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J L�giHN=@QO?PH/=MR�H �;F9LO?fQI`�? K = vZ?PHI?_S9gi?_L�TZ?PQED�?P?_S.D^?_R&LIF�HN? K R&S K LN=MD FUXMR�QO? K d&HNC�D"QI` K R�QIR^R�Q�QI`�?5QI=MDV?_L
D>`�?_S0QI`9?6D^?_R&LNF�HI? K d&HIC�D"QI` K R�QIR QIR �&?1QI`�?_=@H K R&=MX@l DVR�T�=MDGF9DVL R&S K Do=MS9=MDGF9DVLFH$TZ?_gPR&F9LO?oQI`9?
LI=MS�dEX@?�N�C&TPK ?_giQI=@n&?GD^?PQI`�C K L>giCEFUX K S�C&Qf?�ThW9HI?_LIL>QI`�? HN?_XMR�QI=@CES `9CEF�HNX@l K R�QIR�H�D>`9=Mg/` �"giCES9LN= K ?PHI? K QOC
T3?f`�?_X@W9Y[F9XhYcC&H8TZ?PQOQO?PH�\9QOQI=MS9dP=���FULO? K QI`9?jLIR&D^?fWZ?PHN=@C K C&Y LO?Pn&?_S K R l�L�R&L8Y C&H�QI`�?fLI=MS�dEXM?�N�C&T�K ?_giQI=Mn&?
D^?PQI`�C K LF=�p ?BDV=@dE`�Q�giCES9LN= K ?PH�=@Q�=]L8D^C&HN?f=MS9Y C&HNDoR�QI=@n&?jYcC&H�RGLI?_R�HNgN`.=@Y D�?5giCEF9X K F9LO?5D^C&HI?fC&T�K ?_g*N
QI=@n&?>Y[F9S9giQI=@CESULFW7QI`�F9LFH�R&XMX4U?Yon @ q W `�CEF�HNL�� f K R_lhL�B�`9CEF�HNX@l K = vZ?PHI?_S9gi?_L8giCEF9X K TZ?>FULO? K R&L�giHN=@QO?PH/=MR�=
G>C7D8?Pn&?PHIH QI`9? LO?_R�HNg/` D8CEF9X K QIR �&?^X@CES�d&?PHIH3R&S K QI`�? S�F9D T3?PHjC&Y )4�
�-,.�/	 ���8	
� F �&@[D^?_D TZ?PHNL>C&Y�QI`9?
k2R�HN?PQOC^Y HICES�QI=@?PH*B;DV=@dE`�Q�TZ?jn&?PHIl6XMR�HId&?5TZ?_gPR&F9LO?5QI`�?BD^C&HI?fC&T�KO?_giQI=@n&?BY[F9S9giQI=@CES9LIH�QI`�?BD^C&HN?5k�R�HI?PQOC
d&HICEF�WULF= > =@dEF�HI?/WP=VU"LI`9C�D>L�QI`9R�Q�=MSUgiHI?_R&LI=MS�dfQI`�?�S�F9D TZ?PH�C&Y3C&T�K ?_giQI=Mn&?�YcF9SUgiQI=@CES9L2DVR �&?_L�QI`�?�QOHNR K ?�N
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(a) One Objective Function
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(b) Two Objective Functions

> =@dEF9HI? WP=VU�w�k�R�HI?PQOC YcHICES�QI=@?PHNL�YcC&H8Do=MS9=MDV=Mt_R�QI=@CESGW9HIC&TUX@?_DoLF=$k2CE=MS�QIL � T � > L8HI?PW9HI?_LO?_S�Q�QI`�?jD^?_D TZ?PHNL
C&Y�QI`9? k�R�HI?PQOC1Y HICES�QI=@?PHNLI= @[R B > C&HBRoLI=]S�dEX@?�N�C&T�KO?_giQI=@n&? gPR&LI?MH�QI`�?GLOCEXMF�QI=MCES LO?PQj=]L"CES�?�N K =]D^?_S9LI=@CESUR&XU=
@cT�B > C&H.R&S � N�C&T�KO?_giQI=@n&? @ � � U�B^gPR&LO?MH"QI`9? k�R�HI?PQOC�Y HICES�QI=@?PH6gPR&S TZ? � N K =]D^?_S9LI=@CESUR&XU= � S QI`9=ML
?�T�R&D^WUXM?MH � � q =

C�v L DVC&HI?8giCED^W�XM=MgPR�QO? K = X"`�?PHI?PYcC&HI?MH � K ?_gP= K ? K QOC>QIR �&?�CES9X@l5QED�CjC&TPK ?_giQI=@n&?8YcFUS9giQI=@CES9L YcC&H ?_R&g/` K R_lM=

X>`�?�= K ?_R&X;LOCEXMF9QI=@CES YcC&H D l0?�T�R&D^WUXM?�=ML QI`9R�Q R&XMX;YcCEF�HIQO?P?_S K = vZ?PHI?_S9gi?_L TZ?PQED�?P?_S D^?_R&LIF�HN? K R&S K
LN=MD FUXMR�QO? K K R�QIR�R�HI? r = X"`�F9LFH �VgiCEFUX K `UR_n&? LO?PQ1R&XMX"YcCEF�HIQO?P?_S QIR�HId&?PQ1n R&X]F�?_L�R�Q6tP?PHIC YcC&H�QI`�?
LI?_R�HNgN`1R&S K F9LO? K R giCES�QI=MS�F�CEF9L8?PHIHIC&H�D^?_R&LIF�HI?[@ K =MLIQIR&S9gi?7B�YcC&H�?_R&gN`1giHN=@QO?PHN=]R�= GjC�D�?Pn&?PHIHCD�?jDo=@dE`7Q
=]DVR�dE=MS�?GQI`9R�Q =@QB=ML5`9R�H K QOC DVR �&?oR&XMX�YcCEF�HIQO?P?_S K =@v3?PHI?_SUgi?_L5tP?PHICPH$R&S K �fgPR&S0=@dES�C&HN?VLOCED^?VLIDVR&X]X
K = v3?PHN?_S9gi?_LB=MS CEF�QOW�F�QILBYcC&H D lxW9HIC&T�X@?_DY=�X"`�?PHN?PY C&HI?MH � K ?_gP= K ? K QOC F9LI?VTU=MS9R�HNl ?PHIHIC&H DV?_R&LIF�HI?_L
@[<>?Pl�S9CEX K L ?PQVR&XU=4%]Zon
'(B�= mfS K ?PHVR TU=]S9R�HIl0?PHIHNC&HVD^?_R&LIF�HI?MH�=@Y>QI`9?.W9HI? K =MgiQI=MCESCEF9QOWUF�Q^=ML�D>=@QI`U=MS
QI`9?GWUHI? K ?PQO?PHNDV=]S�? K C&TPK ?_giQI=@n&?^QIR�HNd&?PQBHNR&S�d&?MH QI`�?^giHN=@QO?PH/=@CES giC&HIHI?_LOWZCES K =]S�doQOC1QI`9R�Q K =@v3?PHI?_SUgi?G=ML
giCESULI= K ?PHI? K QOCoT3?aR&g/`9=@?Pn&? K WUC&QI`�?PH D>=MLI?MH�QI`�? giHN=@QO?PH/=@CES.=ML�F9S9R&g/`9=@?Pn&? K =

