assignng eachof n fa-
cilities to exactly oneof n possilke locationsso asto minimize the sumof products
of flows betweernthe facilities and the distancedetweenthe locations. For a math-
ematicalformulation of the problemseethat for the mQAP in section3, the only
differencebeingthe useof multiple (m > 2) flow matrices.Solutionsto the QAP may
be representedby a permutationr onthe set{1,...,n}, wheren is the numberof
facilities/locatons.

A determinisit best-impreementlocal searchfor the QAP, basedon exchangimgy
thelocationsof two facilities,wasproposedy Taillard [3]. Thesearchs fastbecause
it is possilte to calculatethe changein costof anexchangein O(n) time asonly the
two affectedrows andcolumnsin the flow matrix mustbe re-evaluated.Further it is
possibleto usesoluions from previousiterationsto calculatesomeof the exchanges
in just0(1) time.

Much work hasbeenconcernedvith measure®n the fithesslandscapeof QAP
instancesHerewe will justgivethoseusedaterin thispaperwhichmainlydependn
ameasuref distancein the parametefpermutationspace For example Bachele{1]
measureslistancelist (7, 1) betweertwo solutims7 andy asthe smallesnumberof
2-swapsthat mustbe performedto transformone soluion into the other(this canbe
computedn O(n) time); this diseancemeasuréhasa rangeof [0, — 1]. Fromthis,
othermeasuresanbeeasilydefined.Bachelegives thediameterof apopuhbtion P as
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wheren;; is the numter of timesfacility 7 is assignedo location; in the population
Thefitnessdistancecorrelation[9] hasbeenwidely used.Oftena plotis shawn, either
giving the fitnessagainstdistancefrom the nearestglobal optimun or bestknown
solution or all pairsof solutimsmayalsobedifferenced.

VollmannandBuffa [12] introducedflow dominanceasa meansof characterizing
QAP instancesFlow domiranceis a measuref the flow matrix givenby

fd(c) =100 x § a= \/ZL Zygl(c“_b)? b= ZLL;:ICJ

Whenthereis high flow dominancehereis low epistasisin general.Thedistance
dominanceld canbe definedon thedistancematrixin ananalogougashion.

3 The multiobjective QAP model

The multiobjective QAP (mQAP), with multiple flow matrices(definedbelov) natu-
rally modelsary facility layoutproblemwherewe areconcernedavith theflow of more
thanonetype of item or agent.For example,in a hosptal layoutproblemwe may be
concernedavith simukaneouslyminimizing theflows of doctorsontheirrounds of pa-
tients,of hospitl visitors,andof pharmaceuticalandotherproducts We mayimagine
thateachof the matricesdescribingtheseflows is very differentandthatuntil we see
the Paretofront it may not be possibé to simply weighttheimportanceof eachflow.

Thuswe have a very naturalmultiobjective problem. Similar exampkscanbe given

for otherfacility locationproblemssuchasthe layoutof factoryfloors andthe topol-

ogy of distribution networks. Furthermoreptherproblemsthatcanbe modeledusing
QAP, suchasschedulingmay alsoexist in multiobjective form. The mQAP is also
likely to bea usefulproblemto studyfrom atheoreticalviewpoint

Formally, the mQAP problemis to ‘minimize’:

é(n) = {c*(m),(n),...,c™(n)}, where () = Zn:iaijbk kel.m

X
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wheren is the numberof facilitieslocations,m is the numberof differentflow ma-
trices, a;; is the distancebetweenlocation: andlocation j, bfj is the kth flow from
facility ¢ to facility 7, andn; givesthelocationof facility 7 in permutaton = € P(n),
whereP(n) is thesetof all permutation®f {1,2,...,n}.

