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Création de la population initiale

Génération de nouveaux individus

Evaluation de la population

Remplacement dans la population

Branch & Bound
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(MOP ) =

{

min F (x) = (f1(x), f2(x), . . . , fn(x))
t.q. x ∈ D
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n ≥ 2
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x = (x1, x2, . . . , xr)
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f  (x)
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1 2 n
(x  ,x  ,...,x  )

Espace décisionnel Espace objectif
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f

f  (x)3

1 2 n(f  (x),f  (x),...,f  (x))=(y  ,y  ,...,y  )
1 2 nf
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Solution Pareto
Solution dominée
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xj
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∀k ∈ [1..n], fk(xi) ≤ fk(xj)
� �
∃k ∈ [1..n]

� �
fk(xi) < fk(xj)
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xi � xj
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xi
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xj
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xi ∼ xj
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F (x)
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PO∗ = {x ∈ D | @x′ ∈ D,F (x′) � F (x)}
�2ÍFÖÑM �

°"B de<$j�h�GtA3Gtf+BDG?JK{%G?<�b3fgG�¥ºj�>%G?c%@z@ ` c�de<$j�fºAKj�JK{ D
GL{%c
j `3` G?fg=LG�­�>%@EJ~c�d�
?>%G�¥¶j�>%G?c%@3�V@E:Ã{�:3> ­+jE·LGA3GÅ·L@E< ` >%@E<�dg{�ÖO°vBÑj�fefe:3>%G�A3G�·LG?c�c%GÇ­ >%@EJ|c�d�
?>%G ` >%G?JKA�A3GL{n­�@E>�<'GL{§AFd��C=?>%G?J~c%GL{§{%G?fg@EJ�}|:KGÅfgGL{¶@Eb���GL·?c�dÉ­2{A3@Edeµ�G?J|c�1?c�>%G�<�deJ3de<�dg{%=L{;@E:�<$j ¼¯de<�dg{k=L{�ÖK¬;J�G ¼3G?< ` fgGtjLµ�GL·�A3G?:F¼0·?>�dec 
?>%GL{iGL{�ca>%G ` >%=L{%G?J|c%=t{�:3>;f�jÏKhO:3>%G�ÍFÖÑÍFÖ

�	
,& $���&��
�����	������$���'*)���� 1 ��& � ��)�� � ��&���� ���
��� ����� ����� ��$	��� � ��%*� -/��� ��� �����/������� �����	� ���	�.-/�#� ��&�$ �4-/&�+�� �
��� 1 ��&�� �/)���-/�#�
��& � -�
���� ���
�	�6)�& $	�	�
�.-/��&(&��/�3������7



f

f

PO
4

PO
3

PO
1

Domaine 

   réalisable

PO
2

1

2
Maximiser f

M
in

im
is

er
 f

(max(f  ),max(f  ))

(max(f  ),min(f  ))

1 1
M

ax
im

is
er

 f

Minimiser f2

2

(min(f  ),max(f  ))

(min(f  ),min(f  ))2

2

2

2

1

1
1

1

�������½ÍFÖÑÍ � I�fefe:3>%G�A3G�f�j�­ >%@EJ|c�d�
?>%G�¥ºj�>%G?c%@�{kG?fg@EJ }~:KGif+BD@EJ,·L@EJK{�dgA�
?>%G�:3JKG�<$j ¼¯de<�dg{kj�c�dg@EJ�@E:0:3JKG<�deJ3de<�dg{Ôj�c�dg@EJ�A3GL{aAFd��C=?>%G?J~c%{;@Eb�� GL·?c�dÉ­2{���·�jE{;j�µ�GL·�A3G?:F¼p@Eb�� GL·?c�dÉ­2{ � Ö

È
G ` fe:K{��Ef+BDG?JK{kG?<�b3fgGa¥ºj�>%G?c%@�@ ` c�de<$j�f ` G?:3c 1?c�>%G�AFdeµ|dg{k=ÅG?J'A3G?:F¼�{%@E:K{ ²�G?JK{%G?<tb3fgGL{�H�f+BDG?JK{%G?<tb3fgGA3GL{�{k@Efe:3c�dg@EJK{a{�: `3` @E>�c%=LGL{aG?c�f+BDG?JK{%G?<�b3fgG�A3GL{a{%@Efe:3c�dg@EJK{�JK@EJF²�{�: `3` @E>�c%=LGL{�ÖK°ËGL{a{%@Efe:3c�dg@EJK{a{�: `3` @E> ²c%=LGL{;{%@EJ~c�fgGL{a{%@Efe:3c�dg@EJK{
¥¶j�>%G?c%@�@ ` c�de<$j�fgGL{;A3@EJ|c�fgG ` @EdeJ~c�·L@E>�>%GL{ ` @EJKAKj�J|c
AKj�JK{ D
{%Gic�>%@E:3µ�Gt{�:3>

f+BDG?J|µ�G?fg@ `3` Gz·L@EJ~µ�G ¼3G$A3G O
Ö
°
GL{�{%@Efe:3c�dg@EJK{�¥¶j�>%G?c%@�J
BÑj `3` j�>�c%G?J½j�J~c ` jE{ �pf+BDG?J~µ�G?fg@ `3` Gz·L@EJ~µ�G ¼3G{k@EJ~ciAFdec%GL{;JK@EJF²�{%: `3` @E>�c%=LGL{�Ö °Ëj'ÏKhO:3>%G�ÍFÖ Bz<'@EJ~c�>%G�fgGL{i·�jE{
G ¼¯c�> 1?<'GL{�Ö °Ëj'ÏKhO:3>%G�ÍFÖÑP$>%G ` >%=L{%G?J|c%G:3J0·�jE{ ` fe:K{�h�=?JK=?>kj�fËA3G�f+BD@ ` c�de<�dg{Ôj�c�dg@EJ�·L@E<�b3deJ½j�c%@Ede>%Gt<�:3fec�dÉ²�@Eb���GL·?c�dÉ­�Ö