� S9=@QI=]R&XMX@lMH$R&S K QOC ?�T�R&DV=MS�?6`�C�D QI`�?1D^?PQI`�C K giCEFUX K TZ?6F9LO? K H�QED�?_X@n&?�N `�CEF9HVLIF9DVL&D8?PHN?6F9LI? K R&L
C&TPK ?_giQI=@n&?5Y[F9S9giQI=@CESULFH Dj`9=MgN` D�CEF9X K gPR�W9QIF�HI?fQI`�?5WUR�QOQO?PHNS6C&Y K =MF�HNS9R&XUgN`9R&S�d&?aR&S K QI`9?jQOHI?_S K L�C n&?PH
QI=]D^?M= X"`�?BWZ?PHN=@C K L�YcC&H"QI`�? LIFUD D8?PHI?&w

WZ?PHN=@C K U�w Y�w r&r CES K R l U f n � U?n�w r&r CES K R_lcU f n
WZ?PHN=@C K q w U?n�w r&r CES K R l U f n � Y�w r&r CES K R_lcU f �
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WZ?PHN=@C K Z�w Y�w r&r CES K R_l�U f � � U?n�w r&r CES K R_lcU f �
===

WZ?PHN=@C K U_W�w U?n�w r&r CES K R_l�U?nJW � Y�w r&r CES K R_l�U?n s =

X"`�FULFHhQI`�?aYcCEXMX@C�Dj=MS�d^R�HI?BQI`�?aC&TPK ?_giQI=@n&? YcF9SUgiQI=@CES9LPw
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D>`�?PHI? � � � =ML�QI`9?>R�TULOCEXMF9QO? K = vZ?PHI?_S9gi?"TZ?PQED�?P?_SoDV?_R&LIF�HI? K R&S K LI=MDGF9XMR�QO? K d&HNC�D"QI` K R�QIRBYcHICED QI=]D^?
� QOC � �RUBCES.QI`�? � N�QI` K R_lM=8p `�?_S QI=MD^? � � q Z"HCD8? giCES9LI= K ?PH � �RUaR&L�QI=MDV? r CES.QI`�?aS�?�ThQ K R_lM=
X"`�?GQOHI?_S K C&Y8QI`9? LNF9DVLfC&Y8D^?_R&LNF�HI? K K R�QIR1YcC&HfQ D8?_XMn&?�N `�CEF�HaWZ?PHN=@C K D>=@QI`xLOQIR�HIQI=MS�d1QI=MDV?�Y�w r&r =]L
LI`�C�DjS =MS > =MdEF�HI? WP= q =AX"`�?_LO?GLIF9DVLjgPR�W9QIF�HI? QI`�? K =MF�HNS9R&X gil�gPX@?GR&S K QI`�? d&?_S�?PH/R&X QOHI?_S K C n&?PHfQI`9?
W3?PH/=@C K =4X"`�?fn�R&XMF�?5=MS9giHI?_R&LO?_L�R&S K1K ?_giHI?_R&LI?_L�T�lVQIF9HNS9LFH�LI`�C�Dj=MS�d QI`9?5giCES�QOHNR&giQI=@CES.R&S K ?�ThWUR&S9LI=MCES
WU`9R&LO?_LF=

> C&Ha?_R&gN`0C&Y;QI`�?^C&T�KO?_giQI=@n&?^Y[F9S9giQI=@CESULjYcC&HBQED�?_X@n&?�N `�CEF9H LIF9DVLIH �fF9LO? K QI`�?^QIR�HId&?PQBH/R&S�d&?3% r � s '0= ��Y
QI`�? LIF9D C&Y�R�T�LOCEXMF�QO? K = v3?PHN?_S9gi?_L"TZ?PQED�?P?_S DV?_R&LIF�HI? K R&S K LI=MDGF9XMR�QO? K K R�QIRo=ML>X@?_LIL�QI`9R&S \9n&?MHUQI`9?
t_=@d&t_R�d WUR�QOQO?PHNS1HI?_DVR&=]S9L K ?PQO?_giQIR�TUX@?M=JX"`UR�QVD�R&L�QI`�?5HI?_R&LOCES D>`�l �;LO?PQ�QI`�?5QIR�HId&?PQ�HNR&S9d&?5R�Q % r � s '0=
QO?PHNDVL5C&Y�QI`�?^`�CEF�HNX@l K = vZ?PHI?_S9gi?MH � K =@nh= K ? K \Un&??@(D>= K QI`xC&Y�QI`�?^QIR�HId&?PQaHNR&S9d&?7BjT�l QED�?_X@n&?-@[`�CEF�H/L
Y C&HGQI`�?1LIF9D B�H�R&S K QI`�?_S�C&T9QIR&=MS�? K QI`�?�n R&XMF9? r =]W q = �agiCES9LI= K ?PHI? K QI`�?�LIFUD C&Y>R�T�LOCEXMF�QO? K = vZ?PH N
?_S9gi?_LFH�LICVQI`�? S�?FD C&T�KO?_giQI=@n&? LO?_R�H/gN` giCEFUX K TZ? LO?PQ>R�Q�% � r � W q � r � W q '0=/GjC�D�?Pn&?PHIH ��LO?PQ>=@Q5Dj=@QI`.`9R&X@Y
R % � r � q U � r � q U '�Y C&Ha?_R&g/` giHN=MQO?PHN=MR�H D>`U=MgN` =MLBDVC&HI?VLOQOHN=MS9d&?_S7QFH LN=MS9gi?VS�C&QaR&XMX�R�T�LOCEXMF�QO? K =@v3?PHI?_SUgi?_L
D8?PHI? W3CELN=@QI=@n&?5C&H>S�?PdER�QI=@n&?GR�Q"QI`�? LNR&D^?BQI=MD^?M=