The term ‘minimize’ mustalso be definedbecausealifferent methodsare avail-
ablefor tackling multiobjective problems,ncluding lexicographicordering,scalariz-
ing techniquespr constraintmethods.However, it is oftenundesirableo useary of
theaforementionetechniqueswhichinduceatotal orderingonthesolutions without
knowledgeof whattrade-ofs of the objectvesare‘out there’'to befound. In thiscase
it is bestto use Paretooptimization, a techniquethat makesthe fewest possilte as-
sumpticsaboutwhich solutionsarepreferablepeforethe searchis conductedHere,



the aim of Paretooptimizationis to find a setof solutiors P*(n) C P(n), the Pareto
optimalset,which arenondomingedin thewhole searclspace:

Vr* € P*(n) Am € P(n) such that 7 < 7%, where 7 < 7* iff
Vk € {1,...,m} F(r) < ¥(r*) ATk € {1,...,m} such that ¢¥(7r) < ¥(7*)

wherer < 7* is readasw dominatesr*. The setof objective vectors(or points)
C* C C, calledthe Paretofront (PF), is the imageof the Paretooptimal setin the
objectve spaceg (P*(n)) — C*, andC is theimageof the whole permutatio space
¢(P(n)) — C. Theaim of Paretooptimizationis to find a good approximationto
thewhole Paretofront C*. To understandvhatis meantby a goodapproximatbn, the
readelis referred to [7] but needonly know thatsetsof solutions(approximatbn sets)
canbe partially orderedwithout additioral assumptias.

4  An mQAP instance generator

To obtaininstancegor the mQAP we have developed a generatothatallows different
problemfeaturesto be controlled. The generatormakes symmetic multi-objective

QAP instancesvith onedistancematrixandmultiple flow matrices.Thedistanceand

flow matriceshave structured,real-world-like’ entries[3] andcorrelationscanbe set
betweercorrespondingntriesin thetwo or moreflow matrices.Thegeneratofollows

proceduregor makingthe non-uniformy randomQAP problemsgiven theappelation
TaiXXb in theliterature,outlinedin [3].

The numberof flow matricesis controlledby a parameterm. With m > 2, a
multiobjective QAP problemis generatedvith m flow matrices. The entriesin the
kth matrix (2 < k£ < m) aregeneratedvherearandomvariable X is correlatedwith
thevalueof X usedin the correspondingentryin the first flow matrix. Correlations
between—1 and1 canbesetbetweerthefirst andeachof theadditional flow matrices
usingm — 1 furtherparameterso thegeneratar

A degreeof overlapbetweenthe matricescanalsobe specified. The overlappa-
rameteris setbetweer) and1. It controlsthefractionof entriesin the jth flow matrix
thatarecorrelatedwvith thecorrespondingntriesin the 1stflow matrix. With the over-
lap parametesetto zero,arandomun-correlatedzaluewill beplacedin eachentry of
thejth flow matrixthatcorrespondso azeroentryin thefirst flow matrix. Similarly, a
zerowill beplacedin eachentry of the jth flow matrix thatcorrespond$o anon-zero
valuein thefirst flow matrix. Thusthereis no overlapbetweerthe flows of the first
andjth matrix. With the overlapparametesetto 1 all the flows arecorrelated.With
the overlap setto intermediatevaluessomeof the flows will overlapandotherswill
not.

5 Hybrid search schemesfor the mQAP

Multiobjective (MO) metaheuristicfor Paretooptimizationhave beenaroundfor quite
sometime now and MO versiors of geneticalgorithms[5], simulatedannealing2],
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Figurel: Waysto appoachthe Paretofront andthe undelying landscap appopriateto each.Theleft
columnshaws the Paretofront of a two-adbjective problemanddifferent waysa searchalgorithm may
find points closeto the PE Thecentreandright colummsdefict correlationsbetweerthe multiobjective
fitnessandthe distancebetweerpointsin the paraneterspace Seemaintext for further explanation

taku search(TS) [6], andothershave beenproposed.Somehybrid geneticalgorithm
approachesave alsobeenput forward, e.g.[8]. With the mQARP, the availability of

afastbest-inprovementLS (or TS) meanghatany hybrid approacktshouldconsider
emplgying LS by specifyinga scalarizingweightvectorandallowing the LS to find a

local optimum of this searchidirection’. The questionis, how shouldtherunsof the

LS be controlledby the overall searchstratgyy? This questionis alreadydifficult in

scalaroptimization, We believe theanswerconcernghebestway to move aboutin the
multiobjective landscape.