°
GL{ ` >%G?<�d�
?>%GL{"j `3` >%@¯·%¦KGL{vA3G�f+BD@ ` c�de<�dg{Ôj�c�dg@EJ'<�:3fec�dÉ²�@Eb���GL·?c�dÉ­
J
B :3c�defedg{kj�dgG?J~c ` jE{§·LGL{§JK@Ec�dg@EJK{vA3GA3@E<�deJ½j�JK·LG�G?c�A3Gi{%@Efe:3c�dg@EJK{�¥ºj�>%G?c%@'@ ` c�de<$j�fgGL{�Ö3«§fefgGL{�>kj�<'G?J½j�dgG?J|cafgGL{ ` >%@Eb3f�
?<'GL{�<�:3fec�dÉ²�@Eb���GL·?c�dÉ­
� A3GL{ ` >%@Eb3f�
?<'GL{�<'@EJK@�²�@Eb�� GL·?c�dÉ­�ÖvÎÅG?c�c%Gzj `3` >%@¯·%¦KGz:3c�defedg{kj�J|c�fgGL{tJK@Ec�dg@EJK{�A3G$A3@E<�deJ½j�JK·LGpG?J|c�>%GfgGL{�{k@Efe:3c�dg@EJK{aj�=?c%= ` >%@ ` @O{%=LG ` @E:3>�f�j ` >%G?<�d�
?>%G�­�@Edg{ ` j�>�Æi@EfgAFbVG?>�h ) Æi@Ef AOÐ *�ÖFÈ�j�JK{�f�j ` >%@|·k¦½j�deJKG{kGL·?c�dg@EJ
�"JK@E:K{ ` >%=L{%G?J|c%@EJK{ÒfgGL{�AFd��C=?>%G?J~c%GL{Ò<$j�J3d�
?>%GL{pACBÑj�bV@E>%A3G?>Òf�j¤>%=L{%@Efe:3c�dg@EJ)ACB :3J ` >%@Eb3f�
?<'G<t:3fec�dÉ²�@Eb�� GL·?c�dÉ­��§G?J�:3c�defedg{kj�J|c'AFde>%GL·?c%G?<'G?J~c$@E:�JK@EJ�f�j�JK@Ec�dg@EJ ACBD@ ` c�de<$j�fedec%=0¥¶j�>%G?c%@3Ö"¥§:3dg{�JK@E:K{` >%=L{kG?J~c%@EJK{ÅfgGL{"<$j�J3d�
?>%GL{ÅACBÑj `3` fedg}|:KG?>�·LGL{"<'=?c�¦K@|A3GL{�j�:F¼'c%GL·k¦3J3dg}~:KGL{�·?f�jE{%{�dg}|:KGL{"ACBD@ ` c�de<�dg{Ôj�c�dg@EJ<'@EJK@�²�@Eb���GL·?c�dÉ­§c%G?fg{�}|:KGifgGL{

AGs
@E:

B&B
Ö

� � � � � � , , M0+�1 �
G / O
G M04 / +D3���-.-@+32 ( � 3 -.-�� +&%�� G 1?- -��

9;@E:K{ ` >%=L{%G?J|c%@EJK{Òdg·?d
}|:KG?fg}~:KGL{pj `3` >%@¯·%¦KGL{ ` >%@ ` @O{%=LGL{pj�:�ÏKf�A3GL{pj�J3JK=LGL{ ` @E:3>zf�j6>%=L{%@Efe:F²c�dg@EJ�A3G ` >%@Eb3f�
?<'GL{a<�:3fec�dÉ²�@Eb���GL·?c�dÉ­ ��f+BÑj�dgA3G�A3G � <'=?ckj � ¦KG?:3>�dg{%c�dg}~:KGL{�Ö�°Ëj�}|:½j�fedec%=�ACB :3JKG�<'=?c�¦K@¯A3G� <'=?ckj � ¦KG?:3>�dg{%c�dg}~:KG�<�:3fec�dÉ²�@Eb���GL·?c�dÉ­"GL{�caA3= ÏKJ3dgG ` j�> ` fe:K{�dgG?:3>%{;·?>�dec 
?>%GL{�H
� °
GL{a{%@Efe:3c�dg@EJK{�c�>%@E:3µ¯=LGL{�A3@Edeµ�G?J~c 1?c�>%G�deJ~c%=?>%GL{%{kj�J|c%GL{;AF: ` @EdeJ~c
A3Giµ|:KG�A3G�f�j�}~:½j�fedec%=OÖ



f

f

f

f

1

2

1

2

(a) Une frontière Pareto convexe (b) Une frontière Pareto concave

z

y

x (solution Pareto)

Domaine réalisable

����� �¯ÍFÖ B � Î�jE{"A3G�f�j�<�deJ3de<�dg{kj�c�dg@EJzA3G;A3G?:F¼'@Eb�� GL·?c�dÉ­2{�Ö �2j � ¿3>%@EJ~c�d�
?>%G
¥¶j�>%G?c%@�·L@EJ~µ�G ¼3G�²vÎ�jE{"G ¼¯²c�> 1?<'GtHOc%@E:3c%GL{"fgGL{Å{%@Efe:3c�dg@EJK{Å¥¶j�>%G?c%@�@ ` c�de<$j�fgGL{Å{%@EJ~cÅ{�: `3` @E>�c%=LGL{�Ö � b � ¿K>%@EJ~c�d�
?>%Gi¥¶j�>%G?c%@�·L@EJK·�jLµ�G²tÎ�jE{�G ¼Fc�> 1?<'G,H§{kG?:3fgGL{tfgGL{�A3G?:F¼�{%@Efe:3c�dg@EJK{
x
G?c

y
{%dec�:K=LGL{'j�:F¼ G ¼Fc�>%=?<�dec%=L{'AF: ­ >%@EJ|c'¥¶j�>%G?c%@@ ` c�de<$j�fË{k@EJ~c�{�: `3` @E>�c%=LGL{�Ö

Solution réalisable non Pareto optimale

des solutions réalisables

f

f
Solution Pareto optimale supportée

Solution Pareto optimale non−supportée

Solutions réalisables

1

2

Enveloppe convexe

����� �½ÍFÖÑP � ®¯@Efe:3c�dg@EJK{�{�: `3` @E>�c%=LGL{Ô� JK@EJF²�{�: `3` @E>�c%=LGL{�²"G ¼3G?< ` fgG�G?J0@ ` c�de<�dg{kj�c�dg@EJ ·L@E<�b3deJ½j�c%@Ede>%G �
A3G?:F¼p@Eb�� GL·?c�dÉ­2{�� <�deJ3de<�dg{kj�c�dg@EJ � Ö