�j=MS�QOHIC K F9gi? K WUR�HNR&D^?PQO?PHGLO?_R�HNg/` HNR&S�d&?_La=]S X$R�TUXM?�Z"= q R&S K LO?PQBQI`�?VLOQO?PWLI=@tP?^YcC&HBQI`�?VLO?_R�HNg/`0YcC&H
R&XMXZWUR�HNR&D^?PQO?PH/L>R�Q U r 	 � TZ?_gPR&F9LO? QI`�?BC&T�KO?_giQI=@n&? HNR&S9d&?_L"R�HI?aQOCVQ D8C K ?_gP=MDVR&XZW�XMR&gi?_LF=
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> =@dEF9HI?jWP= q w X2D�?_X@n&?�N `�CEF�H�LIF9DoL�C&Y D^?_R&LIF9HI? K LN`�C�C&Q8d&HIC�D>QI` K R�QIR�= X"`�?>\UHNLOQ�WZ?PHN=@C K =ML;Y HNCED Y�w r&r
QI`9HICEF�dE` U?n�w r&r CES K R_l U f nGR&S K QI`�?5XMR&LOQ�WZ?PHN=@C K =ML8YcHICED U?n�w r&r CES K R_l�U?nJW^QI`�HNCEF�dE`GY�w r&r CES K R l
U?n s =\X"`�?aF�WUW3?PH�R&S K X@C�D�?PH"WUR�HIQIL>=MS9gPXMF K ?j?�ThWUR&S9LI=MCES R&S K giCES�QOHNR&giQI=@CES W3?PH/=@C K LFH�HN?_LOWZ?_giQI=@n&?_X@lM=

� � � 3 "  !� � � "$#&% � 10� �0� # '�) #0*9)&� �.:�1 ��� �7� �4� #�� ���2��)&��"��.� 51 � � �

X>`�?PHI?oR�HI?6R S�F9D T3?PH C&Y"gN`�CE=Mgi?_LGYcC&H QI`�?6F9LO?PH C&Y"k2R�HN?PQOC ;;n&CEX@n&?&w WZC&WUF9XMR�QI=@CES LN=@tP?MH�d&?_S�?PHNR�QI=@CES
S�F9D TZ?PHIH9\9QIS�?_LNL"WUR�HNR&DV?PQO?PHNL K ?P\US�? K =]S :�?_giQI=@CES q =]W6LNF9gN`xR&L � 1 �+
 9 � H 
 H3R&S K DGF�QIR�QI=@CES WUR�HNR&D�N
?PQO?PH � =%X>`�?PHI?1R�HI?.R&XMLOC R S�F9D T3?PHGC&Y>Yc?_R�QIF�HI?_LGQI`9R�Q QI`�?.F9LI?PHGgPR&S9S9C&Q DVC K =MY l0=MSQI`�?6C&HN=@dE=MSUR&X
n&?PH/LI=@CES C&Y�QI`�?oLIC&Y Q D�R�HI?&wGQI`�? K ?P\US9=@QI=@CES C&Y�\9QIS9?_LILFH$giHNCELILOC n&?PH � D F�QIR�QI=MCES W9HNC&TUR�TU=MXM=MQ lMH D^?PQI`9C K L
C&Y8giHICELILOC n&?PHaR&S K DGF�QIR�QI=@CES HZR&S K LO?_XM?_giQI=@CES DV?PQI`�C K = J XMX C&Y;QI`�?_LO?GY ?_R�QIF�HN?_LfX]= �&?_X@l =MS ��F�?_S9gi?aQI`�?
HN?_LIF9X@QI=MS9dVLOCEXMF�QI=@CESULFH�k�R�HI?PQOC.LO?PQFH3TUF�QjQOC K =@v3?PHI?_S�Q K ?Pd&HI?P?_LF=<GjC�D�?Pn&?PHIH R&L �2D>=MX]X LI`�C7D H3=MY �"D^C K N
=MY l6QI`�? LO?_XM?_giQI=@CES D^?PQI`�C K R&S K giHICELILOC n&?PH�� DGF�QIR�QI=@CESxW9HIC&TUR�T�=MXM=@Q�lMH�QI`9? LO?_R�HNg/` gPR&S D^C&HI?a?F]ogP=M?_S7QFH
QI`UR�Q =]LFH�k�R�HI?PQOC d&HICEF�WUL R&g/`9=@?Pnh=MS�d DVR&S7lgiHN=@QO?PHN=MR-D>=MX]X�TZ?�YcCEF9S K Y[R&LOQO?PHVR&S K �&?PW9Q QOC QI`�?.S�?�T�Q
d&?_S9?PHNR�QI=@CES9LF= J YcQO?PH LI`�C�Dj=MS�d.QI`�?VHN?_LIF9X@QILBYcHICED QI`9?VC&HN=@dE=MSUR&X�n&?PHNLI=@CES0C&Y�k�R�HI?PQOC ;;n&CEX@n&?o=MS S�?�T�Q
LI?_giQI=@CES H ��D>=MXMX3LI`�C7D =MS1QI`9?aXMR�QO?PHjg/`9R�W9QO?PHNL"`9C�D QI`9?_LO? D^C K =@\UgPR�QI=MCES9L\D8?PHI? ?�T�?_gPF�QO? K =