Figurel illustratesthreequite differentstrateies,usinga 2-objectve problemas
an example. The first strategy is to usea populaton-basedapproachwhich tries to
graduallyimprove the populationin all directionsat once,approachinghe PF from
all angles,with LS appliedto all solutiors in the populaton at eachgeneration.In
the secondstrateyy, a scalarizingweightvectoris first chosenandthe LS is applied
multiple timesin only this directionuntil no moreimprovementresults. EachLS re-
startcould be from a randompoint but more usuallyit would be from a perturbation



of the previous local optimum, taking it out of that basinof attraction[11]. After
onepointon or nearthe PFis foundthe processs repeatedor a differentscalarizing
vector In the last stratgly we envisagemoving towardsthe PF in one direction by
repeated.S applicationsasin the previous method.But thenonceonthe PF, thesame
solutionshouldbe perturbedagainandminimizedover a ‘nearby’ scalarizingvector
resultingin apointnearbyonthe PE

Clearly, thebestapproachwill dependnwhetheror not points nearbyin objective
spaceare also nearbyin the permutationspace. In particular we can considerthis
in two differentways. For a particularscalarizingvectoris it easyto move towards
(perpendicularto) the PF i.e. is the fitnessdistancecorrelationgood in this search
direction? And for a setof mutually nondoninated points (i.e for points sharinga
common‘fitness’ but notin the sameobjectives),is it easyto move from onepointto
othersnearby parallelto thelocal Paretofront? It is possibé thatthe degreeof corre-
lationin thelandscapeariestremendouy dependingonwhich directionof searchs
consideredind/orwhatis thefitnesslevel. It maybe very difficult to find meaningful
measurementsf thesepropertiesandeven moredifficult to predictwhich will bethe
bestmethodof search.Nonethelessit seemdikely thatthe succes®f searchesvill
dependheavily on whatkind of overall strateyy is employed, andthis in turn on the
landscapeso it seemswell worth trying to gain someunderstandingf local corre-
lations as well as global properties. In the next sectionwe describesomeexample
measurementse have madeanddiscussvhatthey couldmean.

6 Landscape measurement toolsand exampleresults

Our method are basedon thosepreviously proposedor the scalarQAP, as briefly
reviewed in section2.1 (and thorougly describedn [1]). The overall stratgy in
the scalarQAP caseis to run a local searchfrom several randomstartingsoluions.
Measuringdifferentpropertief thelocal optimaobtained aswell aspropertieof the
startingsolutiors, gives someinsight into how correlatedthe optimaare,andthereby
hints at the difficulty of finding a global optimum. The samestratayy is applicableto
themQAR althoughcomplicatedby thefactwe needto try to find optimaall over the
PF

Algorithm 1 shows our approach We startby defininga setof evenly distributed
scalarizingvectorsA. For eachof these'directions’ we repeatsereral LS runsfrom
randomstartsolutions. For eachsuchLS run, we recordthe startingpoint, its mul-
tiobjective evaluation the local optimum reached,ts multiobjective evaluation the
scalarizingweight vectorusedin the LS, andthe numberof LS movesapplied. We
thenanalysetheserecords.First, we canjust comparesomepropertiesof all starting
solutiors, U, andoptimaO: the entropy, the diameterandthe numberof LS moves
performedon U to obtainO, Imm(U) = Imm(O). Note thatalthoughentrory and
diameterwere definedfor the QAP [1], thesecan be usedwithout alterationon the
MQAR Next, we cantry to investicate propertiesof the landscapegerpendiculaand