� °vBDG?JK{%G?<tb3fgG;A3GL{Ç{%@Efe:3c�dg@EJK{"c�>%@E:3µ�=
A3@Edec 1?c�>%G
jE{%{%G?ÊahO>kj�JKA ` @E:3>"­�@E:3>�J3de>Ç:3J$·%¦K@EdÉ¼z{�: 	${kj�<�²<'G?J~caf�j�>�h�Gtj�: A3=L·?dgA3G?:3>�Ö
� È�j�JK{�fgG�< 1?<'G�b3:3c���fgGL{;{k@Efe:3c�dg@EJK{�c�>%@E:3µF=LGL{iA3@Edeµ�G?J~c 1?c�>%G�>%= ` j�>�c�dgGL{
fgG�<�dgG?:F¼ ` @O{%{%deb3fgG�fgGfg@EJ3h'A3G�f�jt­�>%@EJ~c�d�
?>%G�¥ºj�>%G?c%@3Ö
IaÏKJ�ACBD=?µEj�fe:KG?>¶f�ja}|:½j�fedec%=ÇA3GL{Ë­�>%@EJ~c%{ ` >%@ ` @O{k=L{ ` j�>nfgGL{nAFd��C=?>%G?J~c%GL{§j `3` >%@¯·%¦KGL{§A3GL{ndeJKAFdg·�j�c%G?:3>%{A3G ` G?> ­2@E>�<$j�JK·LG�@EJ~c;=?c%=i<�dg{;j�: ` @EdeJ~c�Ö�ÎÅG?:F¼¯²�·?dË{%@EJ|c ` >%=L{%G?J~c%=L{;AKj�JK{af�j�{%GL·?c�dg@EJ,ÍFÖÑMFÖÑÍFÖ
°
GL{�<'=?c�¦K@¯A3GL{�ACBD@ ` c�de<�dg{kj�c�dg@EJ�<�:3fec�dÉ²�@Eb���GL·?c�dÉ­ ` G?:3µ�G?J|c 1?c�>%G�·?f�jE{%{k=LGL{aG?Jpc�>%@Edg{�·�j�c%=?h�@E>�dgGL{tH
� °
GL{pj `3` >%@|·k¦KGL{0{%·�j�f�j�de>%GL{���}|:3d;c�>kj�JK{�­�@E>�<'G?J|cpfgG ` >%@Eb3f�
?<'GÃ<t:3fec�dÉ²�@Eb�� GL·?c�dÉ­�G?J ` >%@Eb3f�
?<'G<'@EJK@�²�@Eb�� GL·?c�dÉ­�Ö
� °
GL{Òj `3` >%@|·k¦KGL{�JK@EJ.{%·�j�f�j�de>%GL{ÒG?c$JK@EJ_¥¶j�>%G?c%@3��}|:3d�h~j�>%A3G?J|c�f+BÑj `3` >%@¯·%¦KG,<�:3fec�dÉ²�@Eb���GL·?c�dÉ­��<$j�dg{aG?J0c�>kj�deckj�J|c;{%= ` j�>%=?<'G?J|c;·%¦½jE·?:3J�A3GL{�@Eb���GL·?c�dÉ­�{�Ö
� °
GL{�j `3` >%@¯·%¦KGL{;¥¶j�>%G?c%@3� }~:3dC:3c�defedg{kG?J~cafgGL{�JK@Ec�dg@EJK{;A3G�A3@E<�deJ½j�JK·LG�¥ºj�>%G?c%@3Ö¬;J >%GL·LG?JK{%G?<'G?J~c�A3GL{�AFd��V=?>%G?J|c%GL{'j `3` >%@|·k¦KGL{�A3Gz>%=L{%@Efe:3c�dg@EJ�A3GL{ ` >%@Eb3f�
?<'GL{�<t:3fec�dÉ²�@Eb�� GL·?c�dÉ­�GL{�c` >%@ ` @O{%= ` j�>
ÎÅ@EfefgG?c�c%G�G?c
®|d�j�>�>�£ ) Î�®FNOÍ *�Ö

� � *	� *	�9� � / 0 : 6"6$��� #�.$/1020�#-: �(: &(� / 0
I�f+BD@E>�dehOdeJKGO�½fgGL{ ` >%@Eb3f�
?<'GL{;<�:3fec�dÉ²�@Eb���GL·?c�dÉ­Ç=?ckj�dgG?J~c;:K{�:KG?fefgG?<'G?J~c
c�>kj�JK{ ­2@E>�<'=L{;G?J ` >%@Eb3f�
?<'GL{<'@EJK@�²�@Eb���GL·?c�dÉ­�ÖO¥n@E:3>"A3G�c%G?fefgGL{vj `3` >%@¯·%¦KGL{��E:3JKGÅ­�@EJK·?c�dg@EJ'@Eb���GL·?c�dÉ­VGL{%cº·?>%=L=LG�A3GÅc%G?fefgG�{%@E>�c%G�}|:
BDG?fefgG

` G?>�<'G?cnA3Gvc�>kj�dec%G?>nfgG ` >%@Eb3f�
?<'GÅACBD@ ` c�de<�dg{kj�c�dg@EJ�<�:3fec�dÉ²�@Eb���GL·?c�dÉ­ ·L@E<�<'G":3J ` >%@Eb3f�
?<'GÅACBD@ ` c�de<�dg{kj ²c�dg@EJ�·?f�jE{%{�dg}|:KG=�i:3J${%G?:3fK@Eb���GL·?c�dÉ­ �~G?c"A3@EJK·aACB :3c�defedg{%G?>vfgGL{"<'=?c�¦K@|A3GL{ÇA3= � �iG ¼Fdg{�ckj�J|c%GL{ ` @E:3>vc�>kj�dec%G?>A3G
c%G?fg{ ` >%@Eb3f�
?<'GL{�Ö3¥§fe:K{%dgG?:3>%{aj `3` >%@|·k¦KGL{aAFd��V=?>%G?J|c%GL{�@EJ~ca=?c%=
<�dg{%GL{�j�: ` @EdeJ|c ` @E:3>�c�>kj�JK{ ­2@E>�<'G?>fgGL{ ` >%@Eb3f�
?<'GL{�<�:3fec�dÉ²�@Eb���GL·?c�dÉ­
G?J ` >%@Eb3f�
?<'GL{�<'@EJK@�²�@Eb���GL·?c�dÉ­tHCfgGL{t<'=?c�¦K@|A3GL{�ACBÑj�hO>%=?h~j�c�dg@EJ
�¶fgGL{<'=?c�¦K@¯A3GL{;j�µ�GL·�µ�GL·?c%G?:3>�·?deb3fgGO�KG?c�fgGL{�<'=?c�¦K@|A3GL{
ε
²�·L@EJ~c�>kj�deJ|c%GL{�Ö