X>`�?�WZC&WUF9XMR�QI=@CES LI=MtP?>R&S K DVR�T�=MDGF9D d&?_S�?PH/R�QI=@CESoS�F9D T3?PH�HN?_b�F9=MHI?"gPR�HI?PY[F9X�QI`�CEF�dE`�QF=V:hDVR&X]X�WZC&WUFPN
X]R�QI=@CES�LN=@tP?fgPR&S6HI?_LNF9X@Q8=]SoX@C7D � d&?_S9?PQI=Mg � K =@n&?PHNLI=MQ lM= X"`�?jWZC&WUF9XMR�QI=@CES�DVR_l�S�C&Q�g/`9R&S�d&?aDGF9gN` D>=@QI`
KIF9LOQ�R Yc?FD d&?_S�?PHNR�QI=@CESULF=�u5S6QI`�?BC&QI`�?PHj`9R&S K HhQOC�CVXMR�HId&?aR WZC&WUF9XMR�QI=MCESoC&H"QOC�CVDVR&S�l�d&?_S9?PHNR�QI=@CES9L
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DVR_l S�C&QBTZ?^HI?_R&XM=]LOQI=Mg LI=MS9gi? HNFUS QI=MD^?VgiCEF9X K TZ?_giCED^?oW9HICE`9=@T�=@QI=@n&?M=�X"`�?^HI?_XMR�QI=MCES T3?PQ D8?P?_S WZC&WPN
F9XMR�QI=@CES LI=@tP?^R&S K d&?_S9?PHNR�QI=@CES0S�F9D T3?PHB=ML5QI`9?^QIR&L �-D�?VS�?P? K QOC giCESULI= K ?PHI=LX"`�? HI?_LIFUX@QjC&Y�LO?Pn&?PHNR&X
K = vZ?PHI?_S7Q�giCED T�=MS9R�QI=@CES9L8C&Y WZC&WUF9X]R�QI=@CESoLI=MtP?fR&S K d&?_S�?PHNR�QI=MCES.S�F9D TZ?PH8R�HI?BLI`9C�D>S6=MS6S�?�T�Q�LO?_giQI=@CES =
X"`�?PHI?PYcC&HI?MH9=MS9giHN?_R&LI=MS�d QI`�? S�F9D TZ?PH�C&Y�giH/=@QO?PHN=MR^=MSUgiHI?_R&LO?_L�QI`�? K =MD^?_S9LI=MCES�C&Y�QI`�? k2R�HN?PQOCoYcHICES7QI=M?PHIW
D^C&HI?"giC K CEDV=MS9R&S�Q�=MS K =Mn�= K F9R&XML R�HI?>C&T9QIR&=MS�? K @ > =@dEF�HN? WP=VU�B�=�p ?>gPR&SVR&LILIFUD^?�QI`9R�Q�QI`�?�WZC&WUFUXMR�QI=@CES
LI=@tP?aS�?P? K L"QOCVTZ?a=MS9giHI?_R&LO? K =@Y$RVgiH/=@QO?PHN=@CES.=ML�R KUK ? K =

��S0D l ?�T�R&D^WUX@?MH�R&XMX�giHN=MQO?PHN=MR R�HI?�giCEDVD^?_S9LIF9HNR�TUX@?MH2LOC =@Y�D^C&HI?6giHN=@QO?PHN=]R R�HI?oR&g/`9=@?Pn&? K D>=@QI` HN?_R�N
LOCES9R�TUX@?jWUR�HNR&D^?PQO?PH/=@t_R�QI=@CES9LFH ��?�ThWZ?_giQO? K QI`�?fHI?_LIF9X@QI=]S�d LI=MDGF9XMR�QI=MCES�D�CEF9X K gPR�W9QIF�HI?5QI`�?5D^?_R&LIF�HN? K
K R�QIR D�?_XMXU=SGjC�D�?Pn&?PHIH ��Y CEF9S K QI`9R�Q;QI`9?jS�F9D TZ?PH�C&Y R&g/`9=@?Pn&? K giHN=@QO?PH/=MR K = K S9C&Q;HI?_LIFUX@Q;=MSVR d&C�C K \9Q
QOC.QI`�?^D^?_R&LIF�HI? K K R�QIR�= J giQIF9R&XMX@lMH ?�ThWUX@C&H/=MS�d6QI`�?^k2R�HN?PQOC Y HNCES7QI=@?PHBHN?Pn&?_R&X@? K R K ?P\UgP=@?_SUgil C&Y;QI`9?
D^C K ?_X @ 9 `9R�W9QO?PH U r B�=

ufQI`�?PH LO?_XM?_giQI=@CES D^?PQI`�C K L R�HN?0R&XMLOC D�C&HIQI` ?�T�R&DV=MS9=]S�d LI=MS9gi?MHBR&L K =]LIgPF9LILO? K =]S :�?_giQI=@CES q = q = q H
HICEF9X@?PQOQO? D>`�?P?_X�LO?_X@?_giQI=@CES H D>`U=MgN`=ML K ?P\�S�? K T�l0QI`�?�\9QIS�?_LIL Y C&HG?_R&gN` =MS K =@nh= K F9R&XUH giCEFUX K `9R n&?.R
K HNRID>TUR&g �CES QI`�?1W9HIC&TUR�TU=]XM=@Q l C&YfLO?_X@?_giQI=MS�d WUR�HN?_S7QIL =@Y"QI`9?PHI?.=ML R&S =MS K =@nh= K FUR&X D>=@QI`n&?PHIl�`U=@dE`
LO?_X@?_giQI=@CES W9HIC&TUR�TU=]XM=@Q lM= ��S LO?_X@?_giQI=MS�doWUR�HI?_S�QILFHU?_XM=MQI=MLID =ML>R&XMLOCoR&Sx=MLILIF9?BQOCoTZ? giCES9LI= K ?PHI? K w;`9C�D QOC
K ?P\US�?5?_XM=@QO?_L>R&S K `�C7D X@CES�d^QOCoLI?PQ"QI`�?aW9HNC&W3C&HNQI=@CES6C&Y2?_X]=@QO?_L2D>=@QI`U=MS6QI`�?BWZC&WUF9XMR�QI=@CES =

