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<?IdgQGhYAB��#GhbeBf<?Y�<hu�bd{AE0rtYQbeE	IdYAE�b�GJYA\be{cE !JE �¥Id<?]fE$FA]DG �?E#\�a��'³�± � � �ÂE0{HGzZ?E0E� :FA]DGJBDYcE#\'{A<��
³0± � BD;*be>cYAE#\¯be<[\HG �¶uv<?I*BfYxbdE#I=\A<?@¢GJBDY¶bdIeG=<Cj�E#YAgJBDYAE	E#IdBfYAg�FA>AI=F&<?;=E#;	� �ÂE�{HGzZ?EC;d{A<��nY
be{HGhb�GhYÂm�l¯{HGh;�@C<?I=ECj	<?YQbeI=<?]�<?Y¯Bfbd;�<J>cbeg?<JBDYAg�bd{HGJY�<?YÂB«be;*BfYAj#<?@CBDYcgwbeIdG=<CjJ�wl:E	ZJE#IeGh]
beE#j¤{cYABDox>AE	;jzGJY a�Ew>c;dE#\ bd<Sj	<?YQbeId<J] be{cEwBDYcj#<?@CBDYAg/bdIeG=<CjJ��aA>cbbd{AE ��{HGzZ?E/]fBD@CBfbeGhbeBf<?YA;#�
§0{AE/;dE	]DE#j�beB«Z?E�GJ\cZJE#I²beBD;=E#@CE#YQbe;�GhYA\ be{AE/@C<?I=Ew;dF�E#j	B58Hj/FcIdE 8  cE	;�{HGzZ?E/be{AEw\AIeG �naHGJj"! <Ju
BDYAj	IdEzGh;dBDYcg¶be{AE/;=B��#E/<hu6bd{AE�³0± � Id<J>cbeBfYAg¶b¤GJac]DE#;	� � Bfbd{ *�, � �.' ( FAIdE	F&E	YA\ABDYcgA��Bfb'j#GJY
a&E�\cB5<Cj#>A]«bbe<4;=E#]fE#j	b'bd{AE�GJFAFcId<?FAI=B GhbdE¢ZhGJ]f>AE�<JukFAI=E#F�E#YA\ABfYAg4be<¯GJj¤{cBDE	ZJE�G¶g?BfZJE#Y g?<QGh]_�
��BDYHGh]D] �J� � Ew{HGzZ?E¢E� :FA]DGJBDYAE	\Â{c<�� be{AECIdE	\ABD;²beIdBfaA>cbdBD<?Y¯j#<J@¢@>cYABfbdBDE#;*j	<?>A]f\ GJ]f]D<�� GJYÂm�l
be< � E� :BDaA] �¯BDY � >AE#YAj	E¢bd{AEwI=E#\ABf;=beI=BDaA>:beBD<JYÂ<Ju�Bfbe;I=<?>cbeE	;�bd<��$GJI=\ YA<?Y:� \ABDI=E#j�be] �¯j	<?YAYAE	j	bdE#\
r²l � ;#�
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rtY¥be{ABf;1;=E#j	<?YA\'FHGJI²bz� �$E0GhYHGJ] ���	E$BDY�\AE�b¤GJBf]D;�;dE	ZJE#IdGJ]cBfYxbdE#I=\A<?@¢GJBDYbeIdG=<Cj beIdGJj#E	;1bd<�\AE	ZJE#]f<?F
G�a�E	b=beE	I�>AYc\AE#I=;=b¤GhYA\ABDYcgÃ<Ju�be{cECa�E#{AGOZ[Bf<?I<Ju bd{AE�beIeG <¢jh�Cy6YA\AE	Id;²b¤GJYA\cBDYAg�be{AECa�E#{HGzZ[BD<?I
<Ju�be{cESbeIdG=<CjSBD;CBD@CF�<?I=beGJYQbCbd< IdE#GJ]DB��#E�{A<�� ZhGJIdBDGJaA]DE�BfYxbdE#I=\A<?@¢GJBDY beIdG=<CjSBD;wGhb¢@wGJY��
beBD@CE#;=jzGJ]fE#;	�$rtYÃbd{AE�j#<?YQbeE  [b�<Ju�BDYQbeE	Id\A<?@¢GJBfY�bdIeG=<Cj�E#YAgJBDYAE	E#IdBfYAgA�Abd{AE�bd<?F�<?]D<?gJBDjzGh]q\ABf;=beI=B«�
aA>cbeBf<?Y <hu0be{AEwbdIeG=<Cj�Bf;¥FHGhI=beBfj#>A]DGJId] �4BD@CF�<?I=beGJYQb�;=BDYAj	E�Bfb �nBD]f]�BDYA\ABfjzGhbdECbd{AE�Yx>A@a�E#I¥<Ju
BDYQbeE	Id\A<?@¢GJBfYS;d<J>AIdj	E#;�GJYA\¯\AE	;=beBfYHGhbdBD<?YA;6be{HGhb �nBf]D]�{HGzZ?E'be</a�E'BDY � >AE#Ycj#E#\�a��Sbd{AEbeIdG=<Cj
E#YAg?BfYAE#E	IdBfYAg�bdE#j¤{AYABfox>AEJ��§0{ABD; BD; YA<Jb�bd<;eG �Cbe{HGhb beIdG=<Cj�\ �[YHGJ@CBDj	;$BD; >AYABf@¢F�<?I=beGJYQbz�1§0{AE
\ �[YHGJ@CBDj#;6<Ju�be{cE�beIdG=<Cj{HGJ;6\AE#E	F¯BD@CFA]DBfjzGhbdBD<?YA;$<?Y¶Bfbd;LFAI=E#\ABfj	bdBD<?YSGJYA\4j#<JYxbdId<?] �L§�I �[BDYcg
be<�E#YAgJBDYAE	E#I�be{cE�bdIeG=<Cj'<OZ?E	I�bdBD@CE#;=jzGJ]fE#; �n{AE	IdECBfb*Bf;�!xYA<��nY�bd<�a�E'be<[<�ZhGJIdBDGJaA]DE¥jzGJY¯a�E
E� :F&E	j	bdE#\¯be</a�E'@¢<?I=E¥\AB <Cj#>A]«b�be{HGhY4IdE#ox>ABfIdE	\"�¥³ E	uv<?I=Ebe{ABfY !xBDYAg/Gha&<?>:b*j#<?YQbdId<?]f]DBDYcg¢be{cE
beIeG <¢jh��<?YAE�@>A;²b 8HId;²b�>AYA\cE#Id;²b¤GJYc\��n{ABDj¤{ GJ;dF�E#j�be;¢<Ju�B«be;�a&E	{HGzZ[BD<?ICjzGJY a&E�YAE	g?]DE	j	beE	\
�n{AE#Y�E#YAgJBDYAE	E#IdBfYAg�Bfb#�
rtY4�${HGJF:beE#I 4?�
�$E¥GJYHGJ] � �	E�bd{AE�a�E#{AGOZ[Bf<?I6<hu)be{AE�beIdG=<Cj�\ �[YHGh@¢Bfj#;6bd{HGhb6E#YQbeE	Id;6<?I6]fEzGzZ?E	;
G�;²be>Aa�m�l <OZJE#I¢bdBD@CE#;=jzGJ]fE#;�IeGJYcg?BDYAg4uvI=<?@ ;dE	j#<?Yc\A;wbe<�;dE�Z?E	IeGJ]k\HG �[;#� �ÂE�bd{AE#Y�gJ<�bd<
;=be>c\ �Sbd{AEbe<?F�<?]f<?g?BDj#GJ]8\ABf;=beI=BDaA>:beBD<JY¶<Ju�be{AE¥BDYQbeE	Id\A<?@¢GJBfYSbeIdG=<CjBDY��${HGhFcbeE	I�Ä:����BDYHGh]D] �J�
�${HGJFcbdE#I 6�GJYHGJ] � �	E#;0be{cE�\ �:YAGJ@¢Bfj#;n<Ju�be{AE*bdIeG=<Cj*<?Y�be{AEBfYxbdE#I=\A<?@¢GJBDYwbd<?F�<?]D<?g �?�
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r bwj	<?>A]D\ a&EÃGJIdgJ>AE#\ bd{HGhbCbe{AESGJ;dF�E#j�b/<Ju�bd{AES\ �:YAGJ@¢Bfj#;C<Ju�bd{AESBfYxbdE#I=\A<?@¢GJBDY beIdG=<CjSBD;
YA<JbLuv>cYA\HGJ@CE#YQb¤Gh]D] ��IdE#]fE	ZhGJYQbLbd<�BDYQbdE#Id\c<?@wGhBDY�beIeG <¢j¥E#YAg?BfYAE#E	IdBfYAgA�k§0{AEFA>AI=F&<J;dE<Ju�bd{ABD;
j¤{HGJFcbdE#I�Bf;kbd<�;d{A<�� E	Z[Bf\AE#YAj	E<Ju)bd{AEj	<?YQbeIeGhI �?��·SGJY��ÃFAId<?ac]DE#@C;kBDYSE	YAg?BfYAE#E	IdBDYcgwIdE	ox>ABDI=E
be{AE !xYA<��n]DE	\Ag?E�<JuLbd{AE/beBD@CE#;=jzGJ]fE#;'<OZ?E	I �n{cBDj¤{ j	<?YQbeI=<?]D]fBDYAg4G¯; �[;²beE#@ Bf;'F&<?;=;dBfaA]DEh� �H<?I
@¢<?;²b$j	<?YQbeI=<?]qGhFAFA]DBfjzGhbdBD<?Yc;#�?be<[< �nBf\AE � >Aj	bd>HGhbdBD<?YA; BDYCbe{AE6; �[;=bdE#@C;�\ �[YHGJ@CBDj	; @CEzGJY¢be{HGhb
GJYA<Jbd{AE#I0beBf@¢E	;dj#GJ]DE;d{c<?>A]D\�a�E�>A;=E#\Suv<JIkj	<?YQbeI=<?]D]fBDYAg'B«bz�$rtY�be{ABf;nj¤{HGJFcbdE#I#�
� E¥GJYAGJ] ���#Ebe{cE
a&E	{HGzZ:Bf<?IL<hu�bd{AEBfYxbdE#I=\A<?@¢GJBDY�beIeG <¢jbd<�>AYA\cE#Id;²b¤GJYc\Â<?Y �n{cBDj¤{¶beBf@¢E	;dj#GJ]DE	;LBfbd;�a�E#{HGzZ[BD<?I
;dE#E	@¢;0;=@¢<[<Jbd{�E#YA<J>Ag?{�uv<?I$bdIeG=<Cj�E	YAg?BfYAE#E	IdBDYcga&ELF&<?;=;dBfaA]DE�<OZJE#I�be{cE#;dE�bdBD@CE#;=jzGJ]fE#;#�)°6<JbdE
be{HGhbnFAGJI=bd;k<hu1bd{ABD;0j¤{HGhFcbeE	I6{HGzZJE�GhFAF&E#GJIdE	\ÃBfY � 4�>=6c��4�>�> �_�
§0{ABD;�j¤{AGJFcbeE	I0BD; ;=beI=>Aj	bd>AIdE	\SGh;$uv<?]D]f<��n;#��l[E#j	bdBD<?Y 4J� Ä 8HI=;=b0BfYQbeId<[\A>Aj	E#;$bd{AE*@¢GJBDY¢j#<?YAj	E#Fcbd;
j#<?YAj	E#I=YABDYAg�;dj#GJ]DBfYAgFAId<[j#E	;d;=E#;#� l:E	j	bdBD<?Y�4?� Ä:�54kg?<[E#;�<?YCa��¢\cBD;dj	>A;d;=BDYAgbe{cE6FAIdGJj	bdBDj#GJ]ABD;=;d>AE	;
<Ju$\cE	beE	j	bdBDYAg�;dj#GJ]DBfYAg/BDY¯I=EzGJ])FcId<[j#E#;=;dE	;#�wl:E#j�beBD<JY 4?� 6/\AEzGh]D; �nBfbd{4be{AE'be<hb¤GJ]�beIeG <¢j�]f<?YAgh�
beE#I=@ ;dE	]fu � ;dBD@CBD]DGJIdB«b �?��l:E	j	bdBD<?Y�4?�`Æ�bd{AE#YCj#<?Yc;dBD\cE#Id;�be{cE6;=jzGJ]fBDYAgBDY'bd{AE6FcId<[j#E#;=; <huqbe{cEk§k� �
� <��n;6GhIdIdB«ZhGJ]D;	����BDYAGJ]D] �?�[;dE#j�beBf<?Y 4?�;:'\ABf;dj#>c;d;dE	;kbd{AEj#<?YQbdIdBDac>cbeBf<?YA;0<Ju�be{ABf;0j¤{HGJFcbdE#I	�

� ��� � !0�����A�8�#� ���#
*�1����� 
���( ����
�	�	�/. �/�1�C�$!n����!n�

3 � � � 3 � *J$��I& �!+
	 7[9 � � � 7R& "%& �I$)��& ����	 $ � � ���� ∗
� � ��� � �	� a�E#{HGzZ[BD<JIkBf;kGCg?E	YAE#IdGJ]8beE	Id@ j#<JYAYAE#j�beE	\ �nBfbd{�bd{AE¥GhaA;dE	YAj#E�<Ju�G�FHGJI²beBDj	>A] GhI�j¤{HGJI��
GJj	bdE#IdBf;=bdBDj�;=jzGJ]fEkj	<?YQbeI=<?]D]fBDYAgkbe{AEnFAI=<:j	E#;d;�>AYA\cE#I�;=bd>A\ �?���H<?I)GJY�BDYQbeI=<:\A>cj	beBf<?Ybe<;=jzGJ]fBDYAg*BfY
YAE	b � <?I !�bdIeG=<Cj;dE	E � Æ � � � 4�ÄA@[��BQÄ���FAI=<OZ:Bf\AE\AE	beGJBD]fE#\/beI=EzGhbd@¢E	YQbe;n<Ju�ZJGhIdBD<J>A;kGJ;dF�E#j�be;kj#<?Y:�
j#E#I=YABDYcg;dj#GJ]DBfYAgBDYwYAE	b � <?I !CbeIdG=<CjJ���H<?I$@C<?I=ELg?E	YAE#IdGJ]q\ABf;dj	>A;d;=BD<?YA;$<Ju�;dj#GJ]DBfYAgBDYwYHGhbe>cIeGJ]
FA{AE#Yc<?@¢E	YHG';dE	E � 4�:?Ä:��?�?�� �
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� 
�� �!5 ���� ��� �����	� 7 <?YSbe{cE'IdEzGh]�]DBfYAEJ��<?I�@C<?I=E¥FAI=E#j#Bf;dE	] �Ã;dE#]«u ��G=<CYAB«b � � 4�4C6��_���nBfbd{4FHGJIeGh@¢E�beE#I
H � 0 < H < 1 ���HBD;0\cE 8HYAE	\Sa��

{X(t), t ∈ R} d
= {cHX(t/c), t ∈ R}, ∀c > 0, � 4?� 4��

�n{AE#I=E d
= \AE#Yc<JbeE	; E	o[>cBfZhGJ]DE	YAj#EnBfYC\cBD;=bdIdBfaA>cbeBf<?YA;	����ox>HGhbdBD<?Y 4?� 46@CEzGhYA;)be{HG�b�bd{AEn\ABD;²beI=BDaA>:�

beBD<JY�<Ju8be{cE�<?IdBfg?BDYAGJ]�FAId<[j#E	;d; X GJYA\�bd{AE�\ABf;=bdIdBDac>cbeBf<?Yw<Ju�bd{AE�IdE	;dj#GJ]DE	\/FAId<[j#E	;d; cHX(t/c)GJIdE/be{cEÃ;dGJ@¢Eh���H<?I c > 1 �$IdE	;dj#GJ]DBfYAg¯j#<?I=IdE#;=F&<JYA\A;¢bd< �	<:<J@¢BfYAg4BDY � 8HYcE#ICIdE#;=<?]D>:beBD<JY����
E#ox>ABfZhGJ]fE#YQb0be<�Z[BDE �nBDYAg'be{cE�FcId<[j#E#;=; X Ghbk;=@wGJ]f]DE	I beBf@¢E	;dj#GJ]DE	;#� c < 1 <?Y�be{cE�<hbe{AE	Ik{AGJYA\j#<?I=IdE#;=F&<JYA\A;be<¶G �#<[<?@¢BfYAg�<?>cb'<Ju0bd{AE�FAI=<:j	E#;=;'<?I'GS]DGJIdg?E	I�bdBD@CE#;dj#GJ]DE	;¥F�E#I=;dF�E#j	bdBfZJE/<Ju
be{AE/\ �[YHGh@¢Bfj#;<Junbd{AE/FAId<[j#E	;d; X ��§0{AE/IdE#GJ;d<JY uv<JI¥be{AE/YAGJ@¢E ��;dE	]fu � ;dBD@CBD]DGJIdB«b ���'BD;�be{HGhbGJ]D]$bdBD@CE#;=jzGJ]fE#;�<JuLbd{AE�FAId<[j#E	;d;�GhIdE�IdE	] GhbdE#\ be<�<?YAEÃGJYA<Jbd{AE#I�be{AI=<?>Ag?{ be{cBD;�IdE	] GhbdBD<?YA;={ABDF
a&E�b �$E	E#Y¯be{AE'\ABf;=bdIdBDac>cbeBf<?YA;L<hu�bd{AEI=E#;dj#GJ]DE	\¯FAId<[j#E	;d;#��{AE	YAj#ECG�;=BD@CBD] GhIdBfb �w<Ju�be{AE'FcId<[j#E#;=;
�nBfbe{�Bfbd;dE	]fu��$§0{cE¥\ABf;=beI=BDaA>:beBD<JYA;0<Ju�bd{AE�FAId<[j#E	;d; X ;dE	E#Y4Ghb6GJY���beBf@¢E	;dj#GJ]DEGJI=E�j	<?YAYAE	j	bdE#\
be{AI=<?>Ag?{Sbd{AE'G=<CYAE¥IdE#]DGhbeBf<?Y�\AE 8HYcE#\¯a��¶E#ox>HG�beBD<JY 4?� 4?��§0{AEFAGJIeGJ@CE	bdE#I H j#<?YQbdId<?]f;6be{cE
a&E	{HGzZ:Bf<?I0<Ju�be{AEFAI=<:j	E#;=; X GhbkGJ]f]qbeBf@¢E	;dj#GJ]DE	;#�
§0{AE�uv<J]D]D<��nBfYAg0FAId<JF&E	I=b ��<JuA;=E#]«u �t;dBf@¢Bf] GJI&FAId<[j#E	;d;=E#;)j	<?YAj#E	IdYA;�be{AE�;dj#GJ]DBfYAgn<JuAbd{AE#BfI�@C<?@CE#YQbe;

E |X(t)|q= E |X(1)|q |t|qH . � 4J� Ä?�
§0{ABD;0]DGhbdbdE#I$FcId<?F�E#I²b �/E� :FAI=E#;d;=E#;kbe{AE*a�E#{HGzZ[BD<JI�<Ju1@¢<?@CE#YQb q �WB«u�Bfb0E  cBf;=bd;¤��<Ju�be{AE*FcId<[j#E#;=;GJ;G/F&<�� E#I�] G � <hu�bdBD@CEJ�8\AE 8HYABfYAg�G�{cBDg?{:� <?Id\cE#I�;=jzGJ]fBDYAg �n{ABfj¤{ÂBf;*]DBfYAEzGJILBDY H �'m ;=E#]fu �
;dBD@CBD]DGJIFAId<[j#E	;d; �nBD]f] E  c{cBDaAB«bbe{AE�;dGJ@¢E � >Aj	bd>HGhbdBD<?YA;��WGhu beE	I'IdE	;djzGh]DBDYcgx��BDYc\AE#F�E#YA\cE#YQbC<Ju
be{AE�j	<?YA;=BD\AE	IdE#\ ;=jzGJ]fEJ�){cE#YAj	E/jzGJYAYc<Jba�E�;=beGhbeBf<?YHGJI �¯\A>AEwbd<Sbe{cE�\AE#F�E#Yc\AE#YAj � <JukGJ]f]�Bfbe;
@¢<?@CE#YQbd;�<?YbdBD@CEJ�1£kE	jzGJ]f]:be{AGhb�uv<?I)G�FAId<[j#E	;d;)be<La&E0;²b¤GhbdBD<?YHGhI �?�hBfbd;);=beGhbeBf;=beBfjzGJ][FAI=<?F&E	I=bdBDE#;
@>A;=bnYc<Jbk\AE#F�E#YA\�<?Y�beBf@¢Eh�
rtYwbe{AELYAE	b � <?I !xBfYAg']DB«beE#IdGhbe>cIdEJ�x;²beIdBfj	b$;dE#]«u �t;=BD@CBD] GhIdBfb �¥GJ; \AE 8HYcE#\�BDY¢E#ox>HGhbdBD<?Y 4J�54�Bf;$IdGJIdE	] �
>A;dE	\"��£6Ghbd{AE#I	�c;=E#j#<JYA\:�t<JId\AE	I0;=b¤G�beBD<JYHGJIdB«b �CBD;�Gh;d;d>c@¢E	\"�A@CEzGJYABfYAg¥bd{HGhb�a�<Jbd{�be{AE�@CEzGhY/<Ju
be{AE0FAI=<:j	E#;=;$GJYc\CB«be;)ZhGJI=B GJYAj	E0GJI=E 8AYABfbdEnGJYA\'beBf@¢E»�tBDYQZhGJI=B GJYQbz�8§0{cBD;�;dE	j#<?YA\[�t<?I=\AE#I�;=beGhbeBf<?Y:�
GJIdB«b �¯GJ;d;=>A@CFcbeBf<?Y Gh]D]D<��n;*uv<?I�GJYÂEzGJ;=BDE#I�;=beGhbeBf;=bdBDjzGh]�GJYHGJ] �:;=BD;<Ju be{AECFAId<[j#E	;d;	^�FAI=<?F&E	I=bdBDE#;
� Ä�> �_��rtY�GJ\A\AB«beBD<JY"�xBDYwFcIeGJj�beBDj	ELE�Z?E#Y/B«u"be{cE�<?IdBfg?BDYAGJ]A;dBfg?YHGJ]Hbd<a&ELGJYHGJ] ���#E#\wBD;$j	<?YQbeBfY[>c<?>A;#�
<?YAE\AEzGh]D; �nBfbd{�\ABD;=j#IdE�beE»� beBf@¢EL;eGJ@CFA]DE*<hu1bd{AEFAId<[j#E	;d;#�
l[b¤GhbdBD;²beBDj#GJ] � 
�� �!5 ���� ��� ��� �	� 7 BDY¢bd{AEkj#<?YQbeE  [b�<Ju8\cBD;dj	IdE�beE��_beBf@¢EnFAI=<:j	E#;d;=E#;�Bf;�\AE 8HYcE#\wbd{AId<?>cg?{
be{AEnuv<?]D]f<��nBDYAg�FcId<[j#E#\c>AIdEh��|�E�b X = {Xi, i ≥ 1} a&E6G;dE#j	<?YA\:� <?Id\cE#I�;=b¤G�beBD<JYHGJI �;dE#ox>AE	YAj#EGJYA\�aA>ABf]D\/uvId<?@ Bfb�bd{AE*uv<?]D]f<��nBDYAg;=E#ox>AE	YAj#E

X(m)(k) =
1

m

km
∑

i=(k−1)m+1

Xi, k = 1, 2, ... �I4?� 6Q�

��<JId@>A]DG 4J�76�\AE 8HYcE#;�be{cE  15 � � � � 
 � ��� 
�
 ;=E#ox>AE	YAj#E*<?a:b¤GJBfYAE#\�a��¢FHGJI²beBfbdBD<?YcBDYAg*be{cE�<?IdBfg?BDYAGJ]
;dE#ox>AE	YAj#E X BfYQbe<�YA<?Y:� <OZ?E#I=] GJFcFABDYAg�aA]f<:j"!x;n<Ju1]DE	YAgJbe{ m GJYA\�Z:BfE �nBfYAgCbd{AEaA]D<[j"!�GzZJE#IeGhg?E
GJ;0GYAE � F�<?BDYQb$<Ju8be{AE*;=E#ox>AE	YAj#E X(m) ��§0{AE�;=E#IdBfE#; X(m) = {X (m)

k : k = 1, 2, ...} BD;�;dGJBD\be<�a&E � � 7  2���� ��� � ����� 7 � 
�� �!5 ���� ��� ��� B«u

X
d
= m1−H X(m) as m→∞ �I4?�`Æx�
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�n{AE#I=E d
= \AE#Yc<JbeE	;¢E	o[>cBfZhGJ]DE	YAj#E/BfY \ABD;²beIdBfaA>cbdBD<?Y"� §0{AE�FAIdE�Z:Bf<?>A;�FAI=<?F&E	I=b � j#GJY a&E�;dE	E#Y

GJ;wbe{cE4\ABD;=j#IdE�beE»� beBf@¢E�E#ox>AB«ZhGJ]DE	Yxb�<Ju�;dE#]«u �t;=BD@CBD] GhIdBfb � <?Y�be{cE¶IdE#GJ]L]fBDYAEÃ<Ju�E#ox>HGhbdBD<?Y 4?� 4?�
§0{AEL;²b¤GhbdBD;=bdBDj#GJ]A;dE	]fu � ;dBD@CBD]DGJIdB«b ��FAId<?F�E#I²b �C;=b¤G�beE#;�be{AGhb�Gh]D]  15 � � � � 
 � ��� 
�
 ;dE	ox>AE#YAj	E#;�� X(m) �
IdE#;=jzGJ]fE#\�a�� m1−H {HGzZ?E¯be{AE¯;eGh@¢E¯\ABf;=beI=BDaA>:beBD<JY GJ;/be{AE¯<?I=BDg?BfYHGJ]kFAId<[j#E	;d; X � r u¥be{cE
;dE#ox>AE	YAj#E¥BD;0YA<Jbk;=E#j#<JYA\:�t<JId\AE	I6;²b¤GhbdBD<?YHGhI �?�Abd{AE#Y�be{AE\ABf;=bdIdBDac>cbeBf<?Y/<Ju�bd{AE�YA<?Id@¢GJ]fB��#E	\  15
� � � � 
 � ��� 
�
 ;dE	ox>AE#YAj	E¢@CBDgJ{xbLYA<Jb*j	<?YQZ?E	Idg?Eh�¥mL; �[@¢Fcbd<JbeBfjzGJ]f] �J��bd{AE 8HId;²b�b � <�@C<?@CE#YQbe;L<Ju
be{AEkFAId<[j#E	;d;�@¢Bfg?{Qb�E	ZJE#Y�a�E6BfYF8HYAB«beEh�QBDY �n{ABDj¤{¢jzGJ;=Ekbd{AE6FcId<[j#E#\c>AIdEk>A;dE	\wuv<?I�aA>ABf]D\ABfYAg�be{cE
 15 � � � � 
 � ��� 
�
 ;=E#ox>AE	YAj#E�BD;�@CEzGJYABfYAg?]fE#;d;	� i E	Z[B G�beBD<JYA;GJa�<?>cb�;dE	j#<?Yc\:�t<?I=\AE#I¥;=b¤G�beBD<JYHGJIdB«b �
@¢Bfg?{QbwaABDGJ;¢bd{AE4j#<JYxZJE#I=g?E#YAj	E¯<Ju*be{AES\ABD;²beIdBfaA>cbdBD<?YA;	�0E	ZJE#Y be{A<J>Ag?{ 8HYAB«beE¶\cBD;dj	IdE�beE��_beBf@¢E
FAId<[j#E	;d;dE	;�{HGzZ?E 8HYAB«beE�@C<?@CE#YQbe;	�Â°k<JbeE�bd{HGhb � E/>A;=E�be{AE�bdE#Id@ ��;=E#ox>AE#Ycj#E���be<4IdE�uvE#Ibd<
be{AE4;=>Aj#j	E#;d;=BD<?Y�<Ju�;eGh@¢FA]fE#;/BfY�beBD@CE �n{cBD]DEÃbe{AE¶bdE#Id@ ��;=E#IdBfE#; �¶\AE	YA<JbdE#;/be{AE4;=E	b�<Jube{cE
 15 � � � � 
 � ��� 
�
 ;dE	o[>cE#YAj	E#;Luv<?I m = 1, 2, . . .
� {AE#Y <?YcESIdE	;=bdIdBDj�be;wbd{AE¶;²be>A\ � <Ju*bd{AESFAI=<:j	E#;=;�be< B«be;C;dE#j	<?YA\:� <?Id\cE#I�FAI=<?F�E#I=bdBDE	;#�0be{AE	Y
j#<?@CE#;�|�£ i �n|�<JYAgh�tIdGJYAg?ES\AE#F�E#YA\cE#YAj	E � |�£ i ���0<JI/]D<?YAg��t@CE#@C<?I �J�kBf;�GJ;d;=<:j	B GhbdE#\ �nBfbd{
;dE#j	<?YA\:� <?Id\cE#In;=beGhbeBf<?YHGJI ��FAI=<:j	E#;d;=E#;	�$m ;dE	j#<?Yc\:�t<?I=\AE#Ik;=beGhbeBf<?YHGJI ��FAI=<:j	E#;=;6\ABf;dFA]DG �:;n|�£ i
� Ä�>x�L4 ?�B���Bfu�Bfbd;nGJ>cbe<[j#<OZhGJI=B GJYAj	E r(k) a�E#{HGzZJE#;�Gh;

r(k) ∼ cr|k|2H−2 as |k| → ∞ �I4?�7:?�
�n{AE#Y 1/2 < H < 1 ��rtY�;d>Aj¤{�G�jzGJ;=EJ��be{AE�j	<?IdI=E#]DGhbeBf<?YA;q\cE#jzG �*;=<n;d]D<��n] �Lbe{AGhb ∑∞

k=−∞ r(k) =
∞ � � {AE	Y H = 1/2 �1be{AE�FcId<[j#E	;d;Bf;¥>AYAj	<?IdI=E#]DGhbeE	\ � r(k) ∼ 0 ���¯ª�Y bd{AE�<Jbd{AE#I�{HGJYA\"�
�n{AE#Y 0 < H < 1/2 � � E�;dF�EzG !C<Ju�;={A<?I=b²�tIdGJYAg?E6\AE#F�E#YA\cE#YAj	Ew� lc£ i ���[<?I�GhYxbdB«� F&E	Id;dBf;=bdE#YAj	EJ�\A>AELbd<YAE#g?GhbeB«Z?E�\AE	F&E	YA\AE	YAj#E¢� r(k) < 0 uv<JI k 6= 0 ��a&E�b �$E	E#Y/beBf@¢E6] GJgJ;#�)§0{AEL\ABfZJE#IdgJE#YAj	E<Ju1bd{AEj#<?I=IdE	] GhbdBD<?YA; �n{AE#Y 1/2 < H < 1 GJ]f;d<�@CEzGJYA;0bd{HGhb0be{cE�;=F&E	j	bdIeGJ]�\AE	YA;dB«b �/a&E	{HGzZ?E	;GJ;