� � *	� *	�9�
�9� +�,-�'.$� �$/ 0 �43 : �)� , �7:;�'&(�)�Î
BDGL{%cvf+B :3JKG�A3GL{ ` >%G?<�d�
?>%GL{"<'=?c�¦K@|A3GL{vG?< ` fg@�£�=LG ` @E:3>v>%=L{%@E:KAF>%G�fgGL{ ` >%@Eb3f�
?<'GL{v<�:3fec�dÉ²�@Eb���GL·?c�dÉ­�ÖÎ
BDGL{%cºj�:K{%{%d~f+B :3JKG�A3GL{ ` fe:K{¶f�j�>�h�G?<'G?J|cvG?< ` fg@�£�=LGL{ )DªÂ¨,Ð%AF��I�´
Ä�©
ÐO�F��«v«"ÐOÐ3�OÆi©�Æi°ËÐOÐ *�Ö�°Ëj;c�>kj�JK{ ²­2@E>�<$j�c�dg@EJ0G?J ` >%@Eb3f�
?<'G�<'@EJK@�²�@Eb���GL·?c�dÉ­v{%G
>%=�j�fedg{%G�G?J0A3= ÏKJ3dg{%{kj�J|c�:3JKG
­�@EJK·?c�dg@EJ A3Gi·L@('3c�:3J3dg}|:KG·L@E<�<'G�=?ckj�J~c�f�j�{k@E<�<'G ` @EJKA3=?>%=LG�A3GL{aAFd��V=?>%G?J|c%GL{a­2@EJK·?c�dg@EJK{a@Eb���GL·?c�dÉ­�{;AF: ` >%@Eb3f�
?<'G�deJ3dec�d�j�f"H

F (x) =
n
∑

i=1

δifi(x)
�2ÍFÖÑÍ �

«§J$A3= ÏKJ3dg{%{kj�J|cÇfgG ` >%@Eb3f�
?<'G�A3G�·LG?c�c%Ga<$j�J3d�
?>%GO�~f�ji>%G ` >%=L{kG?J~ckj�c�dg@EJÒAF:$A3@E<$j�deJKG�>%=�j�fedg{Ôj�b3fgG�A3G
F (x)

A3G?µ|dgG?J|cvfedeJK=�j�de>%GO�O·L@E<�<'G�fgG�<'@EJ~c�>%Gaf�j;ÏKhO:3>%GaÍFÖÑ� �2j � Ö�Èi@EJK·O� ` @E:3>§:3JKGaj�hO>%=?h~j�c�dg@EJ$A3@EJ3JK=LGO�def3J
BDG ¼Fdg{�c%G�}|:
B :3JKGa{%G?:3fgG�µOj�fgG?:3>v@ ` c�de<$j�fgG ` @E:3>§fgG ` >%@Eb3f�
?<'G � f�ji{k@Efe:3c�dg@EJ x
{�:3>§f�j
ÏKhO:3>%G;ÍFÖÑ� �2j �#� ÖÆ�=?JK=?>kj�fgG?<'G?J~c��OfgGL{§j `3` >%@¯·%¦KGL{ ` >%@ ` @O{%=LGL{¶>%=L{%@Efeµ�G?J~c§fgG ` >%@Eb3f�
?<'G�G?J�:3c�defedg{kj�J~c§AFd��C=?>%G?J~c%GL{§µOj�fgG?:3>%{` @E:3>
fgGL{ ` @EdgA3{ δi

Ö I;deJK{�d+�½@EJ ` G?:3ciA3=L·L@E:3µ¯>�de>
f+BDG?JK{kG?<�b3fgG�A3GL{i{%@Efe:3c�dg@EJK{i¥¶j�>%G?c%@p{%: `3` @E>�c%=LGL{iAF:
` >%@Eb3f�
?<'G deJ3dec�d�j�f+Öv¨Ãj�dg{��§AKj�JK{'fgGp·�jE{�ACB :3JKGÒ­ >%@EJ|c�d�
?>%G A3Gp¥ºj�>%G?c%@6·L@EJK·�j�µ�GO�vfgGL{${k@Efe:3c�dg@EJK{�JK@EJ{%: `3` @E>�c%=LGL{;{%@EJ~c;j�fg@E>%{�JK=?hOfedeh�=LGL{�ÖK°Ëj�ÏKhO:3>%GtÍFÖÑ� � b � >%G ` >%=L{%G?J|c%G�:3J�·�jE{aG ¼¯c�> 1?<'G�@�� {%G?:3fgGL{�A3G?:F¼{k@Efe:3c�dg@EJK{a¥¶j�>%G?c%@�@ ` c�de<$j�fgGL{ ` G?:3µ�G?J~c 1?c�>%G�c�>%@E:3µ¯=LGL{�Ö



f

f

f

f

2

1

2

1

z

y

Domaine réalisable

x

(a) Une frontière Pareto convexe (b) Une frontière Pareto concave

(solution Pareto)