p `�?PQI`9?PH �jLI`�CEF9X K `9R�H K giC K ? WUR�HNR&D^?PQO?PHagiHICELNLOC n&?PH�� DGF�QIR�QI=@CES0W9HIC&TUR�TU=]XM=@Q l1DVR l K ?PWZ?_S K CES QI`9?
W9HIC&TUX@?_D TZ?_=MS9dV=MS7n&?_LIQI=@dER�QO? K =/:h=MS9gi? D�?a?�ThWZ?_giQ>QI`9R�Q"QI`9? WZC&WUF9XMR�QI=MCES.giCES7n&?PHId&?_LfQOCVQI`9? LOCEXMF9QI=@CES
LO?PQfR&L5QI`9? d&?_S�?PH/R�QI=@CES S�F9D TZ?PHf=]S9giHI?_R&LO?_LFHZQI`�?GW9HIC&T�R�TU=MXM=@Q�l1C&Y;DVR �h=MS�d�R1LIDoR&XMX@?PHjg/`9R&S�d&? HNR�QI`�?PH
QI`9R&S0R XMR�HNd&?PH gN`UR&S�d&?�=MS R n R&XMF9?VC&Y�R&S0=MS K =Mn�= K F9R&X LI`9CEF9X K =MS9giHN?_R&LO?�D>=@QI` d&?_S9?PHNR�QI=@CES S�F9D TZ?PHI=
X"`9R�Q =ML D>`7lxQI`�?ogiHNCELILOC n&?PH W9HNC&TUR�TU=MXM=MQ l K ?_giHN?_R&LO? K D>`U=MX@? QI`�?�DGF�QIR�QI=@CES W9HIC&TUR�T�=MXM=@Q�l =MS9giHI?_R&LI? K
=MS QI`�?6C&HN=@dE=MSUR&X�n&?PHNLI=@CES C&Y>k�R�HI?PQOC ;�n&CEX@n&?1R&L QI`�?od&?_S�?PH/R�QI=@CES S�F9D TZ?PH =MS9giHN?_R&LO? K =ZGjC�D�?Pn&?PHIH;=@Y
QI`�?^giHICELILOC n&?PH�� D F9QIR�QI=@CES H/R�QO?V=MLBgN`9R&S9d&? K0K lhS9R&DV=MgPR&XMXMl K ?PWZ?_S K =MS�d�CES QI`�?^WZ?PHIYcC&HNDVR&S9gi?GC&Y8QI`9?
k2R�HN?PQOC0Y HNCES7QI=@?PH�H8LO?_R�HNg/` DVR l T3?_giCEDV? D^C&HI?.?ivZ?_giQI=@n&?M= � =MS7n&?_LIQI=@dER�QO? K QI`9=]L QI`�CEF�dE`�QFH�R&S K QI`9?
HI?_LIF9X@QIL�R�HN? LI`�C7D>S.=MS 9 `9R�WUQO?PH!Y"=
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p ?BLIR�D QI`9R�Q8W�R�HNR&D^?PQO?PHN=@t_R�QI=MCES9L�T�loLN=MS�dEX@?�N�C&T�KO?_giQI=@n&?fD^?PQI`�C K L K = K S9C&Q8\9Q8QI`�?5D^C K ?_XUn&?PHIl D8?_XMX0=
�5giCEF9X K S9C&QaQO?_XMX�=@Y�QI`9R�Q `9R�WUW3?_S9? K TZ?_gPR&F9LI?VC&Y�LI?_X@?_giQI=@CES C&Y�QI`�?VLO?_R�H/gN` DV?PQI`�C K H QI`�?^C&T�KO?_giQI=@n&?
Y[F9S9giQI=MCESoC&H�QI`�?BD^C K ?_X3=@QILO?_X@Y = �8g/`�CELO?BQI`�?B<A:�:VR&L�QI`�?5C&T�KO?_giQI=@n&?BY[F9S9giQI=@CES6LI=MSUgi?5=MQ�=ML�giCEDVDVCES9X@l
FULO? K YcC&H>LI=MS�dEXM?�N�C&T�K ?_giQI=Mn&? D^?PQI`�C K LFH�TUF9Q"LOCED^?aC&QI`�?PHjYcFUS9giQI=@CES giCEF9X K T3? F9LO? K W9LIFUgN` R&L>QI`�? LIF9D
C&Y `�CEF�HNX@l K = vZ?PHI?_S9gi?_L6TZ?PQED�?P?_S D^?_R&LIF�HN? K R&S K LI=MDGF9XMR�QO? K K R�QIR�D>=@QI` D8?_=MdE`7QILF= �^QOHN=@? K QI`�HI?P?
K = v3?PHN?_S7QaLI=]S�dEX@?�N�C&T�KO?_giQI=@n&?�DV?PQI`�C K LFH$R&S K R&L XMCES�d R&LaQI`9?�=MS9=MQI=MR&X�WZCE=MS7QIL D8?PHI?6gN`�CELI?_S W9HNC&W3?PH/X@lMH
LN=MDV=MXMR�HjHI?_LIF9XMQIL/D�?PHI? C&T9QIR&=MS�? K W QI`�F9LIH QI`�?GLI?_R�HNgN`0DV?PQI`�C K L<D�?PHI? W9HIC&T�R�TUX@l S�C&Q5QI`�?GW9HIC&TUXM?_D =MS
QI`U=MLjgPR&LI?M= J S�C&QI`�?PHBWZCELILI=@T�=MXM=@Q�l6=ML5=MSUR K ?_b�FUR&gil C&Y;QI`�?^D^C K ?_XU= X>`9=MLjW9HIC&TUX@?_D D>=MX]X TZ? K =MLIgPF9LILI? K
Dj=@QI`.R&S R&S9R&X@lhLI=ML�C&Y2QI`�? k�R�HI?PQOC�Y HNCES7QI=@?PH/L�QI`9R�Q�HI?_LIFUX@Q�Y HNCED k�R�HI?PQOC ;�n&CEX@n&? =]S 9 `9R�W9QO?PH U r =