Table1: Resultsof our measuremntson two 20 node, 2 flow matrix, andtwo 30 node, 3 flow matrix
instanceswvith differentflow correldions andotherparaméers. Thefirst figurein aninstancenameis
thenumter of nodes, theseconds thenunberof flow matricesandthethird is justanindex. Theglobal
propertiesare: max(d), the maximum distancen the distancamatrix; max(f) the maximumflow in ary
of the flow matrices;corr(f¢, f7) the corrdation betweercorrespondirg flow matrix entriesof the ith
andjth flow; the overlap of correlatecentries;fd ¥, the flow dominanceof the kth flow matrix anddd
the distancedomirance.Thelocal searchmeasurs werecollectedfrom 100000 (105000,3 objedive)
startingpoints. Figuresin bradkets are samplesizes. WhereU or O is primad this meansthat the
measurés calculatedbnasampleof this set. Thesamplingcriteriaareasfollows: s refersto arancm
sample:\ to solutionssatisfyingthe cordition, Zle()\k — %)% < 0.01 where¢ = (0.0,0.3,0.7) for
the threeobjective instancesand¢ = (0.1, 0.9) for the two-dbjective instancesandnds refers to the
noncdminatedsolutionsfrom thefull set

Instances

Glob. Property|| Kno20-2fl-1rl | Kno20-2fl-2rl | Kno30-3fl-1rl | Kno30-3fl-2rl
max(d) 196 173 172 180
max( f) 9883 9644 9967 9968
corr(f1, f2) 0.0 0.4 0.4 0.7
corr(f1, f3) - - 0.0 -0.5
overlap 1.0 1.0 0.7 0.7
fd', fd?, fd 206,260,-| 243,315, 235,354252| 234,324342
dd 54.9 57.9 56.1 58.6
LS Measure

ent(0) 0.999971 0.999971 0.999959 0.999962
ent0) 0.910517 0.870681 0.938710 0.915543
diam(U7, rs) 16 (10%) 16 (10%) 23(10%) 24 (10%)

diam(O}, rs) 16 (10%) 16 (10%) 23(10%) 23(10%)

Imm(U?, rs) 14.73(10%) | 15.459(10%) | 26.007(10%) | 26.239(10%)

diam(O, \) 16 (103) 16 (103) 24(10%) 23(10%)

ent( O, )) 0.900(10%) | 0.847(10%) | 0.853(10%) | 0.846(10%)

Imm(0}, X) 13.719(10%) | 15.51100%) | 25.625(0%) | 26.866(10%)

diam(O%, nds) 14 (200) 14 (200) 22(200) 22(200)

ent(O}, nds) 0.489(200)| 0.252(200)| 0.743(200)| 0.746(200)

Imm(0%, nds) || 16.695(200) | 17.310(200) | 28.945(200) | 29.955(200)

parallelto thePF. To dothiswe construcsamplegsubsetspf acompletesetof records
(i.e.of O or U or O U U) suchthatall recordsin the samplesatisfysomeconditian on
them.Threedifferentconditions,andcombinatonsof these seenpromising Thefirst
is to consideronly optimathathave beenfoundusinga similar LS direction,whichwe
canspecifyusingatargetvector¢ andthe following condition: S°5_; (\F — ¢5)2 < ¢,
wheree is somesmall positive value. The secondconditionis to take only solutions
of the samenondominagd rank. In the simpest casethis just meansaking only the
nondomimmtedsolutiors (i.e., Paretooptimal from amongthosepointsfound). The



Algorithm 1 Outline of alandscapeanalysisool for the mQAP
1: Input: n; A; #searches; mQAPInstancel; conditonsC'’; measures/

20«10

330+ 10 .