Minimiser F

��� ��� ÍFÖÑ� � °Ëj�<'=?c�¦K@|A3G�ACBÑj�hO>%=?h~j�c�dg@EJ
Ö

� � *�� *	�9�
� * + ,1�'. � �"/10 :-=�/1# =�/1#%��/ ! � #1&�� �>/È�j�JK{
fgGL{
<'=?c�¦K@|A3GL{¶A3Gv·LG§c�£ ` GO�L:3J�G?JK{%G?<tb3fgG"A3G"b3:3c%{ ��@E:�·?deb3fgGL{ � }~:KG§f+BD@EJtA3=L{�de>%GÇj�c�c%G?deJKAF>%GÇGL{�cA3= ÏKJ3d+Ö|°Ëj�<'=?c�¦K@¯A3G�ACBD@ ` c�de<�dg{kj�c�dg@EJpGL{%{Ôj�dgG�j�fg@E>%{ÇA3G�<�deJ3de<�dg{%G?>"f�j�AFd��V=?>%G?JK·LG;G?J~c�>%G;fgGL{"{%@Efe:3c�dg@EJK{G?J|µ|dg{kj�h�=LGL{ÇG?cvfgGL{vb3:3c%{�Ö|ÎÅGL{v<'=?c�¦K@¯A3GL{���b3dgG?J�}~:KG�c�>kj�µEj�defef�j�J|c ` j�>Åj�hO>%=?h~j�c�dg@EJzA3GL{Ç@Eb�� GL·?c�dÉ­2{�� ` G?> ²<'G?c�c%G?J|c�A3G
h�=?JK=?>%G?>�A3GL{�{%@Efe:3c�dg@EJK{�JK@EJF²�{�: `3` @E>�c%=LGL{�Ö3È
d��C=?>%G?J~c%GL{�j `3` >%@¯·%¦KGL{;{%@EJ~caG?J|µ|dg{kj�h�G�j�b3fgGL{` @E:3>
·LGtc�£ ` G�A3Gt<'=?c�¦K@¯A3GO� ·L@E<�<'G�·LG?fefgGL{iAF:Ãb3:3c �zj�c�c%G?deJKAF>%G ) A_°
³�ÐOM *��VAF:,b3:3c ` >%@EhO>kj�<�<'=)D¨,¥v�aNON *��3@E: AF:p<�deJF²+<$j ¼%) ÎÅ@¯G�Ð%A *�Ö

� � *�� *	�9�
� � + ,1�'. � �"/
ε
� #-�)������: &9����/È�j�JK{Ë·LG?c�c%Gv<'=?c�¦K@|A3GO��:3JKG"{%G?:3fgGº­2@EJK·?c�dg@EJ�@Eb���GL·?c�dÉ­KGL{�cË@ ` c�de<�dg{%=LGO��fgGL{nj�:3c�>%GL{C­2@EJK·?c�dg@EJK{¶@Eb�� GL·?c�dÉ­{%@EJ|c�>%G?< ` f�jE·L=LGL{ ` j�>;A3GL{a·L@EJ~c�>kj�deJ|c%GL{�Ö�°ËG ` >%@Eb3f�
?<'G�ACBD@ ` c�de<�dg{kj�c�dg@EJÃjE{%{%@¯·?dg=�{�BD=L·?>�dec;j�fg@E>%{�H

(MOPε) =















min fk(x)
t.q.
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FlowShop classique
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FlowShop de Permutation

Temps
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ÖKI;: A3G?f �$A3G�c�>%@Edg{;<$jE·%¦3deJKGL{���defJ
BDG ¼Fdg{�c%G ` jE{
­�@E>%·L=?<'G?J|cË:3JKG"{k@Efe:3c�dg@EJtA3G ` G?>�<�:3ckj�c�dg@EJ�@ ` c�de<$j�fgG ` @E:3>
fgG ` >%@Eb3f�
?<'GÇA3Gv¿¶fg@���²�{�¦K@ `·?f�jE{%{%dg}~:KGOÖ

°ËG
Cmax

GL{�cv:3J$@Eb���GL·?c�dÉ­Cc�> 
L{§f�j�>�h�G?<'G?J~c�=?c�:KAFdg=�AKj�JK{"f�jifedec�c%=?>kj�c�:3>%GOÖ~°Ëj�{%@E<�<'G�A3GL{§>%G?ckj�>%A3{
�2j `3` G?fg=pj�:K{%{�d � � �5� �3��/ � &P�"% � GL{�c'j�:K{%{�d�bVG�j�:K·L@E: ` =?c�:KAFdg=LGO�º<$j�dg{ ` @E:3>�fgGL{ ` >%@Eb3f�
?<'GL{ ��:3JKG
{%G?:3fgGÅ<$jE·k¦3deJKGOÖ��
> 
L{ ` G?:�A3GÅc�>kjLµOj�:F¼�=?c�:KAFd�j�J|c"·LG?cv@Eb�� GL·?c�dÉ­ ` @E:3> M
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deJK{�ckj�JK·LGL{�<'@EJK@�²�@Eb���GL·?c�dÉ­ ` >%@ ` @O{k=LGL{ ` j�>z�nj�defef�j�>%A )D�nj�d�ÐOÍOj *�ÖÅ¥¶@E:3>�fgGL{$deJK{�ckj�JK·LGL{ÒA3G0b½jE{%GO�
10` >%@Eb3f�
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1?c�>%G ` >�dg{%G ` j�>"·LGL{vAKj�c%GL{v=?ckj�J|cÇ·L@E< ` >�dg{%G�G?J~c�>%GafgG�c%G?< ` {"<'@�£�G?J$A3G�·L@E< ` fg=?c�dg@EJ�AF: ` >%G?<�dgG?>N��@Eb
�
G?c�f�j�<'G?defefgG?:3>%G�AKj�c%G�A3G�·L@E< ` fg=?c�dg@EJ,A3Gif�j�fedec�c%=?>kj�c�:3>%GOÖ

´;JzA3= ÏKJ3dec�fgG;c%G?< ` {�<'@�£�G?JpA3Gi·L@E< ` fg=?c�dg@EJ0AF: ` >%G?<�dgG?>K��@EbÒ·L@E<�<'G
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MGL{%c�fgGiJK@E<�b3>%G�A3G�<$jE·%¦3deJKGL{
A3Gif+B deJK{�ckj�JK·LGOÖ