J giQIF9R&XMXMlMHUQI`�? LO?_R�HNg/` T�l.QI`�? C&HN=@dE=MS9R&X k2R�HN?PQOC ;�n&CEX@n&? K = K S9C&Q<D�C&H �YD�?_XMX ?_=@QI`9?PHI= ��?_S9giCEF9S�QO?PHI? K
Q D8C W9HNC&TUX@?_DVL D>`�?_S FULI=MS�dQI`�? C&HN=MdE=MS9R&X>k�R�HI?PQOC ;;n&CEX@n&?M= X"`�? \UHNLOQ�giCESUgi?PHNS�? K QI`�?xHI?_LIF9X@QI=]S�d
k�R�HI?PQOC6YcHICES7QI=M?PHfR&S K QI`9=MLj=ML>=]XMXMF9LOQOH/R�QO? K T�l giCES9LI= K ?PH/=MS�d^QI`�?GQOHI?_S K Lj=MS QI`9?GDVR�T�=MDGF9D R&S K DV=MSPN
=]D F9D S�F9D T3?PH5C&Y�R&gN`9=M?Pn&? K giHN=@QO?PHN=]R�C&Y�QED�C.QOHN=MR&X]L�@ > =MdEF�HI?8WP=[Z B�= > C&H D l ?�T�R&D^WUXM?MH =@Y8R.k�R�HI?PQOC
d&HNCEF�W0R&gN`9=M?Pn&?_L DVR&S�lxgiH/=@QO?PHN=MR�H �AD>=MLN` QOC �&?P?PW=@Q5TZ?_gPR&F9LO?V=@QaDoR_l W9HIC K F9gi?^R1d&C�C K \UQF= �5LIF9g*N
gi?P? K ? K =]S0\US K =MS�d k�R�HI?PQOC d&HICEF�WUL QI`9R�Q R&gN`9=M?Pn&? K QO?_S�giH/=@QO?PHN=MR.CEF9Q C&Y"YcCEF�HIQO?P?_S =-GjC�D�?Pn&?PHIH;QI`�?
DoR�Th=MDGF9D S�F9D T3?PHBC&Y�QI`�?VR&g/`9=@?Pn&? K giH/=@QO?PHN=MR1T�lxR.k�R�HI?PQOC d&HICEF�W D�R&L S�C&QBdEFUR�HNR&S7QO?P? K QOC �&?P?PW
C&H =MS9giHI?_R&LO?�=@QILBn�R&XMF�?[D>`�?_S0QI`�?Vd&?_S�?PHNR�QI=MCES S�F9D TZ?PH =]S9giHI?_R&LO? K = J L LI`�C�DjS0=MS > =@dEF�HI?�WP=[Z"H$QI`�?
DoR�Th=MDGF9D S�F9D TZ?PH;LOCED^?PQI=]D^?_L K ?_giHI?_R&LO? K H�D>`9=]gN`VD^?_R&SUL;QI`9R�Q�QI`�?fk2R�HN?PQOCGYcHICES�QI=@?PH K ?Pd&?_S�?PHNR�QO? K =
> C&H�?�ThR&DVWUX@?MH7giCES9LN= K ?PH�R5Q l�WU=MgPR&XUgPR&LO?5D>`�?PHN?�QI`9?"DVR�Th=]D F9D S�F9D TZ?PH�C&Y3R&g/`9=@?Pn&? K giHN=MQO?PHN=MRB=ML�S9=]S�?
R�Qfd&?_S�?PHNR�QI=MCES s�r H QI`9R�Qf=]LFH�?_R&g/` C&Y;QI`�? k�R�HI?PQOC1d&HICEF�WUL5R&g/`9=@?Pn&?_LBR�QBD^CELOQ5giHN=@QO?PHN=]R�H3R&S K QI`�?PHN?G=ML
R�Q�X@?_R&LOQ�CES9?jk�R�HI?PQOCGd&HICEF�WoQI`UR�Q8R&gN`U=@?Pn&?_L8SU=MS�?"giHN=@QO?PH/=MR�= J Q;QI`�?fS�?�T�Q8d&?_S�?PHNR�QI=@CES H7d&?_S�?PHNR�QI=MCES s U H
QI`9?PHI?f=]L�S9CGdEFUR�HNR&S7QO?P?BQI`UR�Q�R�Q�X@?_R&LIQ�CES9?5k�R�HI?PQOC^d&HNCEF�W.R&gN`9=@?Pn&?_L>S9=MS�?jC&H"D^C&HI?5giHN=@QO?PHN=MR�W�=@Q�giCEF9X K
`UR�W9WZ?_SVQI`9R�Q�R&XMXZk�R�HI?PQOC d&HICEF�WUL�R&g/`9=@?Pn&?aR�Q�D^CELOQ�CES9X@l^?_=MdE`7Q�giHN=@QO?PH/=MR�H�=0= ?M= H�QI`9? � TZ?_LOQ	� CES�?BgiCEF9X K
TZ?BX@CELOQ>Y HICED QI`9?aW9HI?Pnh=@CEF9L�d&?_S�?PH/R�QI=@CES9LF=

�;?�T�?_gPF�QO? K QI`9?fC&H/=@dE=MS9R&X�k2R�HN?PQOC ;�n&CEX@n&?5QO?_S6QI=MD^?_L\D>=@QI`6RGWZC&WUF9XMR�QI=@CES�LI=@tP?fC&Y U r&r R&S K RGd&?_S�?PHNR�N
QI=MCES S�F9D TZ?PH"C&Y s�r&r = > =@dEF9HI?kWP=]W1LI`�C�DjL>=@Qf=ML"S�C&QjdEF9R�HNR&S�QO?P? K QI`UR�Q>QI`�?GD^C&HI? giHN=MQO?PHN=MRVR&g/`9=@?Pn&? K H
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Trial 2

> =MdEF�HI?�WP=[Z�w y R�T�=MDGF9D S�F9D TZ?PHVC&YaR&gN`9=M?Pn&? K giHN=MQO?PHN=MR T�l R k�R�HI?PQOC d&HNCEF�W @[F�WUW3?PH�XM=MS�?_L�BGR&S K
DV=MS9=MDGF9D S�F9D TZ?PH�@[X@C7D8?PHBXM=]S�?_L�B�CEF9QjC&Y�YcCEF�HIQO?P?_S giHN=MQO?PHN=MRVYcC&H5QED�C1QOHN=MR&XMLFWZ=@Y�QI`�? DVR�T�=MDGF9D R&S K
DV=MS9=MDGF9D R�HI?aZ.R&S K �"H HI?_LIW3?_giQI=Mn&?_X@lMH QI`�?_S0?_R&gN`�k2R�HN?PQOC d&HICEF�WR&gN`9=@?Pn&?_LGR�Q D^CELIQ S9=MS�?^R&S K R�Q
X@?_R&LOQBQI`�HI?P?�giHN=@QO?PHN=MR�H$R&S K QI`�?PHI?V=]LBR�Q X@?_R&LOQaCES9?ok�R�HI?PQOC d&HICEF�W QI`9R�Q R&gN`U=@?Pn&?_L S9=]S�?^giHN=@QO?PHN=MR.R&S K
CES�? QI`9R�QaR&gN`9=M?Pn&?_LBQI`�HI?P?VgiHN=MQO?PHN=MR�=1X"`9? � N R�T�=MLB=MS K =]gPR�QO?_LjQI`9? S�F9D TZ?PHfC&Y8QI`�?VR&gN`U=@?Pn&? K giHN=@QO?PH/=MR�=
k$C&W�F9XMR�QI=@CES LN=@tP? =MLkU r&r =5X>`�? DVR�T�=MDGF9D S�F9D TZ?PH"LOCEDV?PQI=MD^?_L K ?_giHI?_R&LO?_LFH6D>`9=Mg/` D^?_R&S9L>QI`9R�Q>QI`9?
k2R�HN?PQOCoYcHICES7QI=M?PH K ?Pd&?_S�?PHNR�QO?_LF=