4: for each\ € A do

5. for i = 1to #searches do

6: 7 < RandomPermutatign)

7: 7' < LS(m, 1)

8: r(7) « (m,C (), #LSmoves, X)
o: r(x') « (7', C(x'), #LSmoves, \)
10: U« UU{r(n)}

11: O+ Ou{r()}

12:  end for

13: end for

14: for eachmeasurenre € M do

15:  printmre(U)

16:  printmre(O)

17: end for

18: for eachconditionc € C' do

190 S+ {r(r) €T |c(r(r)) = TRUE},whereT =0OVUVOUU
20: for eachmeasurenre € M do

21: printmre(S)

22:  end for

23: end for

third condition is to specifysometarget objective vectorandtake only pointsnearby
to this. By measuringhe entrofy and diameterof thesesubsetsve canget a feel-
ing for how similar soluions within thesesubsetsare. We can of coursecombine
thesepartitioningconditionstogetheito furtherour invegigatiors. We arealsoableto
measurditness-distanceorrelationswithin our differentsubsetsising,asfitness,the
Manhattardistancebetweerpoints in the objective space.

Tablel presentsomelllustrative resultsof ourlandscapanalysesor five different
MQAP instances.Thesewere collectedby running1000local searche$rom eachof
100 (for 2-objectie instancespr 105 (3-objectie instancesylifferent\ vectorsthus
giving usapproximately200000recordsn all. Althoughatthis staget is not possithe
to draw arny conclusimsaboutwhich overall searclstratgly would bemostsuitablefor
eachinstancewe canseethatpertinentinformatian is provided. For example,we can
seethatthe diameterof the subsetsendsto be aboutthe samesizeasthatof all of the
entiresetsU andO. Entropy, however, changesindicatingthatalthoughoptimacan
be foundover alargeregion, they areat leastclusteredogetherin groups.For the 2-
objectve instancesthe entrogy of the nondomiratedpoints is quitelow. This means,
particularlyin the instancewith positve correlation(0.4) in the flow matrix entries,
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Figure2: Fitness-distanceorrelationplotsbetweerall pairsof points.In (a) aranden sampleof local
optimais plotted In (b) a sample(of the samesize) of nondminatedoptimais plotted. The greater
fitness-distanceorrdationin (b) is clear
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that pointson the nondominagd front are quite similar. This suggestshatsearching
parallelto the PF may be muchmoreefficient thanre-startingsearche$rom random
points. Pointsfound usinga particular\ vector or onecloseto it, do not have such
alow entropy. This might suggesthaton the way towardsthe PF optima arespread
all overthe spaceandareonly in relatvely smallclusters.Thusfrom the preliminary
resultsseenherewe might guesghatit is easierto move alongthe PFthanto getto
the PFin thefirst place.Many moreexperimentaisingthesetechniquesareneededo
confirmthis hypotesisandto make moredetailedinferencesor predictions

In Figure 2 we canseetwo fithess-distanceorrelationplotsfor (a) all pairsof a
randomsampleof optima and (b) all pairsof the nondomnatedoptima of instance
Kno20-2fl-2rl. Clearly, thenondominagd optimaarehighly correlatedindicatingthat
it is probablyquite easyto find solutionson the PF onceonehasbeenfound.

7 Conclusion

Someproblemswith multiple objectves can be searchedusing a hybrid approach
which makesuseof anefficientlocal searchWhendecidingonanoverall searctstrat-
egy, however, we argue that one mustconsiderwhetherthereis correlationbetween
nearbyoptimaor not. In a multiobjective landscapave canmeasuresuchcorrelations
either‘perpendicularor ‘parallel’ to the Paretofront. Thiswill helpusdecidewhether
our searchshouldfirst approactthe PFandthenspreadaroundfrom there,or whether
our searchshouldstartrepeatedlyfrom new randompoints,or whetherit shoulduse
a gradualapproachtowardsthe PF from all directionsin parallel. In this paperwe

have introducedanddiscussedhesenotionsand given somemethodsfor measuring
the landscapef a multiobjective combinateial optimization problem,mQAR which



we alsointroducedherefor thefirst time.
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