°Ëj�ckj�b3fgG0ÍFÖ B,>%= ` G?>�c%@E>�dgGÒfgGL{�deJK{�ckj�JK·LGL{�b3dÉ²�@Eb���GL·?c�dÉ­;h�=?JK=?>%=LGL{��|Ön°Ëj,ckj�b3fgGÒA3@EJ3JKGp=?h~j�fgG?<'G?J|c:3J�>%=L·�j ` dec�:3f�j�c�dÉ­¶A3GL{Å<'G?defefgG?:3>%GL{ÅµEj�fgG?:3>%{�@Eb3c%G?J|:KGL{ ` @E:3>Çf+BD@Eb�� GL·?c�dÉ­ Cmax
` j�>�<�d�fgGL{ÅJK@E<�b3>%G?:K{kGL{=?c�:KA3GL{i<'@EJK@�²�@Eb���GL·?c�dÉ­aA3G�f�j$fedec�c%=?>kj�c�:3>%GOÖ¶ÎÅGL{iµEj�fgG?:3>%{�{%@EJ|c�>%=?hO:3fed�
?>%G?<'G?J~ct<�dg{%GL{ ��� @E:3>�{�:3>if�j
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@Ec%@EJK{�}|:KG�·LGL{zµOj�fgG?:3>%{�@EJ|cp=?c%=�@Eb3c%G?J|:KGL{ ` j�>zA3GL{Ò=?c�:KA3GL{z<'@EJK@�²@Eb���GL·?c�dÉ­��3G?c�}~:KGifgGL{;j�feh�@E>�dec�¦3<'GL{�:3c�defedg{%=L{�{%@EJ~cah�=?JK=?>kj�fgG?<'G?J|c;c�> 
L{�{ ` =L·?dÉÏ½}|:KGL{ ��·LG ` >%@Eb3f�
?<'GOÖ
� ��� �EÍFÖ B � ª�JK{�ckj�JK·LGL{Ëb3dÉ²�@Eb�� GL·?c�dÉ­ ` @E:3>
fgG"¿¶fg@'��²�{�¦K@ ` Ö °nja·L@Efg@EJ3JKG )D�¶j�d�ÐOÍOj(*~>%G ` >%=L{kG?J~c%GÇf+B deJK{�ckj�JK·LG<'@EJK@�²�@Eb���GL·?c�dÉ­Ç·L@E>�>%GL{ ` @EJKAKj�J~c%GO� N fgG�JK@E<�b3>%G�A3G=��@EbK{
A3G�f+B deJK{�ckj�JK·LG�G?c

M
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·k¦3deJKGL{�ÖF°
GL{�c�>%@Edg{�A3G?>�J3d�
?>%GL{�·L@Efg@EJ3JKGL{�A3@EJ3JKG?J~c�f�jt<'G?defefgG?:3>%GiµOj�fgG?:3>�@Eb3c%G?J~:KG�AKj�JK{�f�j�fedec�c%=?>kj�c�:3>%G
` @E:3>�fgG Cmax
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@E<XAF: ��G?:0A3G�A3@EJ3JK=LGL{ )D�nj�d�ÐOÍOj(*

N M
Ä�@E>�JKG�AF:

CMax

±�G ­ «º¼KjE·?c
ta � 20 � 5 � 01

ckj�d�NONF� MON P ��M-@ A )D�nj�d�ÐOÍOj+* ´
¬
ª
ta � 20 � 5 � 02

ckj�d�NONOM MON P ��ÍOPOÐ )D�nj�d�ÐOÍOj+* ´
¬
ª
ta � 20 � 10 � 01

ckj�d�NF�O� MON ��N ��P%AOM )D�nj�d�ÐOÍOj+* ´
¬
ª
ta � 20 � 10 � 02

ckj�d�NF��M MON ��N ���OPOÐ )D�nj�d�ÐOÍOj+* ´
¬
ª
ta � 20 � 20 � 01

ckj�d�NOMF� MON MON MOMOÐ-@ )D�nj�d�ÐOÍOj+* ´
¬
ª
ta � 50 � 5 � 01

ckj�d�NOÍF� PON P M-@EM�B )D�nj�d�ÐOÍOj+* ´
¬
ª
ta � 50 � 10 � 01

ckj�d�N�BK� PON ��N MOÐOÐF� ) Á"jEG�ÐOP * ´
¬
ª
ta � 50 � 20 � 01

ckj�d�NOPF� PON MON Í%AOPON )D9i®FNOÍ * 9i´
9
ta � 100 � 5 � 01

ckj�d�NO�F� ��NON P P�B~ÐOÍ )D�nj�d�ÐOÍOj+* ´
¬
ª
ta � 100 � 10 � 01

ckj�d�N-@¯� ��NON ��N P-@%@EN )D9�®FÐO� * ´
¬
ª
ta � 100 � 20 � 01

ckj�d�N%AF� ��NON MON �OMONOM )D9�®FNOÍ * 9i´
9
ta � 200 � 10 � 01

ckj�d�NOÐF� MONON ��N ��N%AO�OM ) Á"jEG�ÐOP * ´
¬
ª
ta � 200 � 20 � 01

ckj�d+��NF� MONON MON �O�O��ÐOP ) Á"jEG�ÐO� * 9i´
9
ta � 500 � 20 � 01

ckj�d+�O�O� PONON MON MO�ONOPOÐ ) Á"jEG�ÐO� * 9i´
9
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Domaine réalisable

Domaine réalisable

Deux objectifs indépendants (forme 1) Deux objectifs indépendants (forme 2)
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@E>%{%}|:KGtfgGL{�@Eb���GL·?c�dÉ­2{iJKG�{k@EJ~c ` jE{�·L@E>�>%=?fg=L{��Vf+BÑj�fefe:3>%G�G?c�f�j�ckj�defefgG�AF:,­ >%@EJ|c�¥¶j�>%G?c%@@ ` c�de<$j�f ` G?:3µ�G?J|c 1?c�>%G;AFdeµ�G?>%{%GL{�Ö~±�dgG?J$J
BDG?< ` 1L·%¦KG
}~:KG�f�jiµOj�fgG?:3>Ç@ ` c�de<$j�fgG ` @E:3>Ç:3J�@Eb���GL·?c�dÉ­Ë{%@Edecj�:K{%{%dCc�> 
L{�b @EJ3JKG�{�:3>�fgGL{�j�:3c�>%GL{�@Eb���GL·?c�dÉ­2{�Ö