QI`�?;TZ?PQOQO?PH�QI`�?�LI=MDGF9XMR�QO? K K R�QIR>\9Q$QI`�?�D^?_R&LIF�HI? KGK R�QIR�= :h=MDGF9XMR�QO? K d&HIC�D"QI` K R�QIRjT�l R&S =]S K =@nh= K F9R&X
giC&HIHI?_LOWZCES K =]S�d^QOC6R�k�R�HI?PQOC1d&HICEF�W R&g/`9=@?Pnh=MS�d�CES9X@l1Y CEF9HjgiHN=@QO?PH/=MR?@ > =@dEF�HI? WP=]W�@cT�B Bj`9R K R6LIDVR&X]X@?PH
?PHIHIC&H5@cHNR�QI=@C5C&YUQI`9?�< :C: T3?PQ D8?P?_S QI`9?�DV?_R&LIF�HI? K R&S K LI=MDGF9XMR�QO? KGK R�QIRfQOC5QI`�?�QOC&QIR&X�LIF9D C&Y�LNb�F9R�HN?_L
C&Y�QI`�?GDV?_R&LIF�HI? K K R�QIR B�QI`UR&S QI`9R�Q5R&gN`U=@?Pn�=]S�doQI`�?GD^CELOQ5giHN=@QO?PHN=]R?@ > =@dEF�HI? WP=]W�@[R B B�= > C&Hf?�T�R&D^WUXM?MH
=MS > =@dEF�HI? WP=]W�@[R B�H3QI`�?B?_X@?Pn&?_S�QI` giH/=@QO?PHN=@CES H�D>`9?PHI?BQI`�? D^?_R&LNF�HI? K d&HIC7D"QI` QIR �&?_LjQI`�? DV=]S9=MDGF9D CES
K R_l U?noZ"HCD�R&L�R&g/`9=@?Pn&? K H�T�F�Q8QI`9?5LN=MD FUXMR�QO? K HN?_LIF9X@QIL K = K S�C&Q�gPR�W9QIF�HN?fQI`9?5DV?_R&LIF�HI? K1K R�QIR K F9HN=MS�d
QI`�?fgiCES�QOHNR&giQI=@CES6WZ?PHN=@C K CES K R l�U?noZ"=VX"`U=ML�=ML8TZ?_gPR&F9LO?5R&gN`9=@?Pnh=MS�dGgiHN=@QO?PHN=MCES�UoU K = K S�C&Q8dEFUR�HNR&S7QO?P?
R d&C�C K \UQ�R�Q�QI`�?BS�?�ThQ�QI=MD^?fQOC giH/=@QO?PHN=@CES UoU = J XMLOCPHhQI`�?BLIDVR&XMXM?_LOQ8?PHNHIC&H�R&D^CES�d^R&XMX�QO?_S1QOHN=MR&XMLVD�R&L
q Y"=[YoYon�� � H6Dj`9=MgN`.=]L"D FUgN` XMR�HNd&?PH"QI`9R&S.QI`9R�Q>C&Y2QI`9?aLI=MS�dEX@?�N�C&TPK ?_giQI=@n&? D^?PQI`�C K LF=