A3G;·L@E>�>%=?f�j�c�dg@EJzA3GL{ÅAFd��V=?>%G?J|c%{�@Eb�� GL·?c�dÉ­2{�Ö|®¯G?fg@EJzf+BÑj�fefe:3>%G;AF: ` jL£F{kj�h�G ` ¦K=?JK@Ec�£ ` dg}|:KGiA3GL{"{%@Efe:3c�dg@EJK{G?J3h�G?JKAF>%=LGL{��Ë@EJ ` G?:3c�=?µOj�fe:KG?>�fgG�J3deµ�G�j�:6G?c�f�j�J½j�c�:3>%G'A3G�f�jÒ·L@E>�>%=?f�j�c�dg@EJ6A3GL{�@Eb���GL·?c�dÉ­�{ �8ÏKhO:3>%GL{ÍFÖe�'@�G?c;ÍFÖe��A � Ö9
@E:K{�j�µ�@EJK{ÃG?J3h�G?JKAF>%=
100000

deJKAFdeµ|dgAF:K{,A3G6<$j�J3d�
?>%G�j�fg=�j�c%@Ede>%G ` @E:3>�fgGL{ deJK{�ckj�JK·LGL{�b3dÉ²@Eb���GL·?c�dÉ­i}|:KGpJK@E:K{$c�>kj�dec%G?>%@EJK{$AKj�JK{'fgGL{�·%¦½j ` dec�>%GL{z{�:3deµOj�J~c%{�Öv°"BÑj�fefe:3>%G A3GL{'{%@Efe:3c�dg@EJK{�@Eb3c%G?J~:KGL{` >%G?JKA�c%@E: ��@E:3>%{D� ` G?: ` > 
L{Ëf�j�< 1?<'G§­2@E>�<'Gv·?de>%·?:3f�j�de>%GO� <$j�dg{
fg=?h0
?>%G?<'G?J|cºj�fefg@EJ3h�=LG�� µ�@Ede>ËG ¼FG?< ` fgGL{A3GL{�ÏKhO:3>%GL{�ÍFÖe��ÐF�ºÍFÖÑMONF�nÍFÖÑMF�zG?c�ÍFÖÑMOM � Ö§ÎÅG?c�c%G$­�@E>�<'G$deJKAFdg}~:KG�:3JKG'fg=?h0
?>%Gz·L@E>�>%=?f�j�c�dg@EJ�G?J~c�>%G�fgGL{@Eb���GL·?c�dÉ­�{�Ö¯«vJ0G"�VG?c��Fdef
{%G?<tb3fgGiJ½j�c�:3>%G?fË}|:KGO�Ffg@E>%{%}~:KG
f+BD@Eb���GL·?c�dÉ­
Cmax

{%GiA3=?hO>kjEA3GO�3f�j�{k@E<�<'G�A3GL{
>%G?ckj�>%A3{"j�dec"c%G?JKAKj�JK·LG��i{%G�A3=?hO>kjEA3G?>Å=?h~j�fgG?<'G?J~c��|fgGL{vA3G?>�J3dgG?>%{.��@EbK{v{%G�c%G?>�<�deJ½j�J|cÅj�fg@E>%{ ` fe:K{vckj�>%ACÖ°
GL{
­�>%@EJ~c%{�¥ºj�>%G?c%@0}|:KG�JK@E:K{�@Eb3c�dgG?JKAF>%@EJK{�{%G?>%@EJ|c�A3@EJK·�� � �"#!��� #ºjE{%{%G?Ê ` G?:¤=?c%G?JKAF:K{�j�:Ãµ¯:¤AF:` j�£¯{kj�h�G ` ¦K=?JK@Ec�£ ` dg}~:KG�A3G�f+BDG?JK{%G?<�b3fgGtA3GL{a{%@Efe:3c�dg@EJK{a>%=�j�fedg{Ôj�b3fgGL{�Ö
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��� �

°ËGL{ ` >%@Eb3f�
?<'GL{0ACBD@ ` c�de<�dg{kj�c�dg@EJo<t:3fec�dÉ²�@Eb�� GL·?c�dÉ­'{%@EJ|cp>%= ` :3c%=L{p·L@E<�<'G AFd 	$·?defgGL{�Ö�«§J)G"�CG?c��f+BDGL{ ` jE·LG ` ¦K=?JK@Ec�£ ` dg}~:KGÒG?J3h�G?JKAF>%= ` j�>�fgG ` >%@Eb3f�
?<'GÒGL{�ctA3G�AFde<'G?JK{�dg@EJ {%: ` =?>�dgG?:3>%GL�
1
�¶·LG$}|:3d

fgG�·L@E< ` fgG ¼FdÉÏ½G�A3G�<$j�J3d�
?>%GtJK@EJ JK=?hOfedeh�G�j�b3fgGO� ` :3dg{%}|:
B defËJ
BDG ¼Fdg{�c%Gtj�fg@E>%{ ` fe:K{
A3G�>%G?f�j�c�dg@EJÃACBD@E>%AF>%Gc%@Eckj�fgG ` @E:3>
fgG�·L@('3c�A3GL{�{%@Efe:3c�dg@EJK{��VG?c�}|:
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fk(p) > fk(a)
1
{�d

fk(p) ≤ fk(a)

�(BKÖÑP �



f

f

π (M   )=1ia

π (M   )=0.5ia π (M   )=0ia

π (M   )=0.5ia

2

1

a

����� � BKÖÑÍ � ¨�:3ckj�c�dg@EJ)jEAKj ` ckj�c�deµ�G ` j�>Ò>%G?f�j�c�dg@EJ)A3GÃA3@E<�deJ½j�JK·LGOÖ�Î�j�fg·?:3f�AF:.h~j�deJ π(Mia)
G?J­2@EJK·?c�dg@EJ A3Gif�j�>%G?f�j�c�dg@EJ A3G�A3@E<�deJ½j�JK·LG�G?J~c�>%G�:3J0deJKAFdeµ|dgAF:

a
G?c

p
HK·�jE{ab3dÉ²�@Eb�� GL·?c�dÉ­�Ö
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a
G?c

p
Ö

¨�:3ckj�c�dg@EJ
a � p p � a a ∼ p Progress(Mi) PMi

M1
� � B

3/11 0.23

M2
N @ N

0 0.05
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Í � @
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B Ð N
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: Solution        après mutation 1

: Solution        après mutation 2
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∑
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� 0 ≤ sh(x) ≤ 1
� sh(0) = 1
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1− (dist(x,y)
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0
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�
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�?c
α
Ö
σshare
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σshare
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{$� `� !� d��!� � � �

σshare
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c����K{�f��L{Åd+��&Fdeµ|d�&5�K{�&��;f�j ` � ` �3f�j�c�d����
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��" ` c��!� � &�� �3dg·%¦��
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0
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�('3c � �L{�c�� � j�d+�K·%¦½j��3h  Ö°?� &��!�F¼Fd�
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?c � ���L{�c α
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	$·�jE·?dec  
&��
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&����K·�f��L{Ç·�j�fg·!�3fg{ &5�

σshare

� ` c�d+"$j�f
j�� � j ` ��� � b��3c &�� �� ?` j � c�d �  }1�3deckj�b3f��!"%�!�~c�f��L{Å{��Ef+�3c�d����K{ &��f�j ` � ` �3f�j�c�d���� �!�Ò­����K·?c�d����:&5�p­ � ���~c�¥ºj � �?c��$·
��� � j��|c�Ö
© � � � � �
� ! � `�� � ` �O{��!�|c�&��;·
���K{�d�&  !� � � f��L{ �!�K{��!"�b3f��L{�¥ºj � �?c���� ` c�d+"$j��F¼z·
��"3"%�  ckj��~c�·
���~c�dÉ²

�1�K{�Ö���d+�K{�d ��� ` �!�3c��!�~µ¯dg{kj�h(� � ����� �� ?` j � c�dec�d�����d�&  j�f��,&��L{�{��Ef+�3c�d����K{�{$� � ·
�?c3�L{ ` jE·
�O�º·%¦½jE}1���{��Ef+�3c�d����¤{���c � ���3µOj��~c � �����3&Fdg{�ckj��K·
�
σshare

&���{��L{iµ(�Edg{�d+���L{�Ö
®|d§f76>���¤·
���K{�d�&�
 � �3&��L{@�3dg·%¦��L{8&��
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j��3c���� � &��a·k¦½jE}4���;{��Ef+�3c�d����
�4��� ` �!�3c &  · � d � �D�����D&Fdg{ ` �O{�dec�d����'d�&  j�f�� &��L{"{��Ef+�3c�d����K{j Ï�� }4���$f��L{8�3dg·k¦��L{2����{��${�� ` � ��` �O{��!�~c ` jE{ �8ÏKh<� � � BKÖ A � Ö���d+�K{�d+�n{�dvf76>����·
���K{�d�&�
 � � ����� ` � ` �F²f�j�c�d���� &��
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d+��&Fdeµ|d�&5�K{��#�?c�}4����f76>��� ·
�����½j��gc�f76Ñj�d � � Airepareto

&��'f�j�­ � ���|c�d�
 � �%&���¥¶j � �?c�� 
 � ���
` �!�3c�·�j�fg·!�3f�� � f76Ñj�d � �3� ` c�d+"$j�f�� Aireniche[σshare]
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�(BKÖe��� �
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Airepareto

N

�
"$j�dg{�&Kj��K{Åf��i·�jE{�&=6 ¦~£ ` � � { ` ¦B
 � �L{��3·
�?c�c��  h~j�fedec  �L{�c�µ  !� dÉÏ  � �8���z­+jE·?c��!� ��`�� 
L{ α

Ö½Î �?c�c��
µEj�f��!� �µOj��3c�f�� � j `3` � � c@�!�~c � �tf��tµ(�Ef+��"%�2&=6 �����t¦~£ ` � � {%¦B
 � �2&�� &Fd+"%�!�K{�d���� n− 1
�?c@&�� � j�£(��� r

�?c;���¦|£ ` � � ·!�3b��3&��3&Fd+"%�!�K{%d���� n − 1
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ÖC°?��µ(�Ef+��"%�%&=6 ���¤¦|£ ` � � ·!�3b �%&��3&Fd+"%�!�K{�d���� n
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(2r)n �3·
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` ��� � �����0&Fdg{ ` �O{�dec�d����0d�&  j�f��.&��L{�{��Ef+�3c�d����K{;&Kj��K{�f76>�L{ ` jE·
�OÖ

V olumeHyperSphère =

{

πp

p! ∗ rn {�d
n = 2p

2n.πp.p!
n! ∗ rn {�d

n = 2p + 1

�(BKÖe��Í �
È ���K·

α
µOj��3c �

α

{

πp

2n.p!

{�d
n = 2p

πp.p!
n!

{�d
n = 2p + 1

�(BKÖe� B �

����� �7BKÖ � � Á"j�f��!� � &5� ·
���
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�
α

�
α� � � �FÖe���

� �FÖ @EÐ � �FÖ �%A
Í �FÖ � � @ �FÖ �OÍ-@
B �FÖÑÍF� A �FÖ �F���

°?�L{"µOj�f��!� � { &�� α
{����|c `�� �¯·%¦��L{ &�� 1

ckj��~c�}1���
n
�L{�c ` �?c�dec � ÁC�Ed � ckj�b3f���j�� BKÖ � � Ö¯¨,j�dg{Çf�� � {%}1���

n
j��3h<"%�!�~c��O�

α
c��!��&Òµ(� � { 0

ÖFÈ ���K·O�3{%d f�� ����"tb � �.&=6>�Eb�� �L·?c�dÉ­2{��L{�c�h � j���&C�Ff76Ñj�d � �0&=6 �����@�3dg·%¦���¦~£|²
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Airepareto

N
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n �D�?c &����K·6f76 d+�~c�� � {��L·?c�d���� &��
V olumeniche[σshare]

jLµ(�L·5f��Ã­ � ���~c �L{�c�j `3`�� �¯·%¦  5` j �
(σshare)
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N
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�����3"  c�¦���&�� ` ��� � j `3`�� �¯·%¦�� � ·
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` j � &��!�F¼ ` �Ed+�~c%{ � `3` �O{  { m

�?c
M
��&�� ·
��� � &������  �L{ � �L{ ` �L·?c�deµ(�L{0·
� �$� �L{ ` ����&Kj��~cÃj��F¼ ` f+�K{
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MaxAirePareto
=

n
∑
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n
∏

j=1,j 6=i

(Mj −mj)
�(BKÖe��� �
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√
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Exchange(i, j, π) : [1..N ], [1..N ],ΠN 7→ ΠN
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∃ i, j ∈ [0..N ] ‖ dperm(Shift(i, j,X), Y ) = dperm(X,Y )− 1
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chaque méthode exacte lancée

par la méthode exacte
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