:�?_giCES K HhQI`�?BC&T9QIR&=]S�? K WUR�HNR&D^?PQO?PH"n�R&XMF�?_L\D�?PHI?aS�C&Q�LOQIR�TUXM?M= > =MdEF�HI?�WP= s LI`�C7D>L�n R&X]F�?_L�Y C&H�?_R&g/`.C&Y
QI`�?fLI?Pn&?_S1WUR�HNR&D^?PQO?PHNL�C&Y$S�CES�N K CEDV=]S9R�QO? K =]S K =@nh= K F9R&X]L�R�Q8?_R&g/`.d&?_S�?PHNR�QI=@CES6YcC&H�QOHN=MR&X3U = ��R&XMF�?_L�C&Y
 �FH  � H ���R&S K  � T3?_gPR&DV?>LOQIR�TUX@?�TZ?PYcC&HI?�C&H;R�HICEFUS K d&?_S�?PHNR�QI=@CESGZ r&r =8u5S^QI`�?�C&QI`9?PH8`9R&S K H&n R&XMF9?_L
C&Y WUR�HNR&D^?PQO?PH  � H  � R&S K  � K = K S�C&Q�T3?_giCEDV?fLOQIR�T�X@?j?Pn&?_S.R�YcQO?PH�R XMR�HId&?5S�F9D TZ?PH8C&Y d&?_S�?PHNR�QI=@CES9LIW
QI`�?6LI?_R�HNgN` K = K S�C&Q LOQOC&W LI`�C7D>=MS�dxgiCES9LI= K ?PH/R�TUX@? �UFUgiQIF9R�QI=@CES�C&Y"QI`�?_=@HGn�R&XMF�?_LF= �aLI`�C7D R HI?_LIFUX@Q
C&Y�CES9X@l.CES�?GQOHN=MR&X$=MS > =@dEF�HN? WP= s H TUF�QjQI`�? QOHN?_S K D�R&L5LI=MDV=]XMR�H"QOC6QI`�CELO?GC&Y�C&QI`�?PHfQOHN=MR&XMLFWZR&X@QI`�CEF9dE`
QI`�?jH/R&S�d&?jC&Y n R&XMF9?_L;C&Y ?_R&g/`1WUR�HNR&D^?PQO?PH�R�HICEFUS K QI`9?fXMR&LIQ;d&?_S�?PHNR�QI=MCES D�R&L K = vZ?PHI?_S�Q8YcHICED QOHN=MR&X9T�l
QOHN=MR&XUH�n�R&XMF�?_L�C&Y  �IH  � H ��BR&S K  � TZ?_gPR&D^? LOQIR�TUXM?MH9TUF�Q"n�R&XMF�?_L"C&Y2W�R�HNR&D^?PQO?PH  � H  � R&S K  � K = K
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(a) Pareto Group (01110111111010) with Error = 63.6342%
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(b) Pareto Group (10100010000100) with Error = 26.6689%
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> =@dEF9HI? WP=]W�w\X>`�? LI=MDGF9XMR�QO? K.K R�QIRVYcC&H>QI`�?aWZ?PHN=MC K C&Y�LO?Pn&?_S K R_lhLL@[LICEXM= K XM=MS9?7B�H9R&S K QI`�? D^?_R&LIF�HI? K
K R�QIR @cTUR�H*B�=Vk2C&WUF9X]R�QI=@CES0LI=@tP?V=]L�U r&r H2R&S K d&?_S�?PHNR�QI=@CES0S�F9D TZ?PHa=ML s�r&r =-@[R B&:h=MDGF9XMR�QO? K K R�QIR.T�l
QI`9? =MS K =@nh= K FUR&X;giC&HIHI?_LIW3CES K =MS�dxQOC0QI`�? k�R�HI?PQOCd&HICEF�W Dj`9=MgN` R&g/`9=@?Pn&? K QI`�? S�FUD TZ?PH^C&YBgiHN=@QO?PHN=]R
Dj=@QI`.QI`�? LNDVR&XMX@?_LOQ�?PHNHIC&HL@cHNR�QI=MCoC&Y�QI`�? < :C:6TZ?PQED�?P?_S QI`9? D^?_R&LIF9HI? K R&S K LI=MDGF9XMR�QO? K K R�QIRoQOCoQI`�?
QOC&QIR&X LIF9D C&Y$LIb�F9R�HI?_L�C&Y$QI`�?BD^?_R&LIF�HN? K.K R�QIR B�R&D^CES�dVR&XMX3QO?_S1QOHN=]R&XMLF=5@cT�B2:h=MDGF9XMR�QO? K6K R�QIR T�loQI`�?
=]S K =@nh= K F9R&XUgiC&HIHI?_LOWZCES K =]S�d QOCVQI`�?ak�R�HI?PQOCod&HNCEF�WZD>=@QI`1QI`9? LIDVR&XMXM?_LOQ�?PHIHIC&H>R&D^CES9doR&XMXZQO?_S QOH/=MR&XMLF=
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> =MdEF�HI?/WP= s w2k�R�HNR&D^?PQO?PH�n�R&XMF�?_L2C&YUR&X]X�S9CES�N K CEDV=MSUR�QO? K =MS K =@nh= K F9R&XML3YcCEF9S K H�T�lad&?_S�?PHNR�QI=MCES H&Y C&H�QOHN=]R&X
U =;k2C&WUF9XMR�QI=@CES.LN=@tP?a=MLkU r&r = ��R&X]F�?_L"C&Y  �IH  � H ��5R&S K  � LOQIR�TU=MXM=MtP?fTZ?PYcC&HI?5C&HjR�HICEFUS K d&?_S�?PHNR�QI=@CES
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(a) Population Size: 10
Generation Number: 20000
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(b) Population Size: 50
Generation Number: 4000
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(c) Population Size: 100
Generation Number: 2000
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(d) Population Size: 200
Generation Number: 1000

Trial

0

2

4

6

8

10

12

14

1 2 3 4 5

N
um

be
r 

of
 A

ch
ie

ve
d 

C
rit

er
ia

(e) Population Size: 500
Generation Number: 400
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(c) Max & Min Number of Achieved Criteria by a Pareto Group
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(c) Max & Min Number of Achieved Criteria by a Pareto Group
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(c) Max & Min Number of Achieved Criteria by a Pareto Group
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(c) Max & Min Number of Achieved Criteria by a Pareto Group
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(a) Simulated Data by an Individual with Pareto Group (001)
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(a) Pareto Group (11001001010000) with Error = 43.5729%
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(a) Pareto Group (10011100010100) with Error = 35.1761%
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Function: main
generation = 0

Select parents and breed them.
breed

generation stop_gen
or

pareto_flag 1?

NO

generation < GEN_NUM
or

pareto_flag 1?

YES

Call the function for criteria 
to calculate objective values.

YES
Create an initial population.

initial_input
generation = 0?

generation := generation + 1

Assign fitness.
evaluation

NO
Call the function for criteria 
to calculate objective values.

NO

YES

END
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Read in the parameterization and criteria results for the first individual.
read_input

Assess the first individual in the population.
criteria_assess

pcount  POP_SIZE?

Assess latest_sim_ptr in the population.
criteria_assess

Read in the parameterization and criteria results for
the pcount-th individual latest_sim_ptr.

read_input

Add latest_sim_ptr to a lexicographically ordered list
of the current generation‘s individuals that have already been

processed. The list will be used for nondominated ranking.
ordered_add_to_current_gen

Assign fitness values to all
lexicographically ordered individuals. 

assign_fitness

Select elites.
elitism

YES

NO

Return to main.

Function: evaluation
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Select elites referring to the list of Pareto members.
elite_selection

Add Pareto members satisfying
condition 3 to the list.

preserved_Pareto_update
copy_Pareto_members

generation = GEN_NUM?

Make the list of Pareto members and return the
number of Pareto members (num_Pareto).

Pareto_member_list

generation = 0?

generation > 1?

Add Pareto members satisfying condition 4 to the list.
Pareto_achieving_failed

Add Pareto members satisfying condition 2 to the list.
Pareto_dominating_previous

Add Pareto members satisfying condition 1 to the list.
Pareto_max_achieved

NO

YES

YES

NO

YES

NO

Return to evaluation.

Function: elitism
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Function: breed

Select (POP_SIZE – number of elites) of parents to breed to 
create offspring. The selection is random based on the fitness.

par_selector

Determine which parents take crossover or mutation randomly.
operator_selector

Apply crossover to parents selected to cross over.
crossover

Apply mutation to parents selected to mutate.
mutator

num_elite > 0?

Add the information of selected elites 
to the list of offspring generated by 

crossover and mutation.
elite_info

Read through the list of offspring and elites to 
check if they are unique. If not, mutate the 

individuals so that all individuals become unique.
new_indiv_check

Write out the parameterization to file 
MODEL_INPUT_CALL. These individuals are 

used as population to the next generation
offspring_output

Return to main.

YES

NO
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