f(λ) ∼ cf |λ|1−2H as |λ| → 0, �I4?� BQ�
{AE#YAj	En\ABfZJE#IdgJE#;�Ghb)bd{AEn<?IdBfg?BDY�� f(0) =∞ ����³$>cb�a�E#jzGh>A;dEn<Ju�;=beGhbeBf<?YHGJI=Bfb �J�Q|�£ i FAI=<:j	E#;=;dE	;jzGJYAYc<Jb�E� :{ABDacBfb � >Aj�be>HG�beBD<JYA;�Ghb1GJY��GJI=aABfbdIeGJI ��;dj#GJ]DEh�JGh;�\c<6;²beIdBfj	bd] ��;=E#]«u �t;dBf@¢Bf] GJI�FAI=<:j	E#;=;dE#;	�
mLY�<Ju bdE#Y�@CBD;²b¤G !hE#Y�I=E#]DGhbeBf<?YA;d{cBDFCa&E�b �$E	E#Y�|�£ i GhYA\�;dE	]fu � ;dBD@CBD]DGJIdB«b ��j#<?YAj	E#I=YA;�be{AE6BD@CFA]DB �
jzGhbdBD<?Y¯<Ju�|�£ i a �¯;²beI=BDj	b�;=E#]fu � ;dBf@¢Bf] GJI=Bfb �/uv<?I H > 1/2 �C§0{AE#I=EwGhIdECGJj	bd>HGJ]f] �Sb � <Ãb �[F�E#;<Ju6|�£ i a�E#{HGzZ[BD<?I��w<?YcE�be{HGhbBD;]fBD@CBfbeE	\Âbd<¶be{AE/;²beIdBfj	b'\cE 8HYAB«beBf<?Y BDY24J�;:¶GJYc\G4J�7BSuv<?IG
;dE#j	<?YA\:� <?Id\cE#I';=beGhbeBf<?YHGJI � FcId<[j#E#;=;'uv<?I �n{ABfj¤{ ;²beI=BDj	b;dE#]«u �t;=BD@CBD] GhIdBfb �¶\A<:E	;'YA<Jb'{c<?]D\"��GhYA\
be{AE'j	<?YA;dE	ox>AE#YAj	Ew<Ju |�£ i bd{HGhbGhIdBD;=E#;�uv<?I�G�;=beI=BDj�be] �Ã;dE	]fu � ;dBD@CBD]DGJInFAId<[j#E	;d;*uv<?I H > 1/2 �§0{AE6FcId<?aA]fE#@ BfYCbd{AE6j#GJ;dEk<Ju8;=E#]«u �t;dBf@¢Bf] GJI�FAI=<:j	E#;d;=E#;$uv<JI �n{c<?@ ;dE	j#<?YA\[�t<?I=\AE#I ;=b¤G�beBD<JYHGJIdB«b �
\A<:E	;6Yc<Jbk{A<?]D\�BD;0bd{HGhbLGJY���;dE#j	<?YA\:� <?Id\cE#I�GhYHGJ] �[;=BD;nBD;naABDGJ;dE	\Ãa���be{AE�YA<?Y[�t;=beGhbeBf<?YHGJI=Bfb �w<Ju
be{AE¢FAId<[j#E	;d;#�Sl:F�E#j�beIeGh]$GJYc\ j#<?I=IdE	] GhbdBD<?YÂGJYHGJ] �[;dBD;be{x>A;�a&E	j#<?@CE¢bdIdBfj"! ��a�E#j#GJ>A;dE¢be{AE¢IdE��
;d>A]«be;�<Ju�be{AE	;dE6GJYHGJ] �[;dE#;�@CBDgJ{xb)a&EnjzGh>A;dE	\¢a��'be{cE0;dE#j	<?YA\:� <?Id\cE#I�FAId<JF&E	I=beBfE#;�<Ju�be{cEkFcId<[j#E#;=;
GJ; � E#]f] Gh;¥aABDGJ;�uvI=<?@,YA<?Y:� ;=beGhbeBf<?YHGJI=Bfb � � 4 6QÄ��_��§0{ABD;�\ABf;=beBfYAj	bdBD<?Y�BD;�YA<Jb¥@¢E	IdE	] �4uv<?I=@wGJ] �
aA>cb'{HGh;'BD@CF&<?I²b¤GJYQb�FAIeGhj	beBfjzGJ] j#<?Yc;dE#ox>AE	YAj#E	;w<?Y bd{AE�b �[F&E/<hu6FcId<[j#E#;=;�j#<?YA;=BD\AE	IdE	\"� �H<?I
E� cGJ@CFA]DEh� B«b'BD;�YA<JbCGh] �$G �[;�F�<?;d;=BDaA]fE�be<�\ABD;²beBDYcg?>ABD;={ BDY \ABf;dj#I=E	bdE�;=BDg?YAGJ]D;'a�E	b � E#E	Y�FA>AI=E
;=b¤G�beBD;²beBfjzGJ]�j#<JIdIdE	] GhbdBD<?Yc;kbd{HGhb*;=FHGJY4@C<?IdE�be{HGJYÃbe{AE]fE#YAghbe{¶<Ju�bd{AE;²be>A\ABfE#\4;dGJ@¢Fc]DEJ�&FA>AI=E
|�£ i GJYc\'|�£ i FcId<[\A>Aj#E	\a��Gk;dE	]fu �t;=BD@CBD]DGJI"FAI=<:j	E#;d;	��ª�YA] �*bd{AE !xYA<��n]DE	\Ag?E <JuHbe{AE FA{��[;dBDj	;
<Juqbd{AEnFAId<[j#E	;d;$j#GJYC@wG !hEkbd{AEk\AB 	&E#I=E#YAj	E6a�E	b � E#E	Ywbe{AE	;dE6FAId<[j#E	;d;dE	;$<?I�bd<�I=E#] �<?YwG]D<JYAg?E#I
beBD@CE�� ;dE	IdBDE	;#�cGJ; �nBD]D]&a&EBf]D]D>c;=beIdGhbeE	\�BDY/bd{AEYAE� [b6;dE#j�beBf<?Y"�
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KL�?�HUWVW®�XÂ��NQMONR�JM�Vv¡�® VW®��������JM�VP�?N
§0{AE0FAIdE�Z[BD<?>A;�;=E#j�beBD<JY'\AEzGJ]«b �nB«be{be{cE#<?I=E	beBfjzGJ]:FAId<JF&E	I=beBfE#;)<hu&;=BDg?YAGJ]D;	�1§0{AE0Fc>AIdF�<?;dE0<hu�bd{ABD;
;dE#j�beBf<?YÂBf;*be<�;dE#Yc;dBfbdB��	E�bd{AECIdEzGh\AE#Ibe<�be{AEC\AB <¢j	>A]fb �¶<Ju$;=jzGJ]fBDYAg�\AE�beE	j	beBf<?Y GhYA\�bd{AECaAB GJ;
jzGJ>A;=E#\¯a��¶YA<JY:�t;²b¤GhbdBD<?YHGhIdBfb �J�³$E#j#GJ>A;=ECBfY¶IdE#GJ]);=BDg?YHGh]D;LYcE#Bfbd{AE#I�|�£ i YA<?I�;=E#]«u �t;dBf@¢Bf] GJI=Bfb �
<:j	j#>AI)BfY�GJY�GJ; �:@CFcbd<JbeBfj$;dE	YA;dEh�Qbe{AE	;dE0b �$<FAI=<?F�E#I=bdBDE	;)F&<JBDYQb)<?>:b)be<�b � <\AB 	&E#I=E#YQb)b �[F&E	;�<Ju
;dBDgJYHGJ]D;	��|�£ i Bf;0IdE#]DGhbeE	\�be<�;=beGhbeBf;=bdBDjzGh]q\AE	F&E	YA\AE#Ycj#E �nBfbe{cBDY�be{cE�beBD@CE�� ;dE	IdBDE	;#�)rtY�FAIdGJj	bdBDj	E
\AE#F�E#YA\cE#YAj	ECBfY¶G¢bdBD@CE�;=E#I=BDE#;L{HGJ;*GJY4>cFAF&E	I�j#>:be< 	�ZhGJ]D>AE�j#<?I=IdE	;dF�<?YA\ABfYAgwbe<¢be{AE]DGJIdgJE#;=b
j#<?I=IdE#]DGhbeBf<?Y]fE#YAgJbd{'a&E�b �$E	E#Y�b �$<beBf@¢E BDYA;²b¤GJYQbd;#��³ � ��]DGJIdg?E	;=b�j#<?I=IdE#]DGhbeBf<?Y]fE#YAgJbd{'a&E�b �$E	E#Y
b �$<�beBf@¢EBfYA;=beGJYQbe; �¤� �$E�@CEzGJY4bd{AE�;d@¢GJ]D]fE#;=b�\ABD;²b¤GJYAj	E�a&E�b �$E	E#YÂb � <ÃbdBD@CEBDYc;=b¤GhYxbd;*be{HGhb
@wG !hE#;bd{AE/GJ>cbd<:j	<?IdI=E#]DGhbeBf<?YÂuWGJ]f] a�E#]f<�� bd{AE�Åc� @ :Ãj	<?YF8H\AE	YAj#E�]DBf@¢B«b<Ju 2/

√
N �n{AE	IdE NBD;Lbd{AE']DE	YAgJbe{¯<Ju�bd{AE';eGJ@CFA]fEJ�¥§0{cE¢Gh>cbe<[j#<?I=IdE	] GhbdBD<?YÃ<Ju G/bdBD@CE�� ;dE#I=BDE	;�BD;Lbd{AE'j#<JIdIdE	] GhbdBD<?Y

a&E�b �$E	E#Y be{AE�<JIdBDgJBDYHGJ]�bdBD@CE��t;=E#I=BDE#;¥GJYA\ bdBD@CE��t;={ABfu bdE#\�Z?E#I=;dBf<?YA;'<Ju0bd{AE�beBf@¢E»�t;dE	IdBfE#;#�S§0{AE
GJ>cbe<[j#<JIdIdE	] GhbdBD<?Y�uv<JI�bdBD@CE�] GJg t @¢E#GJ;d>AI=E#;�be{AE�j#<JIdIdE	] GhbdBD<?Y �nB«be{ABfYbd{AE�beBD@CE�� ;dE	IdBDE	;8a&E�b �$E	E#Ybe{AE¢;eGJ@CFA]DE	;�;=E#FHGhIeGhbdE#\ a�� t bdBD@CE�BDYQbeE	I=ZhGJ]D;	�Ã§0{cE�>AFAF�E#I�j#>cbd< 	 ZhGJ]f>AECBD;�bd{AEw;=@wGh]D]DE	;=bZJGh]D>AE'<Ju be{AE'bdBD@CE'] GJg�Ghu bdE#I �n{ABfj¤{Âbe{cE¢Gh>cbe<[j#<?I=IdE	] GhbdBD<?Y4<Ju�be{cECbdBD@CE��t;=E#I=BDE#;6uWGJ]D]f;*a&E	]D<��
be{ABf; 2/

√
N j	<?YF8H\AE	YAj#En]fBD@CBfbz��|�£ i BDY¥bd{ABD;�;dE#Yc;dE0@¢GJYABfuvE	;=bd;1uvId<J@ bd{AE�;d@¢GJ]f]DE#;²b�bdBD@CE#;dj#GJ]DE

>AF�bd<'be{ABf;0>AFAF�E#Inj#>cbd< 	4ZhGJ]D>cEJ�
��ox>HG�beBD<JY 4?�`Æ�\cE 8HYABfYAg;²b¤GhbdBD;=bdBDj#GJ]H;dE	]fu �t;=BD@CBD]DGJIdB«b �\A<:E	;$YA<hb$j#GJIdELGJa&<J>cb GJY��¢j	>cb=� < 	�ZhGJ]D>AE
a&E	jzGJ>A;=E*Bfb BD;$GJ; �[@CFcbe<JbdBDjh�[bd{AE�\AE 8HYABfbdBD<?Y¢<?YA] �¢\cE 8HYAE	;nGIdE	] GhbdBD<?YA;={ABDFCa�E	b � E#E#Y/bd{AE�<?I=BDgh�
BDYHGJ]kFAI=<:j	E#;d;�GhYA\ Bfbd;  15 � � � � 
 � ��� 
�
 ;=E#I=BDE#;�uv<JI m g?<?BDYcgÂbe< BfYF8HYAB«b �?� §0{AE4I=E#]DGhbeBf<?Y BfY
��ox>HG�beBD<JYG4J�sÆ4{A<J]D\A;uv<?I¥] GJI=g?EwZhGJ]D>cE#;'<Ju m � ;²b¤GJI²beBfYAg¯Ghb�;d<J@¢EwZhGJ]f>AE/<Ju m � � IeGJj�beBfjzGJ]j#<?YA;²beIdGJBDYQbe;L{A<��$E�Z?E#I*I=E#ox>ABfIdE¥bd{HGhb�bd{AE]DE	YAgJbd{¶<Ju�be{cE;eGJ@CFA]fE�a�E 8HYAB«beEh�q;d</<JYA] ��be{cE  15
� � � � 
 � ��� 
�
 ;=E#I=BDE#; >AFwbd<¥G�g?BfZJE#YwZhGJ]f>AE6<hu m jzGhYwa�ELj#<J@¢FA>:beE#\q�)§0{AELbdBD@CE��t;=E#I=BDE#;�GJYAGJ] �[;=b
BD;nbe{x>A;�uWGJj	E#\ �nB«be{Sbd{AE¥\A<J>AaA]DE�BD;=;d>AE<hu 8HYA\ABfYAgwbd{AE¥ZhGJ]D>cE�<Ju m uvI=<?@ �n{ABDj¤{4;²b¤GhbdBD;²beBDj#GJ]
;dE#]«u �t;=BD@CBD] GhIdBfb ��;dE#E	@¢;*bd</{A<?]D\q��GJYA\¯<Ju IdE#] �[BDYAg/<?Y�G/;d>�<¢j	BDE	Yxbd] �4]f<?YAgwbdBD@CE�� ;dE#I=BDE	;Lbe<�a�E
GJaA]DE�bd<�E#;=bdBD@¢GhbeE�bd{AE�ZhGJ]D>cE*<Ju H BDY���ox>HGhbdBD<?Y 4?�`ÆA�
l:E#]«u �t;dBf@¢Bf] GJI=Bfb ��BD;wGÂ;=<?I=b/<hu*g?]D<JaHGJ]n\AE#F�E#Yc\AE#YAj	E¯GJIdBf;dBfYAg�bd{AId<J>Ag?{ bd{AE¶j#<JYA;dBf;=beE	YQb/IdE	] G��
beBD<JYA;d{ABfF a�E	b � E#E	Y�be{AE�<?I=BDg?BfYHGJ]$bdBD@CE/;dE#I=BDE	;�GJYA\ Bfbd;  15 � � � � 
 � ��� 
�
 ;=E#IdBfE#;	� � {ABD]fE�bd{ABD;
;dE#]«u �t;=BD@CBD] GhIdBfb �BD@CFA]DBfE#;�|�£ i uv<JI H > 1/2 BfY/be{AE;dE	j#<?Yc\:�t<?I=\AE#Ik;=beGhbeBf<?YHGJI ��j#GJ;dEh��GJYÃ>cF:�F&E	I�j#>:b=�t< 	¢ZhGJ]f>AE uv<?I�be{cE�j#<?I=IdE	] GhbdBD<?Y�]DE	YAgJbe{¥<Ju�G�|�£ i ;dBDgJYHGJ] �nBD]D]x@¢G !JE$GLYA<?Y[�tYAE	g?]DBfg?BDaA]fE
\AB 	&E#I=E#YAj	Ea&E�b �$E	E#Y�;dE	]fu �t;=BD@CBD]DGJIdB«b ��GJYc\¯|�£ i BDYSFAIeGJj�beBfj#EJ�³ E#jzGh>A;dE�|�£ i ;=be<JFA;*Ghb�bd{ABD;
j#>cbd< 	¶ZhGJ]D>cE��Wj#GJ]D]&Bfb C ��� �n{ABDj¤{�jzGJY�a�E*;d@¢GJ]D]fE#I�be{HGhY�bd{AE*]DE	YAgJbd{�<hu�bd{AE�beBf@¢E»�t;=E#IdBfE#;	�:be{cE
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§0{AE#Y"�kbe{AE4Fc]D<Jbw<Ju s2(m) GJ;�G uv>AYAj	bdBD<?Y <hu m <?Y�G ]f<?gh�t]f<?g�;djzGh]DE¶;={A<?>A]f\�uv<?]D]f<�� uv<JI
] GJI=g?E�ZhGJ]D>AE	; <hu m G�;=beIdGJBDgJ{xb�]fBDYAE �nB«be{CYAE#gQG�beBfZJE6;=]D<?F�E 2H−2 ��³$E#j#GJ>A;=E6be{cBD; � � � � 
 � ��� 
�

� ������� � � 
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�
 ;dE	ox>AE#YAj	ELGhYA\
YA<JbkG']D<[jzGJ]q<?YAEC�vuv<JI0;d>AaA;=E	bd;L<Ju�be{AE;=E#ox>AE#Ycj#EO�»�&B«bnjzGJY�a�EG 	qE	j	bdE#\Sa��/Yc<?Y:�t;²b¤GhbdBD<?YAGJIdB«b �?�
§0{AEnFAIdE�Z:Bf<?>A;�b � <�E	;=beBf@wG�be<?I=;)@wGhBDYA] ��\cEzGJ] �nB«be{'be{AE0FcId<[j#E#;=;�ZhGJI=B GJacBD]DB«b �¢�W;=E#j#<JYA\¢<JId\AE	I¤���
{AE#YAj	E/j¤{HGJIdGJj	bdE#IdB��#E�bd{AE�E� [bdE#YQb�<Junbe{AE¢ZJGhIdB G�beBD<JYA;�BfY be{cE�;dBfg?YHGJ]$GJYA\ be{cE#BDI�F&E	Id;=BD;=bdE#YAj	E
�nBfbe{/bdBD@CE*GJg?g?I=E#gQG�beBD<JY"�
§0{AECbd{ABDI=\ÂE	;=bdBD@¢Ghbe<?I6uv<?I H ��bd{AE�j#<?I=IdE	]D<?g?IdGJ@��8IdE#]fBDE	;�<JY�bd{AECbdBD@CE'\AE#F�E#Yc\AE#YAj	E �nB«be{ABfYbe{AE�;dGJ@CFA]DE	;#�)|8<?Ycgh�tIdGJYAg?E�\AE#F�E#Yc\AE#YQb�\HGhbeGL;d{A<J>A]D\'E  c{cBDaAB«b�Z?E	I �¥;d]D<��n] ��\cE#jzG �[BDYcg*;eGJ@CFA]DE
j#<?I=IdE#]DGhbeBf<?YA;nFAI=<?F&<JI=beBf<?YHGJ]"bd< k2H−2 uv<?I 1/2 < H < 1 � k I=E#FAI=E#;=E#YQbeBfYAg�be{AE�beBf@¢E�] GJgCBDYbe{AE;=E#I=BDE#;	�¥§�</;eG �4GhY �xbd{ABDYAg/@CEzGhYABDYAghuv>A]1aAGJ;dE	\�<JY¯bd{AE'GJ>:be<[j#<?I=IdE#]DGhbeBf<?YÃuv>cYAj	bdBD<?Y r(k)IdE#ox>ABfIdE	;�be{cE/GJ;d;=>A@CFcbeBf<?Y <Jun;=E#j	<?YA\ <?I=\AE#I�;=b¤G�beBD<JYHGJIdB«b �?����GJI=B GhbdBD<?YA;BfYÂbe{cE�@¢E#GJY GhYA\
ZJGhIdB GhYAj#EBDY/bd{AE�;=BDg?YAGJ]8]DBf@¢B«b bd{AE�>c;dE�<Ju�bd{ABD;n;=beGhbeBf;=bdBDjJ�H{cE#YAj	E¥\AE»� beI=E#YA\cBDYAgCGJYA\�ZhGJIdBDGJYAj#E
YA<?Id@¢GJ]fB��#BfYAg¥;={A<?>A]f\�a&EF�E#I=uv<JId@CE#\�<?Y/be{AE;=BDg?YHGh]"a&E�uv<?IdEj	<?@¢Fc>cbeBfYAg'Bfb#�
��BDYHGh]D] �J� �n{ABD]fE�be{AE�bd{AIdE	E�FcIdE	Z[Bf<?>A;n@¢E�be{A<[\A; � E#I=E�aHGh;dE#\�<?Y/be{cEbdBD@CE�� \A<?@¢GJBDY"�?bd{AE98HYHGJ]
<?YAEnBD;�be{cEkF�E#I=BD<[\A<?g?IdGJ@��?BDY'be{cEkuvI=E#ox>AE#Ycj �Q�t\A<J@wGJBfY"�)r u&be{AEn;dE	IdBfE#;�E� :{ABDacBfbe; �6� �	� 5� 
� =��� 7
� |�£ i �nbe{cE#Y¶be{cE¥E#;²beBf@wGhbdE#\¶;=F&E	j	bdIeGJ]�\AE#Yc;dBfb �¶Ghbkbe{AE<JIdBDgJBDY�;d{A<?>c]D\¶a�E#{HGzZJE'GJ;�BfYSE#ox>HG��
beBD<JY 4J�7Bc� � ]D<Jb=beBDYcg�be{AE F&E	IdBD<[\A<?gJIeGJ@-YAEzGJI�be{cE <?I=BDg?BfY �nBfbd{Gn]D<?gh� ]D<?g0;=jzGJ]fE�;d{A<?>c]D\¥I=<?>Ag?{c] �
uv<?]D]f<�� G�;=beIdGJBDgJ{xbk]fBDYAE*<Ju�;d]f<?F&E 1− 2H �$§0{AE�aABDg?gJE#;=bkFAI=<?aA]fE#@ �nB«be{ÃuvI=E#ox>AE	YAj �Q�t\c<?@wGhBDY
;=b¤G�beBD;²beBfj#;wj	<?YAj	E#IdYc;�be{AE¶Fc{ �[;=BDjzGh]L@CEzGJYABfYAg <hu�� uvIdE	o[>cE#YAj � �Sj#<J@¢F�<?YAE	Yxbd; � 4 6QÄ:�$ÄAB�� � r u
be{AE6;dBDgJYHGJ]�BD;�\A>AEkbe<¥j	<?YQb¤GJBfY � E#]f]«�t\cE 8HYAE	\�F�E#IdBf<:\cBDj#B«beBfE#;#�hbe{AE	Y�G�;d@C<[<Jbe{AE	\wF�E#I=BD<[\A<?g?IdGJ@
@¢Bfg?{Qb�FAId<OZ[BD\AE6>A;dE�uv>A]�BDYcuv<?I=@wG�beBD<JY�GJa&<J>cb�be{AE6;dBDgJYHGJ]_^`;�FAId<JF&E	I=beBfE#;	�)rtY¢bd{AELj#GJ;dE6<Ju";²b¤GhbdBD;²�
beBDj#GJ]�;dE	]fu �t;=BD@CBD]DGJIdB«b �¥<?YCbe{AEL<Jbe{AE	I${HGhYA\"�:bd{AE#I=E�GJI=ELYA<hb0GJ] ��G �[;�g?<[<:\¢IdE#GJ;d<?Yc; be<�be{ABfY !�<Ju
@¢E#GJYABDYcgJuv>A]8uvIdE	o[>cE#YAj �¶j#<J@¢F�<?YAE	Yxbd;LBfYSbe{AE�FAId<[j#E	;d;	�"{AE#Ycj#Euv<[j#>A;=BDYAg¢<?YSbe<[<w;=@wGh]D]�;d>Aa[�
;dE	bd; <hu&bd{AE6F�E#I=BD<[\A<?g?IdGJ@ @¢Bfg?{Qb�F&<?;=EnFAId<?ac]DE#@C;#�1mLY�� ��G �J�HG�uvIdE#ox>AE	YAj �Q� \A<?@¢GJBDY¢GJYHGJ] �[;dBD;
@¢Bfg?{Qb�;d{A<�� be{AGhb$gJ]D<?aHGh]H;djzGh]DBDYcg�E  :BD;=bd;$BfYCbd{AEL;=BDg?YHGh]Abe{AI=<?>Ag?{wG 1/f Yc<?BD;=E��t]fB�!hEka�E#{AGOZ[Bf<?IBDY be{AE/;=F&E	j	bdId>A@ � 4�4�Ä:� 4�4 6�� � l:E#E�GJ]f;d< � >��0uv<?I�G4\ABD;=j#>A;=;dBf<?Y <hu6bd{AE�E#;=bdBD@¢GhbeBf<?Y <Jukbe{cE
;dF�E#j	bdId>A@ <hu 1/f FAId<[j#E	;d;=E#;6BDY/be{AE �$GzZ?E#]fE	b6\A<?@¢GJBDYq�
y6;dBfYAgSE	;=bdBD@¢Ghbe<?I=;�bd{HGhb¥IdE#] ��<?Y GÃ;²b¤GhbdBD<?YAGJIdB«b ��GJ;d;=>A@¢F:beBD<JY �nBfbd{ YA<?Y[�t;=beGhbeBf<?YHGJI �¯\HGhbeG
@¢Bfg?{Qb acB GJ;�be{AE�E	;=bdBD@¢GhbeBf<?Y � :?Äx�J4zÆxÄ �_��m-;dE	]fu �t;=BD@CBD]DGJI);dBfg?YHGJ]�BD\cEzGJ]f] �'I=E#ox>ABDI=E#;0GhY/GJYHGJ] �[;dBD;
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be<[<?]�jzGJFAGJaA]DE�<Ju$\ABD;=E#YQb¤GhYAg?]DBfYAg/be{AE�;=jzGJ]fBDYAg�FAId<JF&E	I=beBfE#;�Ghb�EzGhj¤{ beBf@¢E	;djzGh]DEJ�CrtYÂbd{AE�jzGJ;=E
<Ju�G ;dBDgJYHGJ]kj#<?YQb¤GhBDYABfYAg a�<Jbe{ \AE	F&E	YA\AE	YAj#EÂGJYA\ ;=E#]fu � ;dBf@¢Bf] GJI=Bfb �?��<?YAE4{AGJ;wbe< j¤{cE#j"!�be{cE
jzGJ>A;=E/<Junbe{ABf;\AE	F&E	YA\AE#Ycj#EJ� m j#<?@C@¢<JY FAIeGhj	beBfj#E�BfY beBf@¢E»�t;=E#IdBfE#;'GhYHGJ] �[;=BD;¥Bf;¥be<4@C<[\AE#]
YA<?Y:� ;=b¤G�beBD<JYHGJIdB«b �¥a��¢G*beIdE	YA\�GhYA\wI=E#@C<�ZJE6B«b�uvId<?@�be{AEk\HGhbeG�a�E	uv<?I=ELGhYHGJ] ���	BDYAg*be{cE6;=BDg?YHGh]_�
rtY�bd{AEjzGJ;=E<Ju�;=jzGJ]fBDYAg'FcId<[j#E#;=;dE	;6{A<�� E	ZJE#I#��B«bnBD;�\AB <Cj#>A]«b�be<�\ABf;=beBfYAg?>ABf;d{/a�E	b � E#E	Y¶GJj�be>HGJ]
F&E	IdBD<[\ABfj)j#<?@CF�<?YAE#YQbd;#��YA<?Y:� F&E	IdBD<[\ABfj);d{AB«u be;�BDY*bd{AE @CEzGhY"��<?I�] GJI=g?E)ZhGJIdBDGhbeBf<?YA;qBfY�bd{AE�;dBfg?YHGJ]
\A>AE¢bd<4GÃ]DGJIdgJECZhGJI=B GJYAj	EJ�Ãl:BfYAj#E¢;djzGh]DBDYcgÃFAI=<:j	E#;=;dE#;'{AGOZJE�YA<¶FAGJI=bdBDj#>c] GJI]D<[jzGh]DB��#GhbeBf<?Y¶BfY
be{AE¥uvI=E#ox>AE	YAj �Q�t\c<?@wGhBDY �vYA<�j¤{HGJIdGJj	bdE#I=BD;=bdBDj�beBD@CE#;=jzGJ]fEO�»�&B«bLBf;L<Ju bdE#Y4BD@CF�<?;d;=BDaA]fEbd<�\AE	j#BD\cE
�n{AE	bd{AE#I�<JYAEL;={A<?>A]f\�@¢<[\AE	]�bd{AEL]f<?YAg�bdBD@CE#;=jzGJ]fE#; �nBfbe{wG¥;dE#GJ;d<JYHGJ]&bdIdE	YA\/<?I�YA<Jb�@C<[\AE#]�Bfb
GhbkGJ]D]qGJYA\�]DE�bn;dE#]«u �t;=BD@CBD] GhIdBfb �E� :FA] GhBDY�YA<?Y:� ;=beGhbeBf<?YHGJI=Bfb �Cbe{HGhbn]f<:< ![;0]fB�!hE*GCF�E#I=BD<[\ABDj	Bfb �J�

3 � � ��� � $���9 ��9 � � � $�7:9L�¨7R*J$��I& ��+ �L9 � 9L* � &I � ∗
§0{AE¢E	;=bdBD@¢Ghbe<?I=;BDYQbeI=<:\A>cj#E#\�BDY¯be{cE¢FAI=E	Z[BD<J>A;�;=E#j�beBD<JYA;¥GhIdE'be{AEC@C<?;=b �nBD\cE#] �¶>A;dE	\ <?YAE	;
BDY�be{cE�]fBfbdE#IeG�be>AI=EJ��°kE	Z?E	I=bd{AE#]fE#;d;	��bd{AE#BfI�>A;=E�uv<?I$;djzGh]DBDYcg'FAId<[j#E	;d;dE	;LBf;0{ABDg?{c] �¢o[>cE#;=bdBD<?YAGJaA]DE
a&E	jzGJ>A;=E¥<Ju�be{AE�aAB GJ;nuvId<J@ YA<?Y:� ;=b¤G�beBD<JYHGJIdB«b �/BDY�;dj#GJ]DBfYAgCFAId<[j#E	;d;dE	;#� � GzZ?E	]DE�b=�taAGJ;dE	\¶be<[<?]D;
j#<?YA;²beB«be>cbdE'G/] GJI=g?E¥;²beE#F¯uv<?I ��GJI=\4BDY¶bd{AE'\AE	bdE#j�beBD<JY�<hu ;=jzGJ]fBDYAg¢be{HGJY ![;*bd<�G�]DBD@CBfbdE#\ÃaAB GJ;
uvId<?@ YA<?Y:� ;=beGhbeBf<?YHGJI=Bfb �CBDYwbd{AE*E#;²beBf@wGhbdBD<?Yq��m \AE�b¤GJBf]DE#\¢beIdE#Ghbe@CE#YQb0<hu �$GzZ?E	]DE	b6GJYAGJ] �[;dBf;�BD;
<?>cbe;=BD\AEnbe{cE6;=j#<?F�EL<Ju&be{ABf;�be{AE	;dBD;	� �6E	IdE � EL<JYA] �'BfYQbeId<[\A>Aj	E6aAGJ;dBfjkFcId<?F�E#I²beBDE	; <hu ��GzZJE#]DE�be;	�
��<JI¥GSj	<?@CFA]DE�beE¢bdIdE#Ghbe@CE#YQb<hu ��GzZ?E	]DE�bbe{AE	<?I � GJYA\ GJYHGJ] �:;=BD;	� �$EwIdE	uvE	I¥I=E#;dF�E#j�beB«Z?E#] � bd<
�7:hÆ���GJYA\ �7:x�HÆA� B�� �
� GzZ?E	]DE�b);dBfg?YHGJ][\AE	j#<?@CF&<J;dBfbdBD<?Y�j#<JYA;dBf;=be;�BDYGhYHGJ] ���	BDYAg6GL;dBfg?YHGJ] X(t) bd{AId<?>cg?{GLaAGJYA\AFHGh;d;<?;dj	BD]D]DGhbeBfYAgÃuv>cYAj	bdBD<?Y ψj,k

�n{AE#I=E j IdE	FAIdE	;dE#YQbd;¢be{cE�bdBD@CE#;=jzGJ]fE/GJYA\ k be{AE/bdBD@CE�BDYA;²b¤GJYQb#�§0{AId<?>cg?{A<?>cbCbe{cBD;�j¤{HGJFcbdE#I	��;d@¢GJ]D] ZJGh]D>AE	;C<hu j IdE	FAIdE	;dE	Yxb¢be{AE�;d@¢GJ]f]DE#;²b'beBf@¢E	;djzGh]DE#;�GhYA\] GJI=g?EkZhGJ]f>AE#; IdE	FAIdE	;dE#YQbnbe{cE�] GJI=g?E#I�beBf@¢E	;dj#GJ]DE	;#��³ �¢;dj#GJ]DBfYAgGhYA\�;d{cBfu beBfYAg�bd{ABD;�uv>AYAj�beBD<JY ψ �Bfb0Bf;�F&<J;d;dBfaA]DE6be<�aAIdE#G !¢bd{AE;dBfg?YHGJ]&BDYQbe<'B«be;$bdBD@CE#;dj#GJ]DELFHGJI=bd;�� Ghb$beBD@CE#;=jzGJ]fE j ��GJYA\ �nB«be{ABfYEzGJj¤{�beBf@¢E	;djzGh]DE*GJ]f<?YAgbd{AE*beBD@CEG  :BD;��WGhb0beBf@¢E k ���

ψj,k(t) = 2−j/2ψ(2−jt− k), j ∈ Z, k ∈ Z � 4?� ?Q�
�n{AE#I=EÃbe{cE ψj,k(t)

uv<?Id@ GJY <?I=bd{A<?YA<JId@¢GJ]�aHGJ;=BD;C<Ju L2
�$bd{AEÃ;=FHGJj	ES<Ju6b �nBDj#E�BDYQbdE#g?IdGJaA]DE

uv>AYAj	bdBD<?Yc;#��m6Y���;dox>HGJI=EkBfYQbeE#gJIeGJaA]fE0;dBfg?YHGJ]:jzGJYC{AE#Ycj#Eka&EnGJFcFAId<  :BD@¢GhbeE	\�a �'G98AYABfbdE0]DBDYcEzGJI
j#<?@acBDYHGhbdBD<?Yw<Ju1bd{AE ψj,k(t)

�
m \ABf] GhbdBD<?Y�GJYc\¶;d{AB«u beBfYAg¢<JF&E	IeGhbdBD<?Y�a��¶G�uWGJj	bd<?I (j, k) @¢<OZJE#;Lbd{AE¥<?I=BDg?BfYHGJ]quvI=E#ox>AE	YAj � f0<Juqbd{AE6uv>AYcj	beBf<?Y ψ bd<�uvI=E#ox>AE#Ycj � 2−jf0

�n{ABf]DEn;d{cBfu be;�Bfb�BfYCbdBD@CEka��¢G*uWGJj	bd<?I <hu 2jk ��£nE#j#GJ]D]be{HGhb�] GJI=g?E#I$ZhGJ]f>AE#;$<Ju j IdE	] GhbdELbe<']DGJIdgJE#I bdBD@CE#;=jzGJ]fE#;#�:{AE#Ycj#E;d@¢GJ]D]fE#I�uvIdE#ox>AE	YAj#BfE#;�� 2−jf0
���

��BDg?>cIdE 4?� 6�;={A<��n;$be{AEnbeBf]DBfYAg*<Ju"bd{AEkbdBD@CE��_uvIdE#ox>AE	YAj ��Fc] GJYAE �n{AE	Y�>A;dBfYAg�G�\ �?GJ\ABDjk\ABf] GhbdBD<?Y
GJYA\ ;={ABfu bdBDYAg�<?F�E#IdGhbe<JId;#��ª�Y ��Bfg?>AIdE 4?� 6c� � Ew;d{c<�� bd{AEC<?IdBfg?BDYHGh]1uvIdE	ox>AE#YAj � f0

GJYc\Âbe{cE
j#<?I=IdE#;=F&<JYA\ABDYcg�bdBD@CEIdE	;d<?]f>cbeBf<?Y"�'m \ABf] GhbdBD<?YS<?F&E	IeGhbdBD<?Y4<hu$uWGJj�be<?I j @¢<OZ?E	;�bd{AE�<?IdBfg?BDYAGJ]uvIdE#ox>AE	YAj � f0

bd< 2−jf0
�H{AE	YAj#E�g?<?BfYAgbe<CG'j#<QGhId;dE	I0beBD@CE*IdE	;d<?]f>cbeBf<?Y/<Ju�GuWGJj	bd<?I 2j �
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��BDgJ>AIdE 4?� 6 ��§0Bf@¢E»� uvIdE	ox>AE#YAj �/FA]DGJYAE�uv<?I0\ �?GJ\ABfj�\cBD] G�beBD<JY�GJYA\�;d{cBfu beBfYAg'<?F�E#IdGhbe<?I=;#�

§0{AE \ABf;dj	IdE	bdE �$GzZ?E#]fE	bÃbeIeGhYA;=uv<?I=@ GJ]DgJ<?IdB«be{A@ F&E	I=uv<?I=@¢;�G \ �QGJ\ABfjÂbdIdE#E�\AE	j#<?@CF&<J;dBfbdBD<?Y
�W@>A]«beBfIdE#;=<?]D>:beBD<JY�GJYHGh] �[;dBf;¤�$<Ju�be{AE;=BDg?YHGh]

X(t) =
∑

k

cX(j0, k)φj0,k +

J
∑

j≤j0

∑

k

dX(j, k)ψj,k(t)
�I4?�7@?�

�n{AE#I=E�be{AE 8HI=;=b�bdE#Id@ <?Y'be{cE�IdBfg?{Qb=�t{AGJYA\;=BD\AE0I=E#FAI=E#;dE	YQbe;�GJYCGJFAFAI=<  cBf@wG�beBD<JY¥<JuHbd{AE0;dBfg?YHGJ]
�n{ABD]fE�be{AE�;dE	j#<?YA\ÃbeE#I=@ IdE	FAIdE	;dE#YQbd;Lbe{AE�\AE�b¤GJBf]D;#� j0 a&E	BDYAg'bd{AE�I=E#;=<?]D>cbdBD<?Y�\AE	Fcbe{"��B �sEh� be{cEj#<QGJI=;dE	;=b/I=E#;d<J]D>cbdBD<?Y Ghb �n{cBDj¤{�be{cE¶;dBfg?YHGJ]nBD;wGJYHGJ] ���#E#\q� §0{AE cX(j0, k)

GJI=ESjzGh]D]DE	\ bd{AE
;djzGh]DBDYcg�j#<[E <Cj#BfE#YQbe;�GJYc\ φ bd{AE';dj#GJ]DBfYAg�uv>AYAj�beBf<?Y"��§0{AE dX(j, k) GJI=E'jzGJ]f]DE#\¶bd{AE �$GOZJE#]fE	bj#<[E <Cj#BfE#YQbe;LGJYA\ÃGJIdE�<Ju);=F&E	j#BDGJ]�BDYQbeE	IdE#;²bLa�E#j#GJ>A;=E¥be{AE ��GJIdE�>A;=E#\4GJ;6G�;d>AaA;²beB«be>cbdE�uv<?I0be{cE
BDYAj	IdE#@CE#YQbd;�<Ju�be{cEFAId<[j#E	;d; X <OZJE#I�be{cE\ �QGh\ABDj¥bdIdE	E<Ju�be{AE�beBD@CE��_beBf@¢E	;djzGh]DE*FA]DGJYAEJ�L§0{AE
<?I=bd{A<?g?<?YAGJ]JaHGh;dBD;8FcId<?F�E#I²b �*<Ju φ GJYA\ ψ GJ]f]D<��4be{AE�E#GJ; �*j	<?@CFA>cb¤G�beBD<JY�<Ju[be{AE�j	<:E <¢j	BDE	Yxbd;�a �;dBD@CFA]fELBDYcYAE#I�FcId<[\A>Aj	bd; �nBfbd{wbe{AE*;=BDg?YAGJ]_�)§0{cE*YABDj	E�FAId<JF&E	I=beBfE#;�<hu�bd{AE �$GOZJE#]fE	b0beIdGJYA;²uv<?Id@
@wG !hE�bd{AE �$GOZJE#]fE	bj#<[E <Cj	BDE#YQbd;�a&E�bdbdE#I�;=>ABfbdE#\Suv<?I6;=beGhbeBf;=beBfjzGJ]�GJYAGJ] �[;dBf;LBfY¶j#<?@CFHGJI=BD;=<?YÃbd<
be{AE�<JIdBDgJBDYHGJ]QBfYAj#I=E#@CE#YQbe;�<huHbe{AE�FcId<[j#E#;=;#��rtY�GJ\c\ABfbdBD<?Y"��be{cE ��GzZJE#]DE�b�beIdGJYA;=uv<JId@ {HGJ;�G O(n)beBD@CEkj#<?@CFA]DE  :Bfb �?�:@wG ![BfYAg¥B«be; j#<?@CFA>cbeGhbeBf<?YwuWGJ;²bz���HId<?@ YA<��-<?Y"� �$E*;={HGJ]D]�\AE#GJ] �nB«be{�be{cE
d(j, k) BDYA;²beEzGh\Ã<Ju�be{cE�FcId<[j#E#;=;nBDYAj	IdE#@CE#YQbd; Xδ(k)

�
°6<�� ]fE	bL>A;*;d{A<JI=be] �¶\AE	;dj	IdBDa�E'{A<�� be{AE �$GzZ?E	]DE	b�j	<:E <¢j	BDE	Yxbd; d(j, k) GJIdE¥j#<?@CFA>cbdE#\"���H<?Ibe{ABf;#� � E0IdE	] ��<?Y'�1BDg?>AI=E!4J�sÆA� i >AI=BDYAgLbd{AE�;=>Aj#j	E#;d;=BfZJEkB«beE	IeGhbdBD<?YA;�<JuHbd{AE �$GzZ?E#]fE	b�GJYAGJ] �[;dBf;#�JG
\ABD;=j#IdE�beEkbeBD@CE�� \A<?@¢GJBDY�GhYHGJ] �[;=BD;D8H]fbdE#I$j	<?IdI=E#;=F&<?Yc\ABDYAg�be<¥bd{AE �$GzZ?E	]DE	b$uv>AYAj	bdBD<?Y¢BD;$GJFAFA]fBDE#\
<?Y¥be{cE$;dBfg?YHGJ][Ghb1be{AE ;d>Aj	j#E	;d;dB«Z?E0beBf@¢E	;dj#GJ]DE	;#��§0{ABD;�GJYHGJ] �:;=BD; 8H]fbdE#I�BD;�GL;dE	o[>cE#YAj	E0<Ju �$E	BDg?{Qbd;
� G 8H]fbdE#Ie�Cbe{HG�b�jzGJI=IdBDE	;/<?>cb/bd{AE �$<JI !xBDYAg <Ju�be{cE�j	<?YQbeBfY[>c<?>A; �$GOZJE#]fE	b�uv>AYAj	bdBD<?Yq� §0{ABf;
GJYHGJ] �:;=BD; 8H]fbdE#I1\A<:E	;1b � <�be{ABfYAg?;	�)��BfId;=b1Bfb1g?E	YAE#IdGhbeE	;�be{AE ��GzZ?E	]DE�b�j#<[E <Cj#BfE#YQbe;�IdE#FcIdE#;=E#YQbeBfYAg
be{AE'ZhGJIdBDGhbeBf<?YA;�BfY4be{AE�;dBfg?YHGJ])bd{HGhbj	<?>A]D\�a�EC@¢Ghbdj¤{AE#\�a��4be{AE'be{cE 8A]fbeE	IGhbbe{AE�j	>AIdI=E#YQb
beBD@CE#;=jzGJ]fE j � d(j, k) �»��l:E	j#<?YA\q�cbe{AE6GJYHGh] �[;dBf;#8H]«beE	I$GJ]f;d<�FAId<[\A>Aj	E#; bd{AELYcE � ;dBfg?YHGJ]1� c(j, k)<?Y���BDg?>cIdE 4?�`Æx� be<Ca�E�GhYHGJ] ���	E#\ÃGhb0be{AEYAE  [b6bdBD@CE#;dj#GJ]DE j + 1 �n{ABfj¤{ÃBf;�b �nBDj	E¥GJ;n]DGJIdg?E�GJ;
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be{AE�j#>cIdIdE	YQb¥beBf@¢E	;dj#GJ]DEh�'§0{ABD;�YAE � ;dBDgJYHGJ])j	<?YQb¤GJBfYA;E	Z?E	I �xbe{cBDYAgÃBDY¯be{AE�;dE	ox>AE#YAj	E/Ghbbe{cE
FAIdE�Z:Bf<?>A;6BfbeE	IeGhbdBD<?Y�be{AGhbLj	<?>A]f\¶YA<Jb6a&E�@wG�bej¤{AE	\¶a��Ãbd{AE �$GzZ?E#]fE	b�uv>cYAj	bdBD<?Y"�Ll:</Ghj	be>AGJ]D] �?�
be{AE ��GzZJE#]DE�bSbdIeGJYA;²uv<?Id@ I=E#]fBDE#;�<?Y�b �$< 8H]fbdE#I=;#�G {cBDg?{:� FHGJ;=; 8A]fbeE	I/be{HGhbÃg?E	YAE#IdGhbeE	;Ãbe{cE
��GzZ?E	]DE�b�j#<[E <Cj	BDE#YQbd;#�nGJYA\ GÂ]f<���� FHGJ;=; 8H]«beE	I�bd{HGhb¢g?E#YcE#IeG�beE#;Cbe{AEÃ;d@C<:<hbe{AE	\ ZJE#Id;=BD<?Y <Ju
be{AE*;=BDg?YHGh]&be<'a�EGJYHGh] ���#E	\�a���bd{AE*YAE  :bkB«beE#IdGhbeBf<?Yw<hu1bd{AEGJ]DgJ<?IdB«be{A@����H<?I uv>AI=bd{AE#I0\AE�b¤GJBf]D;
<?Y/be{AE � <?I !xBDYcg¢<Ju�be{cE�\cBD;dj	IdE�beE ��GzZJE#]DE�b6bdIeGJYc;=uv<?I=@Ã� �$E�IdE�uvE#I0be< � 4 ? :[�L4C??Å�� �

��Bfg?>AI=E 4?�sÆ � i BD;=j#IdE�beE¢�vuv<JI �$GJId\�� �$GzZ?E#]fE	bkbeIdGJYA;=uv<JId@��
mL;d;=>A@CE�<?YÃ��Bfg?>AIdE 4?�`Æ�be{HGhb � E�;²b¤GJI²b �nB«be{ÃGC;=E#ox>AE	YAj#Ej	<?YQb¤GJBfYABDYcg�4CBCF�<?BDYQbd;k<JY �n{ABfj¤{
�$EnF�E#I=uv<JId@�bd{AEn\ABD;=j#I=E	beE �$GzZ?E#]fE	b�beIdGJYA;=uv<JId@��1mku beE#I�bd{AE 8HId;²b B«beE	IeGhbdBD<?Y<hu&bd{AEkGJ]Dg?<JIdBfbd{A@��
�$E6g?E	b�be{cE ? ��GzZ?E	]DE�b�j#<[E <Cj	BDE#YQbd;*� d(1, k) �)IdE	FAIdE	;dE#YQbdBDYAg¥bd{AEnZJGhIdB G�beBD<JYA;�BDY�be{AEk<?I=BDg?BDGJYHGJ];dBDgJYHGJ]kGhbwG�beBf@¢E	;dj#GJ]DE�E#ox>HGJ]nbe<�b �nBDj	EÃbe{cESFAI=E#j#Bf;dBf<?Y <Ju*bd{AES<JIdBDgJBDYHGJ]$;dE#ox>AE	YAj#Eh� §0{ABf;
BD;/a�E#jzGh>A;dE¯be{AE�E 	&E#j�b�<Ju'GJY�� B«beE	IeGhbdBD<?Y <Ju�be{AE�GJ]fg?<?I=Bfbe{c@ Bf;�be< IdE#Fc] GJj	E¶be{AE�<?IdBfg?BDYAGJ]
;dE#ox>AE	YAj#E�a��Sbd{AE �$GzZ?E#]fE	bj	<:E <¢j	BDE	Yxbd;*BDY¶<JYAE{HGJ]«u�<Ju�be{cE';dE#ox>AE	YAj#E�]fE#YAgJbd{"�"GhYA\4a��Sbe{cE
YAE � ;=E#ox>AE#Ycj#E�� c(j, k) �0bd<wa�EGJYHGh] ���#E	\S\A>AI=BDYAgCbe{AE�YAE� [bLBfbeE	IeGhbdBD<?Y�BfYÃbe{cE�<Jbd{AE#I6{HGJ]«u)<Jube{AE<?I=BDg?BfYHGJ]�;dE	o[>cE#YAj	EJ��§0{AEI=EzGJ;=<?Y�uv<JI$be{AE � <?I !xBfYAg�<Ju1bd{AE\ABD;=j#I=E	beE �$GzZ?E#]fE	bnbeIdGJYA;²uv<?Id@
GJ]Dg?<JIdBfbd{A@ BD;0be<¢GJ]D]f<�� GJ]f]"BfbdE#IdGhbeBf<?YA;�be<Ca�E�F�E#I²uv<?Id@CE#\�BDY:� ]DBfYAE�BDY�be{cE�;=FHGJj	E¥>A;=E#\¶a��/be{cE
<?IdBfg?BDYHGh]&;=E#ox>AE#Ycj#EJ� §0{AE<?IdBfg?BDYAGJ]q;=E#ox>AE#Ycj#E¥Bf;0{AE#Ycj#E�]D<?;²b0aA>cbnbe{cE�Gh]Dg?<?I=Bfbd{A@ {HGJ;na&<hbe{ÃG
;dFHGJj	ECGJYA\¶beBf@¢E¥j#<?@CFA]DE  :Bfb �Ã<Ju O(n) �n{AE	IdE n BD;6be{AE�]DE	YAgJbd{4<Ju�be{AE'<?I=BDg?BfYHGJ]�;dE	o[>cE#YAj	EJ�ª*Y���Bfg?>AI=E 4?�sÆc�
§0{AE/FAId<JF&E	I=beBfE#;bd{HGhb'@¢G !JE ��GzZ?E	]DE�bwGhYHGJ] �[;=BD;;=>ABfbeGJaA]DECuv<?I;²be>A\ �[BfYAg¯;djzGh]DBDYcg¶FAId<[j#E	;d;=E#;
GJIdE�bd{AE*uv<?]D]f<��nBfYAg �
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4?�n;dj#GJ]DEBfYQZJGhIdB GhYAj#E �kbd{AE ��GzZJE#]DE�baHGJ;=BD;�a�E#BfYAg/aA>ABf]fbLbd{AId<J>Ag?{¶be{cE'\ABD]DGhbeBf<?YÃ<JF&E	IeGhbd<?I#�
be{AEGhYHGJ] ���	BDYAg¥uv>cYAj	bdBD<?YA;�uWGh@¢Bf] ��{HGJ;nG'aA>cBD]fb²�tBfYw;dj#GJ]DBfYAgFAI=<?F�E#I=b �¢be{HG�bnIdE#FcId<[\A>Aj#E	;
;dj#GJ]DBfYAg'FAIdE	;dE	Yxb6BDY/bd{AE\HGhb¤G��

Ä:�nId<?ac>A;=bdYAE#;=;wGJg?GJBDYA;²b'YA<?Y[�t;=beGhbeBf<?YHGJI=Bfb ��¢bd{AE�@¢<hbe{AE	I ��GzZJE#]DE�b4� ψ0
�¥{AGJ;CG¯Yx>A@¥a&E	I

N ≥ 1 <Ju�ZhGJYABf;d{ABfYAg�@C<?@¢E	YQbe; ∫

tkψ0(t)dt ≡ 0, k = 0, ..., N − 1 �8GJ]f]D<��nBDYcgCbd{AE
��GzZJE#]DE�bnbe<CIdE#@C<OZ?E�GJY��/F�<?] �[YA<J@¢BDGJ]�bdIdE	YA\Ã<hu�<?I=\AE#In>AF�be< N − 1 �

6c�kGJ]D@C<?;²b�\AE#j	<?IdI=E#] G�beBD<JY �S>AYc\AE#ICbe{AESGJ;d;=>A@¢F:beBD<JY <Ju N ≥ H + 1/2 � g?]D<JaHGJ]n|�£ iGJ@C<?YAg$bd{AE�BDYAj	IdE#@CE#YQbd;8<Ju:bd{AE�FAI=<:j	E#;d;�j#GJYa&E)bd>AIdYAE	\�BfYQbe<0;d{c<?I=b²�tIeGhYAg?E�\AE	F&E	YA\AE#Ycj#E
� 4CBJÆ�� �

§0{AE#;=E'FAId<?F�E#I²beBfE#;LE	YA;d>cIdE¥bd{HGhbLbd{AE �$GzZ?E#]fE	b�bdIeGJYc;=uv<?I=@%j#GJFcbd>AIdE	;Lbe{AE¥;djzGh]DBDYcgwFAI=<?F&E	I=bdBDE#;
<Ju�be{AE*;=BDg?YHGh]��WF�<?BDYQb�4���GJYA\/be{AGhbkG;d<?>cYA\SGhYHGJ] �[;=BD;�<Ju�bd{AE*;dBfg?YHGJ]"a�E*F�E#I=uv<JId@CE#\�Ghb0E#GJj¤{
beBD@CE#;=jzGJ]fEnBDYA\AE	F&E	YA\AE	Yxbd] �C<Ju8<hbe{AE	I beBf@¢E	;dj#GJ]DE	;��vF&<?BfYQb�ÄJ��� �nBfbe{wG¥j#<JYxbdId<?]f]DE	\¢aABDGJ;�j#<?@CBDYAg
uvId<?@ YA<?Y:� ;=b¤G�beBD<JYHGJIdB«b �wBfY/be{AE;dBfg?YHGJ])�WF�<?BDYQb 6Q�»�
§0{AE;dE	j#<?Yc\:�t<?I=\AE#I �$GzZ?E	]DE	b²�taHGh;dE#\¯E	;=beBf@wG�be<?I6<Ju�;dj#GJ]DBfYAgA��be{AE �6� � � � ��� 
1
���� � � �� � | i � �7:��
j#<?YA;=BD;²be;�BDY¯FA]D<hbdbeBfYAg yj = log2(µj)

GJgQGJBfYA;=b j be<?gJE	be{cE#I �nBfbd{�bd{AE�j#<?YF8A\AE#YAj	EwBfYxbdE#I²ZJGh]D;#�
�n{AE#I=E

µj =
1

nj

nj
∑

k=1

|dX(j, k)|2. � 4?� 4OÅQ�

nj
BfY-��ox>HGhbdBD<?Y 4?� 4OÅ \AE	YA<JbeE	;�bd{AE¯Yx>A@a�E#I�<Ju ��GzZ?E	]DE�bSj	<:E <¢j	BDE	Yxbd;�Ghb�<:j�b¤GzZ?E j GhYA\

dX(j, .) IdE	FAIdE	;dE#YQb/bd{AE �$GOZJE#]fE	b/j	<:E <¢j	BDE	Yxbd;/Ghbw<:j�b¤GzZ?E j �-§0{AE �6� � � � ��� 
 
���� � � �� BD;wG
;dE#j	<?YA\:� <?Id\cE#I�;=b¤G�beBD;²beBfj'<Ju$bd{AE �$GzZ?E	]DE	b¥j#<[E <Cj#BfE#YQbe;be{AGhb�@¢E#GJ;d>AI=E#;be{AE�ZhGJIdBDGJYAj	EC<hu$be{cE
��GzZ?E	]DE�bj#<[E <Cj	BDE#YQbd;¥Ghb�E#GJj¤{ <[j	b¤GzZJE j �/l[jzGJ]fBDYAg�\AE�beE#j�beBf<?Y j#GJY a�E¢F�E#I²uv<?Id@CE#\4bd{AId<?>cg?{<?aA;dE	I=ZhGhbdBD<?Y <Ju*]DBfYAEzGhI¢Gh]DBDgJYA@¢E	YQb�<Ju�be{cESj#<JYF8H\AE	YAj#E4BfYxbdE#I²ZJGh]D;�<Ju*be{cE yj

�nB«be{ABfY ;=<?@¢E
<:j�b¤GzZ?E/IdGJYAg?Eh��r u���GhYA\ <?YA] ��B«ukGJ]DBfg?YA@CE#YQb¥Bf;\AE�beE#j�beE	\"� j#GJY be{cE/E#;=bdBD@¢GhbeBf<?Y <hu6;=jzGJ]fBDYAg
FHGJIeGh@¢E�beE#I=;0a&EF�E#I²uv<?Id@CE#\ � :��_�
§0{AE;d]D<JF&E�<hu1bd{AE| i BfYA\ABDj#GhbeE	;�ox>HGJ]fBfb¤G�beBfZJE�BDY:uv<?Id@¢GhbeBf<?Y�Gha&<?>:b�be{AE;=BDg?YHGh]_^`;$ZhGJIdBDGJaABD]fBfb �J�
§0{AIdE	E j#GJ;dE	;)GJI=E�F�<?;=;dBDac]DE)uv<?I8be{cE�;=]D<?F�E�<Jucbd{AE�| i ��YAE#gQG�beBfZJEJ�hGJa�<?>cb �#E	Id<A�hGJYA\�F&<?;=BfbdBfZ?Eh��m
;d]D<JF&E�<Ju:be{AE�| i GJa&<J>cb �#E#I=<kuv<JI8;d<?@CE�<:j�b¤GzZ?E�IeGJYcg?E�F&<?BfYQbe;"be<6G0FAId<[j#E	;d; �n{A<?;dE�ZhGJIdBDGJaABf]DBfb �
BD;*j#<JYA;=beGJYQb�<OZJE#I*be{AE�j	<?IdI=E#;dF�<?YA\cBDYAg/beBf@¢E	;dj#GJ]DE	;#��l:>cj¤{ G/FAI=<:j	E#;d;�BD;*>cYAj#<?I=IdE	] GhbdE#\"�8]fB�!JE
�n{ABfbdE¥YA<?Bf;dE�<?ILG � <?Bf;d;d<JY¶FAId<[j#E	;d;	�*r b�BD;kYA<JbL<?aQZ[BD<?>A;kbe<�>cYA\AE#I=;=beGJYA\ �n{��4G �#E#I=</;d]f<?F&E
BD@CFA]DBfE#;�GhY�>cYAj#<?I=IdE	] GhbdE#\�FAId<[j#E	;d;#�Cm �#E	Id<�;d]f<?F&E�<Ju�be{cE¢| i @¢E#GJYA;�bd{HGhbbe{AE�E  :bdE#YQb�<Ju
be{AE/ZhGJIdBDGJaABf]DBfb ��<Jukbe{cE�FcId<[j#E#;=;¢Bf;�BDYA\AE	F&E	YA\AE	Yxb¢<Jukbe{AE�j	<?YA;dBf\AE#I=E#\ beBD@CE#;=jzGJ]fEJ��GhbC]DE#GJ;=b
uv<?ICbd{AE¶j	<?YAj#E	IdYAE	\�beBf@¢E	;djzGh]DE�IeGJYAgJEJ� r u*bd{AEÃZhGJI=B GhbdBD<?Yc;CBfY GÂFcId<[j#E#;=;�\A< Yc<Jb�\AE	F&E	YA\
<?Y be{cEwj#<JYA;dBf\AE#I=E#\ beBf@¢E	;dj#GJ]DEh��bd{ABD;�FAId<[j#E	;d;j#GJYAYA<Jb¥j#<?YQbeGJBDYÂj#<?I=IdE#]DGhbeBf<?YA;be{HG�b'GJI=EwYA<Jb
jzGJ>A;=E#\¢a �CYA<JY:�t;²b¤GhbdBD<?YHGhIdBfb �J�1§�<�>AYA\AE	Id;=beGJYA\wbd{AEkBD@CFA]DBfjzGhbdBD<?Y�<Ju"j	<?IdI=E#] G�beBD<JYA;�<?Yw;=jzGJ]fBDYAg
IdE#]DGhbeBf<?YA;={ABDFA;�BDY GS;dBfg?YHGJ] ��B«bBD;�YAE	j#E#;=;eGJI � be<SE� :FA] GhBDY �n{HG�bj#<JIdIdE	] GhbdBD<?Yc;¥GJj�be>HGh]D] ��GhIdEJ�
l:>AFAF�<?;dEÂG �#E#I=< @CEzGhY�FcId<[j#E#;=;#� � <?;dB«beB«Z?E¯j#<?I=IdE	] GhbdBD<?YA;wBDY ;d>Aj¤{ G ;=BDg?YHGh]�@¢E#GJY be{HGhb
�n{AE#YAE�Z?E	ILbe{AE�ZhGJ]D>AE<Ju1be{AE�;dBfg?YHGJ]8\AE�Z[B GhbdE#;¥�WF�<?;dB«beBfZJE#] �/<?IkYAE#gQG�beBfZJE#] �A�$uvI=<?@ �#E	Id<A��be{AE	Y
be{AE4FAI=<?aHGJacBD]DB«b � be{HGhb�;d>Aj	j#E#;=;dB«Z?E¯ZJGh]D>AE	;/<Jube{AE4;=BDg?YHGh] �nBD]f]6beG !JE¶ZhGJ]f>AE#;�bd{HGhb/\AE�Z[B GhbdE
uvId<?@ be{cE@¢E#GJY¶BfYSbe{AE¥;eGJ@CE �$G �¶BD;6] GJI=g?E#Ikbe{HGhY 1/2 �l:>Aj	j#E	;d;dB«Z?E�F�<?;dB«beBfZJE¥<?I6YAE#g?GhbeB«Z?EZJGh]D>AE	;�GJI=E¥@C<?IdE�]DB�!JE#] �/be{HGhY¯G¢F�<?;dB«beBfZJE�ZhGJ]f>AE�uv<J]D]D<�� E#\¶a��SGwYAE	gQGhbeB«Z?E�<?YAE¥<JY4GzZ?E#IdGJg?Eh�
°6E#g?GhbeB«Z?E0j#<JIdIdE	] GhbdBD<?Yc;)<?Y'be{AEn<Jbd{AE#I�{AGJYA\�@¢E#GJY'be{HG�b�be{AEnFAI=<?aHGJaABf]DB«b ��Bf;�] GJI=g?E#I1be{HGJY 1/2uv<?I6\cE	Z[B GhbdBD<?Yc;6Gha&<?>:b6bd{AE�@CEzGhYSBDYÃ<?FAF�<?;dB«beE\ABfIdE#j�beBf<?YA;nuv<?I6;=>Aj#j	E#;=;dBfZJE';eGJ@CFA]fE#;#� �kE#YAj	E
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G�F&<?;=BfbdBfZ?E�ZhGJ]D>AE�uv<?]D]f<�� E#\Sa �¶G�YAE#g?GhbeB«Z?E<?YcE'BD;L@C<?I=E]DB�!JE#] ��be{HGJY4;=>Aj#j	E#;=;dBfZJECZhGJ]f>AE#;L<Ju
be{AEC;eGJ@CEC;dBDgJY"��°k<�� ]DE	b�>A;�j#<?Yc;dBD\cE#Ibe{AE¢GJ>cbd<:j	<?IdI=E#] G�beBD<JY¶uv>AYAj	bdBD<?Y�<Ju�bd{AE �#E#I=<h�t@CEzGhY
FAId<[j#E	;d;#��§0{AE�GJ>cbe<[j#<JIdIdE	] GhbdBD<?Y�uv>AYAj�beBf<?Y�BDYc\ABDj#GhbeE	;${A<���<?Y/GzZ?E	IeGJgJE�ZJGh]D>AE	;$;dE	FHGJIdGhbeE	\/a �
t beBf@¢E¥BDYQbeE	I=ZhGJ]D;GhIdE�j#<?I=IdE	] GhbdE#\¯<OZ?E#Ibe{cE �n{c<?]DE�FAI=<:j	E#;d;	�¢m F�<?;dB«beB«Z?E��WYcE#gQGhbdBfZJEO�LZhGJ]D>AE
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be{AE�FcIdE#;=E#YAj	E/<Jun;=bdIdBfj	b';=jzGJ]fBDYAgÃ<�ZJE#I'G¶IdGJYAg?E¢<Ju0beBf@¢E	;dj#GJ]DE	;¥BDYÂbe{AE�FcId<[j#E#;=;¥b¤G !JE#Y GJ;G
�n{A<?]DEh� r u)GC;²beIdGJBDg?{Qbn]fBDYAE*<Ju�F&<J;dBfbdBfZJE*;d]D<JF&EjzGhYÃa�E 8cbdbeE	\�bd<wG�F�<?I=bdBD<?Y�<Ju1be{AE�| i �Hbe{AE	Y
;djzGh]DBDYcgw�va&EkBfb�;=E#]fu � ;dBf@¢Bf] GJI=Bfb �?�h|�£ i <?I�E	Z?E	Y�;=beGhbeBf;=bdBDjzGh]H\AE#F�E#YA\cE#YAj	EO� {HGh; a�E#E	Y�\AE	bdE#j�beE#\q�
��BDg?>cIdE 4?� ?/;d{A<��n;be{AE�]f<?g?;dj#GJ]DE¥\AB GJgJIeGJ@¨uv<?IGJ]f]�beIdGJj#E	;#��mL;Bfb*GJFAF�EzGJI=;�<JY¯bd{AE�g?IeGhFA{A;#�
YA<4;=bdIdBDj�b;=jzGJ]fBDYAg¶j#GJY a�Ewuv<?>AYA\ <JY GJY�� beIdGJj#Eh��aA>cb'<JYA] �Â;d<?@CEw]fBD@CBfbdE#\�<:j�b¤GzZ?E/IdGJYAg?E	;
be{HGhb�j	<?>A]D\Âa&E 8Ab=beE#\ G�;²beIdGJBDg?{Qb�]DBfYAE �nBfbd{ÂI=E#;dF�E#j�b¥bd<Sj#<JYF8H\AE	YAj#E�BfYQbeE#I²ZhGJ]D;	��³�GJ;=E#\Â<?Y
be{AE	;dE 8Hg?>cIdE#;'<JYA] �J��Bfb'Bf;\AB5<Cj	>A]fb�be<4;eG � @>Aj¤{ GJa�<?>cb'E  cj	E#Fcb�bd{HGhbbd{AE#I=E�GJIdE�I=<?>Ag?{c] �
be{AI=E#E�\AB 	&E#I=E#YQbkIdE#gJBD<?YA;n<?Y�EzGhj¤{S<Ju1be{AE�g?IeGhFA{A;#��m FAId<?F�E#I²b ��<Ju�be{AE�]D<?gJ;djzGh]DE*\ABDGJg?IeGh@ BD;
be{HGhb#�:BfYwbe{cE#<?I �?�cB«b�Bf;$F�<?;d;=BDaA]fEkbd<'BDYcuvE	I�bd{AELb �[F&EL<Ju�FAId<[j#E	;d;0FAI=E#;=E#YQb �nBfbd{ABDY¢;d<?@CEL<[j	beGOZJE
IeGJYAgJE¥aHGJ;=E#\4<?Y¶bd{AE¥ZhGJ]f>AE�<hu�be{AE;=]D<?F�E¥<hu�be{AE]f<?g?;=jzGJ]fE�\ABDGJg?IdGJ@ �7:��_� �kE#I=E �$E'j#GJY¶;dG �
be{HGhbnbdBD@CE#;dj#GJ]DE	;0a&E	]D<�� ;=E#j#<JYA\A;'�v<:j�b¤GzZ?E	; < 8 uv<?Inm6>Aj"!x] GJYA\SGJYA\ � lc�L��<[j	beGzZ?E#; < 5 uv<?Iy���³L� ��>Aj#<?@ GJYc\�|�³$|1��{HGzZ?E�ox>AB«beE6;d@¢GJ]D]�j#<JIdIdE	] GhbdBD<?Yc;��v<?I$>AYcj#<?I=IdE#]DGhbeE	\wuv<?I mL>Aj"!x] GhYA\
<?>cbegJ<?BDYAgc�Hy���³ GhYA\S|�³�|��»��bdBD@CE#;=jzGJ]fE#;na&E�b �$E	E#Y4;=E#j#<JYA\A;�GhYA\S@CBDYx>cbdE#;n{HGzZ?E;²b¤GhbdBD;²beBDj#GJ]
\AE#F�E#YA\cE#YAj	E�<JI'|�£ i �v;d]D<JF&E < 1 � �n{cBD]DECbe{AE¢beBD@CE#;=jzGJ]fE#;a�E	b � E#E	Y @CBDYx>cbdE#;'GhYA\ {A<?>AI=;
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j#<?>A]f\ a�E�;dE	]fu �t;=BD@CBD]DGJI��v;d]f<?F&E > 1 �»� §0{AE�FAI=<?aA]DE	@ uv<?I'be{cEÃ]DGJIdg?E	;=b'bdBD@CE#;dj#GJ]DE	;�BD;'be{HG�b
be{AEj	<?YF8H\cE#YAj	E'BDYQbeE	I=ZhGJ]D;kbeE	YA\¶be<�a�E;=</] GJI=g?E�bd{HGhb*BfYcuvE#I=E#YAj	EBD;6{A<?F�E#]fE#;d;	�"aA>cb �$E'{AGOZJE
;=be>c\ABDE	\¢be{cE#;dEk] GhIdg?E0beBf@¢E	;dj#GJ]DE	;�BDY � 4�>A>��&GJYA\Cuv<?>AYA\�be{HG�b�bd{AE �tbeBf@¢E0<huqbe{cE6\HG ���ka�E#{HGzZ[BD<?I
a&E	g?BDYA;nG�bkGJa&<J>cbn@¢<JIdE�be{AGJYÃ{AGJ]fu1GJY�{A<?>cI#�
� Bfbe{'bd{AE ![Yc<��n]fE#\AgJEk<hu&bd{AE � <��n; GhIdIdB«ZhGJ]D;)FcId<[j#E#;=; �n{c<?;dEn;dE	j#<?Yc\:�t<?I=\AE#I�FAI=<?F&E	I=bdBDE#; � E#I=E
;d{A<��nY¯be<�a&E�YA<JY:�t;²b¤GhbdBD<?YHGhI �ÃBDY � 4�>�>�� �8<?YAE�;d{c<?>A]D\¯YA<hb*beId>c;=b*be{cE¢| i \AE#;=j#I=BDa�E#\ÂGJa&<OZJE
a&E	jzGJ>A;=EwB«b�\c<:E	;¥YA<Jb�;={A<�� {c<�� ;djzGh]DBDYcgÃE�Z?<?]«Z?E#; �nBfbd{ABDY¯be{AECbeBf@¢E';=FHGJY <Ju$be{AEC;=bd>A\ABDE	\
beBD@CE�� ;dE	IdBDE	;#� �6E	YAj#E�uv<?I=bd{"���$E�YA<�� bd>AIdYbe<0bd{AED6 i �t| i <Ju[be{AE � <�� GJIdI=BfZhGJ]D;	� �n{ABfj¤{�;²beBD]f]JBf;�G
;dE#j	<?YA\:� <?Id\cE#I�;²b¤GhbdBD;²beBDjh�hac>cb �nB«be{GkIdE	\A>Aj#E	\'aAB Gh;�GJg?GJBDYA;²b�;dE#j	<?YA\:� <?Id\cE#I�Yc<?Y:�t;²b¤GhbdBD<?YAGJIdB«b �?�
rtYxbdE#I=FAIdE�beBDYcgwbe{AE 6 i �t| i IdE	]DBDE	;6<JYSbe{AE�j#<?I=IdE	j	b�BfYQbeE#I=FAIdE�b¤GhbdBD<?YÃ<Ju)bd{AE| i ��E� :FA]DGJBDYAE	\SBfY
;dE#j�beBf<?Y 4?� Ä:� 6c����BDgJ>AIdE 4?� @;d{A<��n;�be{cE�E	ZJ<?]D>cbdBD<?Yw<Ju8be{AE�| i j	<?@CFA>cbeE	\�uv<?I bdBD@CE6ac]D<[j"![;$<Ju
G¢]DB«bdbd]DE*]DE	;d;nbe{HGhYSbe{AI=E#E�{A<?>AI=;6uv<?IkmL>Aj"!x]DGJYA\"��<?YAE�{[>cYA\AIdE	\¯GJYA\�beE#YS@¢BfY[>:beE#;nuv<?I6y���³L�
be{AI=E#E�GhYA\/G¥{HGh]fu"{c<?>AId;�uv<?I
��>cj#<?@��Quv<?I=b �Q� 8cZ?E�@CBDYx>cbdE#; uv<JI � lA� GJYA\Cb �$E	YQb �x� YABDYcE*{A<?>AI=;
uv<?I|�³�|��1�1BDId;²bz�8be{cE � beBf@¢E'<Ju�be{cE¢\HG ���CFHGhb=beE	IdY�BD;�GJFAFHGhIdE#YQb�uvId<?@ be{AE�] GhIdg?E	;=b�<:j�b¤GzZ?E	;
<Ju�be{AE'g?IdGJFA{"�¥l:E	j#<?YA\q��GJ]D]1g?IeGJFc{A;*FAId<OZ[BD\cE'G 6 i ��| i bd{HGhb{HGJ;LId<?>AgJ{A] ��be{AE';dGJ@CE']D<[< !
GJ;$be{cE| i GJ]«be{A<J>Ag?{wbd{AE �tbdBD@CE6<Ju�bd{AE*\HG ���*YA<?Y[�t;=beGhbeBf<?YHGJI=Bfb ��Bf;0GJFAFHGhIdE#YQb0uv<?I$mL>Aj"!x] GhYA\
GJYA\ ��>Aj	<?@ GJ; �$E	]D]0GJ;�be{AE��t\HG � <Junbd{AE � E#E ! ��FAGhbdbdE#IdY uv<JI'|�³�|���§0{ABf;\HGJBf] ��FHGhb=beE#I=Y
j#<?YA;²beB«be>cbdE#;0be{AE98HI=;=bk;d<J>AIdj	E�<Ju1YA<?Y[�t;=beGhbeBf<?YHGJI=Bfb �J�)§0{AE�;dE#j	<?YA\�b �[F&E�<Ju1YA<?Y:� ;=b¤G�beBD<JYHGJIdB«b �
GJFAF�EzGJI=;)uv<?I�be{cE0BDYAj	<?@¢BfYAg � <��n;�<Ju�mL>cj"![]DGJYA\S�vbd<?F'IdBfg?{Qb�<Ju&��BDgJ>AIdE 4J�7@Q�»� �n{AE#I=En\HG �:;�b � <
GJYA\be{AI=E#E$E  :{ABDaAB«b�;d{HGhIdF¥F�EzG ![;1E� :FA]DGJBDYABfYAg�be{cE ]DGJIdg?E	I8ZJGh]D>AE	;�<hucbe{cE$| i uv<JI�bd{AE�mL>Aj"!x] GhYA\
BDYAj	<?@¢BfYAg � <��n;$<OZJE#I�<:j�b¤GzZ?E	;�� ?c�54 :��1�vbd<?F¢I=BDg?{Qb�<Ju"��BDg?>cIdE 4?� ?Q���1§0{ABD;�;d{A<��n;�be{HGhb G;dBfYAg?]DE
;d{A<?I²b=�_beE#I=@�E�Z?E	Yxb�BfYbe{AE$bdIeG=<Cj0@CBDg?{Qb�aAB GJ;�be{AEn| i BDYG�;dBDgJYAB58Hj#GJYQb �$G �J�Q;dBf@¢FA] ��a&E	jzGJ>A;=E
Bfb�@CEzGh;d>AI=E#;�be{cE�ZJGhIdB GhYAj#E�<hu�bd{AE �$GzZ?E#]fE	bkj#<[E <Cj	BDE#YQbd;�uv<?I0Gg?B«Z?E#Y/bdBD@CE#;dj#GJ]DELGJ;0G �n{A<J]DEJ�
��BDYHGh]D] �J��bd{AE � lA� beIdGJj#E0Bf; !xYA<��nY�bd<*j#<?YQbeGJBDYbd{AE�E 	&E#j�b�<Ju�IeGhbdE�]DBf@¢B«b¤GhbdBD<?Y*uv<?I�be{AE0]DGJIdgJE#;=b
j#]DBfE#YQbz��r be;$E 	qE	j	bnBf; ox>AB«beE�E�Z:Bf\AE#YQb��va&<hbdbe<J@ ]DE	u b$<Ju���Bfg?>AI=E 4?� @Q� �nBfbe{�G¥j#<?Yc;=b¤GhYxb�F&<?;=BfbdBfZ?E
;d]D<JF&E�uv<?I�<[j	beGOZJE#; � 4?� ?��_�)ª�YAE0jzGJY';=E#E$bd{HGhb)bd{ABD;1j#<?@CF�<?YAE#YQb�{cBD\AE	;�be{AE$;d>AI²uWGJj#E�bd{HGhb � <?>A]f\
a&E�be{AE	IdEB«u�YA<�IdGhbeE�]DBD@CBfbeGhbeBf<?Y/{HGJ\Sa&E	E#Y4F�E#I=uv<JId@CE#\"�kmLY��¶;=<?I=bL<Ju�;d{AGJFABDYcgw<?I6F&<?]fBDj	BDYAg
be{HGhb�beE	YA\A;�be<�;dFAI=EzGJ\ bd{AE � <��n;¥GJYA\ÂBDYA\A>cj#EC;d<?@CE¢;²b¤GhbdBD;²beBDj#GJ]�\AE	F&E	YA\AE#Ycj#E/GJ@C<?YAg�be{cE
� <�� GJI=IdBfZhGJ]f; � <?>A]D\�{HGzZJE�;=>Aj¤{¶GJY�E 	qE	j	bz�Huv<?I�bdBD@CE#;=jzGJ]fE#;�<Ju1>AF�be<¢GuvE � ;=E#j	<?YA\A;k{AE#I=EJ�
³$E#j#GJ>A;dE�be{AE�]D<Jg?;dj#GJ]DE\ABDGJg?IeGh@ <?YA] �/\AE#GJ]D; �nBfbd{Ã;=E#j#<JYA\:�t<JId\AE	ILFAI=<?F&E	I=bdBDE#;	��BfbkBD;n\AB <¢j	>A]fb
be</BDY:uvE#I6bd{AE'ox>HGJ]fBfb¤G�beBfZJE¥YHG�be>AI=E<Ju�be{AE'FcId<[j#E#;=;�Ghb�E#GJj¤{�bdBD@CE#;=jzGJ]fEJ� � {ABf]DE�bd{ABD;L;dE#j�beBf<?Y
{HGJ;�;d{A<��nYbe{AGhb � E$;={A<?>A]f\¥E  cF�E#j�b�bd<L;dE	E�Ghb1]DE#GJ;=b�be{cIdE#E j#<?@CF�<?YAE#YQbd;1BfY�be{cE�bdIeG=<Cj�G�b�;=>Aa
;dE#j	<?YA\"��;=E#j#<JYA\Sbe<C@CBDYx>cbeE	;nGJYA\Ã{ABDg?{cE#I�be{AGJYÃ@CBDYx>cbdE#;0beBf@¢E	;dj#GJ]DE	;#� � E�j#GJYAYA<JbkFAI=E#j	BD;dE	] �
\AE	bdE#Id@CBDYcE �n{HG�b¥b �[F&E¢<Ju0;=jzGJ]fBDYAg�<:j	j#>AI=;'Ghb �n{ABDj¤{ÂbeBD@CE#;=jzGJ]fE���j#<?I=IdE#]DGhbeBf<?Y"��|�£ i �1;=E#]fu �
;dBD@CBD]DGJIdB«b � �Ã§0{AE�FA>AI=F&<?;=E<Ju1bd{AEYAE� [bk;dE	j	bdBD<?Y�BD;�bd<�bdI ��bd<CGJYA; � E#Inbe{cBD;0ox>AE#;²beBf<?Y"�

�SVvX&T �d¡�����Nx�w�C�?�AU VW®�X ∗
§0{AE ��GzZ?E	]DE�b=�taAGJ;dE	\SFHGJI²beB«beBD<JY�uv>AYAj	bdBD<?Y�Bf;0\AE 8HYcE#\¶Gh;

S(q, j) =
∑

k

|2−j/2 dX(j, k)|q � 4?� 4�Ä?�
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3D-LD for Auckland outgoing flow arrivals
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�n{AE#I=E 2−j/2 Bf;�GwYc<?Id@¢GJ]DB��#BfYAg'uWGJj	bd<?Ikbd</IdE	@¢<OZ?E�be{AE L2
YA<JId@¢GJ]DB��zGhbdBD<?Y/<Ju�bd{AE �$GzZ?E#]fE	b#�

§0{AEFHGJI²beB«beBD<JYÃuv>AYAj�beBf<?Y¶jzGhFcbe>AI=E#;�bd{AE]D<[jzGh]�;=jzGJ]fBDYAgwa&E	{HGzZ:Bf<?IL<hu�G�;dBDgJYHGJ]�a&E	jzGJ>A;=E'IeGJBf;²�
BDYAgCbe{AE �$GzZ?E	]DE	b�j#<[E <Cj#BfE#YQbe;�bd</GJY¶E  cF�<?YAE	YQb@wGJgJYAB58HE	;kbd{AEBf@¢F�<?I=beGJYAj	E�<Ju�be{AE]DGJIdgJE#;=b
j#<[E <Cj#BfE#YQbe;nbe{HG�b�GJI=BD;=E�\c>AE�bd<�G�]D<[jzGJ]qBDIdI=E#g?>c] GJI=Bfb �?� �n{ABD]fE�B«bnIdE	\A>Aj#E	;Lbe{cE�Bf@¢F�<?I=beGJYAj	E*<Ju
;d@¢GJ]D]Aj	<:E <Cj#BDE	YQbe;#��£nE#j#GJ]D]Abd{HGhb$G �$GzZ?E#]fE	b$BD; GJY¢<J;dj#Bf]D]DGhbeBfYAg�uv>AYAj�beBD<JY"�x{AE#YAj	E6bd{AE6ZhGJ]f>AEn<Ju
be{AE �$GOZJE#]fE	b�j#<[E <Cj#BfE#YQb BD;�FAI=<?F&<JI=beBf<?YHGJ]xbe<*bd{AEn;dB��	En<Ju&bd{AE0ZhGJIdBDGhbeBf<?YBDY'bd{AEn;dBDgJYHGJ]cbd{HGhb�BD;
@wGhbdj¤{AE#\Ca��'be{AEkBDYcYAE#I�FAI=<:\A>cj	b �nBfbd{Cbd{AE ��GzZ?E	]DE�bz��§0{AEk;d@¢GJ]D]fE#I�bd{AE ��GzZ?E	]DE�b$j	<:E <¢j	BDE	Yxbd;
uv<?I0;d<?@CE;dj#GJ]DE j �Abe{AE�;d@¢GJ]D]fE#I$bd{AE*ZhGJ]D>AE<Ju1be{AEFHGhI=beB«beBf<?Y�uv>AYAj�beBD<JY�uv<?I S(q, j) uv<JIk]DGJIdgJE
q �k§0{ABD;6F&E	Id@CBfbd;kbd<w;=bd>A\ ��be{AE�BD@CF&<JI=b¤GhYAj#E�<Ju)bd{AE¥]f<:j#GJ]�BDIdI=E#g?>c] GJI=BfbeBfE#;0G�b�;d<J@¢E�;djzGh]DE j �m�IdE	] GhbdBfZ?E	] ��;d@C<[<Jbe{ FcId<[j#E#;=;be{HG�b'{HGJ;'YA<4FAGJI=bdBDj#>c] GJI=] �¯] GhIdg?E¢]D<[jzGJ]�BDI=IdE#gJ>A] GJI=BfbdBDE#; �nBf]D]
{HGzZ?EC;d@¢GJ]D]�ZhGJ]f>AE#;<Ju be{AE S(q, j) uv<?I q > 2 � � E¢j#GJ]D]�;=>Aj¤{ G�FAI=<:j	E#;d;�G ��;dE	j#<?Yc\:�t<?I=\AE#I �FAId<[j#E	;d;¥BfY�bd{ABD;�j¤{HGJF:beE#I	�/mLY BfIdI=E#g?>A]DGJI*FAI=<:j	E#;d;�<?YÂbd{AEC<Jbe{AE	I�{AGJYA\ �nBf]D])bdE#YA\�be<S{AGOZJE
] GJI=g?E#I)ZhGJ]f>AE#;�<Juqbd{AE S(q, j) uv<JI ]DGJIdg?E�ZhGJ]f>AE#;�<Ju q � � ELj#GJ]D]H;=>Aj¤{/G�FcId<[j#E#;=;�G ��{ABfg?{:� <?Id\AE	I �FAId<[j#E	;d;LBfYÃbd{ABD;kj¤{HGJFcbdE#I	�L°k<JbeE�be{HGhb � E¥<?YA] ��;=bd>A\ ��be{AE�F&<?;=BfbdBfZ?E�@C<?@¢E	YQbe;ka&E	jzGJ>A;=E � E
GJIdE*<?Yc] ��BfYQbeE#I=E#;²beE#\ÃBDY/be{cE�BfIdI=E#g?>A]DGJIdB«b �C<Ju)G'FAI=<:j	E#;=;#��YA<JbnB«be;0;d@C<[<Jbe{AYcE#;d;	�
	 �	� � � � � ��� � �	� BD;kG¢I=E#]DG  cGhbeBf<?Y/<Ju�;²beIdBfj	bk;dj#GJ]DBfYAg �n{AE#I=E�bd{AE�]fBDYAE#GJIdB«b ��I=E#] G�beBD<JYÃGh@¢<?YcgC@C<h�
@¢E	Yxbd;n\A<:E	;nYA<Jbn{A<?]f\�GJY��:@C<?I=E*aA>cbkjzGJY�ZhGJI �wuv<?I0EzGJj¤{�@C<?@¢E	YQb q � 4 :?Ä[�L4�>=@�� �

• ;dE	]fu � ;dBD@CBD]DGJIdB«b ��� E |d(j, k)|q∝ exp(qH ln(2j)) �

• @>A]«beBf;djzGh]DBDYcg � E |d(j, k)|q∝ exp(H(q) ln(2j)) �

l[beI=BDj	b";dE#]«u �t;=BD@CBD] GhIdBfb �$BD@CFA]DBfE#;�be{HG�b�GJ]D]h@¢<?@CE#YQbd;"a&E	{HGzZ?E�]DB�!JE�G�F�<��$E	I²� ] G � <hu[bd{AE)beBf@¢E	;dj#GJ]DEh�
�n{AE#I=Ewbe{AE¢F&<�� E#I��t] G � Bf;�]fBDYAE#GJI �nB«be{ÂIdE#;=F&E	j	bbd< H �S·Ã>A]«beBD;=jzGJ]fBDYAg�<?YÂbe{AE¢<Jbe{AE	I¥{HGhYA\GJ]D]f<��n;Cbe{AE¯F�<��$E	I²�t]DG � I=E#] G�beBD<JYA;d{ABfF�GJ@C<?YAg @C<?@CE#YQbe;¢be< \AE#F�E#Yc\-<?Y�bd{AE¯@¢<J@¢E	Yxb q �l:E#]«u �t;dBf@¢Bf] GJI=Bfb �Bf@¢F�<?;dE	;�be{HGhb G�;dBDYcg?]DEnFHGJIdGJ@CE	beE	I H j	<?YQbeId<J]D;�be{AE6a&E	{HGzZ[BD<?I�<Ju&be{AE �n{A<?]DE
\ �[YHGJ@CBDj#;�<Ju�bd{AEwFcId<[j#E#;=;#�S·Ã>A]«beBD;=jzGJ]fBDYAg�<?YÂbe{AE¢<Jbe{AE	I�{AGJYA\ Bf@¢FA]fBDE	;GÃYA<?Y[�t]DBfYAEzGhI�a�E��
{HGzZ:Bf<?IL<hu�be{AE@C<?@CE#YQbe; �nBfbd{4IdE	;dF�E#j	bLbe<�<?YcE'GJYA<Jbd{AE#I	��mLY4E  cGJ@¢Fc]DE¥<hu�@>A]fbdBD;=jzGJ]fBDYAg�BD;
@>A]fbdBfuvIdGJj	beGJ]DB«b � � @ ::� 4zÆQÅ�� �n{AE#I=E¥be{cE#IdE¥E� :BD;²be;G �n{A<J]DE¥;=F&E	j	bdId>A@ <Ju�]D<[jzGJ]�;=jzGJ]fBDYAg¢E� :F&<��
YAE#YQbe;nI=E#] G�beE#\�bd<be{AE*]f<:j#GJ]��WBDIe�²I=E#g?>A]DGJIdB«b ��<Ju�be{AE*;dGJ@CFA]DE�FAGhbe{/<Ju�bd{AE*FAId<[j#E	;d;	� |8E�b α(t0)\AE#YA<hbeE�bd{AE]f<:j#GJ]8;dj#GJ]DBfYAgwE  cF�<?YAE	YQb*<Ju�be{cE¥FAI=<:j	E#;d;�Ghb6bdBD@CE t0 ��be{cE#Y¯G¢;=E#]«u �t;dBf@¢Bf] GJI$FAId<h�j#E#;=;${HGh; α(t0) = H �n{ABD]fEkG�@>c]fbeB«uvIeGJj�b¤GJ]cFAId<[j#E	;d;${AGJ;$G�YA<?Y:� j#<?Yc;=b¤GhYxb ;dj#GJ]DBfYAg�E� :F&<JYAE#YQb
α(t0) = H(t0)

�S§0{ABf;E� :F�<?YAE#YQb α(t0)
BD;¥I=E#]DGhbeE	\ be<Sbd{AE�]f<:j#GJ]�g?E#<?@CE	bdIdBfjzGJ]�FAI=<?F&E	I=bdBDE#;

<Ju bd{AE'uv>AYAj�beBD<JY"� �nBfbe{¯]DGJIdg?EZhGJ]f>AE#;*<hu� α(t0) > 1 �L@CEzGhYÂ;=@wGJ]f]�]f<:j#GJ]1ZhGJI=B GhbdBD<?YA; �n{ABD]fE
α(t0) < 1 GJIdBf;dE	; �n{AE	YÃbd{AE�]f<:j#GJ]8BDI=IdE	g?>A] GhIdBfbdBDE	;�GJI=E�]DGJIdg?Eh��·�>A]fbdBfuvIeGhj	b¤Gh]DBfb �¢<[j#j#>cId; �n{AE#Y
H(q) \cE#F�E#YA\A;0Yc<?Y:�t]fBDYAE#GJId] ��<?Y q aA>cbn]DBfYAEzGhId] � �nB«be{�I=E#;=F&E	j	b0be< j ��EzGJj¤{�@C<?@¢E	YQb S(q, j)be{AE	Y�bdE#YA\A;nbe<�\AB«Z?E	Idg?EIdE	] GhbdBfZJELbe<C<?YAEGJYc<Jbe{AE	I0uv<?I�be{AE;=@wGJ]f]DE	;=b�bdBD@CE#;dj#GJ]DE	;#�
³$E#;=BD\AE	;kF�<��$E	I²� ] G �n;n<Ju�bd{AE@¢<?@CE#YQbd;nV ® MOV ~ N��[BfbnBf;nGJ]D;=<CF�<?;=;dBDac]DE�be<�;²be>A\ �/bd{AEF&<�� E#I��
] G � I=E#] G�beBD<JYA;d{ABfF�GJ@¢<JYAgÃ@C<?@CE#YQbe;w� q �*Ghb¥GÃg?B«Z?E#Y�beBf@¢E	;djzGh]DEJ�¢§0{AEwFAGJI=bdBfbeBf<?Y4uv>AYAj�beBD<JYFAId<OZ[BD\AE	;/GÂ@CEzGhYA;wbe<Â\AE	bdE#I=@¢BfYAEÃbd{AESb �[F&ES<Ju*FAI=<:j	E#;d;�bd{HGhb�GJIdBf;dE#;wGhb�E#GJj¤{�beBf@¢E	;dj#GJ]DE
be{AI=<?>Ag?{wbd{AEL@¥>A]fbdBD;dj#GJ]DBfYAgFHGJIdGJ\ABDgJ@Ã�)·Ã>A]fbdBD;=jzGJ]fBDYAg�GJ]f]D<��n;�uv<JI be{cIdE#ELF&<?;=;dBfaA]DEka&E	{HGzZ[BD<?I=;
IdE#]DGhbeE	\/be<'be{AE]fBDYAE#GJIdB«b �w<Ju1{ABfg?{:�t<JId\AE	I�@¢<J@¢E	Yxbd;0IdE	] GhbdBfZ?E�bd<�]D<����t<?I=\AE#I0<JYAE#; �

4?�6l:>Aa:� ]DBfYAEzGJI=Bfb �¢<Ju�G¢|�£ i �H;=beGhbeBf;=beBfjzGJ]f] �C\AE	F&E	YA\AE#YQbL<?InYA<?Y:� ;djzGh]DBDYcg'FAId<[j#E	;d;kBD@CFA]DBfE#;
be{HG�b M(j) < 1 �

Ä:�k|8BDYAE#GJIdB«b �w<Ju�G�;dE#]«u �t;=BD@CBD] GhI�FcId<[j#E#;=;6Bf@¢Fc]DBDE	; bd{HGhb M(j) ∼ 1 �



ÆQÄ

6c�6l:>AF:� ]DBfYAEzGJI=Bfb �C<Ju�GC@¥>A]fbdBD;dj#GJ]DBfYAg¥FcId<[j#E#;=;6Bf@¢Fc]DBDE	; bd{HGhb M(j) > 1 �

�nBfbe{
M(j) =

〈
∣

∣

∣

log(S(q + 1, j))− log(S(q, j))

log(S(2, j))− log(S(1, j))

∣

∣

∣

〉

q
, � 4?� 4 6Q�

�n{AE#I=E 〈〉q IdE	FAIdE	;dE	Yxbd;�bd{AE�GzZ?E	IeGJg?BfYAg/<OZ?E	Ibd{AEZhGJ]D>cE#;�<Ju q �'��GJI=E'@>A;²ba&EbeG !JE	Y �n{cE#YGJIdg?>cBDYAg4Gha&<?>:b �tbd{AE�YHG�be>AI=E/<Ju0be{AE/FcId<[j#E#;=; �wuv<?I'GJ; �nB«be{ bd{AE�]D<Jg?;dj#GJ]DE¢\AB GJgJIeGJ@�� �n{HG�b
<?YAE�;dE	E#;¥Bf;*<Ju beE	Y G � <?Id;²b¥j#GJ;dECa&E	{HGzZ[BD<?I	�C§0{cE¢I=EzGJ;=<?Y Bf;�be{HGhb�;=>A@¢@CBDYcg/<?I�GOZJE#IdGJg?BDYcg
]DEzGh\A;be<�G¯F&<JbdE#YQbeBDGJ]$acB GJ;'<Ju6] GhIdg?E�ZhGJ]f>AE#;'<[j#j	>AIdI=BDYAg¯BDY ;=<?@¢E/FAGJI=b�<Jukbe{cE�\AGhb¤Gc� �H<?I
E� cGJ@CFA]DEh�xbd{AE6| i BD;�] GhIdg?E	] �acB GJ;=E#\�GhgQGJBDYc;=b�;dE	j#<?Yc\:��GJYc\¢{ABfg?{AE	I²�t<JId\AE	I�Yc<?Y:�t;²b¤GhbdBD<?YAGJIdB«b �?�
§0{AE¥FHGhI=beB«beBf<?Y/uv>AYAj	bdBD<?YÃFAIdE	;dE	Yxbd;Lbe{cE¥;eGh@¢E�\AE	uvE	j	bL;d<¢bd{HGhb6@>A]«beBD;=jzGJ]fBDYAg'BfYÃbd{AE�FcId<[j#E#;=;
j#<?>A]f\/{ABD\cE�;dE	]fu �t;=BD@CBD]DGJIdB«b �'<?I0|�£ i B«u8be{AE�ZhGJ]f>AE�<Ju�bd{AE*BDI=IdE#gJ>A] GJI=BfbdBDE#;�<Ju�be{cBD;�j	<?@¢F�<?YAE	YQb
BD;C;d>F<Cj#BfE#YQbe] � ]DGJIdgJE�j	<?@CFHGJIdE	\ be<�be{AES<Jbe{AE	I¢j	<?@CF&<?YcE#YQbe;�<hu�be{AEÃFAId<[j#E	;d;/G�b/GÂgJBfZ?E	Y
beBD@CE#;=jzGJ]fEJ� �6E#Ycj#EJ�qjzGJI=E@>A;²b�a�E¥b¤G !hE#Y4YA<hb�be<�j	<?YA;=BD\AE	I6be<[<�;=E#IdBf<?>A;=] � �n{HGhb�bd{AE M(j);eG �[; �nBfbe{c<?>cb¢jzGJI=I �[BDYAg GÂbeBf@¢E»�t\AE	F&E	YA\AE#YQb�GhYHGJ] �[;=BD;CBDY�<?I=\AE#ICbe< j¤{cE#j"!��n{AE�be{AE	I/YA<?Y:�
;=b¤G�beBD<JYHGJIdB«b �4BDY¯be{cEwFAI=<:j	E#;d;�\A<[E#;¥Yc<Jb¥acB GJ;be{AECE#;²beBf@wGhbdBD<?Yq��rtYA;=bdEzGJ\ <Ju�be{cE M(j) � � E;d{HGJ]f]8IeGhbd{AE#In>A;=E log(M(j)) bd{HGhb6@wGJFc;�be{AEbe{AI=E#Eb �[F&E	;L<Ju�;djzGh]DBDYcgCFcId<[j#E#;=;dE	;#�&|�£ i �v<?I
;=b¤G�beBD;²beBfjzGJ]H\AE	F&E	YA\AE	YAj#Ez���H;dE	]fu � ;dBD@CBD]DGJIdB«b ��GJYA\�@>c]fbeBf;dj#GJ]DBfYAg*IdE	;dF�E#j	bdBfZJE#] �Cbe<�be{AE6YAE#g?GhbeB«Z?EJ�
�#E#I=<GJYA\�F�<?;dB«beBfZJE ZhGJ]f>AE#;)<hu log(M(j)) ��m6YA<Jbe{cE#I�BD@CF�<?I=beGJYQb1bd{ABDYAg6be<*a�E0YA<JbeBfj#E	\'BD;�bd{HGhbbe{ABf;�;dj#GJ]DBfYAg'GJ@C<?YAg�@¢<?@CE#YQbd;�jzGJYcYA<Jbna�E�>A;dE	\ �nBfbe{c<?>cb0j	<?YA;dBf\AE#I=BDYAg�G;=>F<Cj#BfE#YQbe] ��] GhIdg?E
Y[>c@a&E	I�<Ju8bdBD@CE#;dj#GJ]DE	;$BfY/<?Id\AE	I$be<�be{AE�ox>HGh]DBfbeGhbeB«Z?ELGJYHGJ] �:;=BD;�be<a�E*@¢E#GJYABfYAgJuv>A] �1r b0Bf;�YA<Jb
F&<?;=;dBfaA]DEbe</GhYHGJ] ���	E¥<?YAE¥;dBDYcg?]DEbeBf@¢E	;djzGh]DE*be{AI=<?>Ag?{¶bd{AE M(j) a�E#j#GJ>A;dE¥;djzGh]DBDYcgw;=bdBD]f]�{AGJ;be<Ca&E�FAIdE	;dE	YxbLBDY/be{cE�]f<�� <?Id\cE#IkFAId<?F�E#I²beBfE#;0uv<?I0be{AE�{ABfg?{:�t<JId\AE	InGJYHGJ] �:;=BD;0be<C@¢G !JE;dE	YA;dEh�
§0{AE¥@>c]fbeBf;dj#GJ]DBfYAg'FHGJIdGJ\ABDgJ@ BD;k>A;dE�uv>A])GJ;6Gwj	<?@¢Fc]DE#@CE#YQbnbe<w;dE#j	<?YA\:� <?Id\cE#I�GhYHGJ] �[;=BD;#��YA<Jb
GJ;*Gwbe<[<?]�a��¶Bfbd;dE	]fu��*mLg?GJBDY"�&a&E	jzGJ>c;dE�<Ju�be{cE�GOZJE#IdGJg?BDYcg�FAId<[j#E	;d;*be{cE¥ZhGJ]D>AEÅ�;d{A<?>c]D\4YA<Jb
a&E*b¤G !JE#Y�be<[<�;=bdIdBDj�be] �?�

�SVvX&T �d¡�����Nx�¢�H®��HU ���zVW� ∗

§0{AE/j#<?>cYxbdE#I=FHGJI=bC<Junbd{AE�| i uv<JI{ABDgJ{:�t<?I=\AE#I¥FAId<?F�E#I²beBfE#;Bf;be{AE/FHGhI=beB«beBf<?YÂuv>AYcj	beBf<?Y \AE»�
;dj#I=BDa�E#\ÃBDY�;dE#j�beBf<?Y 4J�sÆA� Ä:��§0{cEGJ\A\cBfbeBf<?YHGJ]&BDYcuv<JId@¢GhbeBf<?Y/BfbnFAI=<OZ:Bf\AE#;LGJa�<?>cb6G¢;=BDg?YHGh]8j#<?Y:�
j#E#I=YA;�be{AEn\AE	g?IdE	Ek<huq{A<J@¢<?gJE#YAE	Bfb �BfY'beBD@CE�<Ju�be{cE �$GzZ?E	]DE	b j#<[E <Cj	BDE#YQbd;$Ghb�E#GJj¤{¢bdBD@CE#;=jzGJ]fEJ�
� {ABD]fECbd{AE/| i BDYcuv<?I=@¢;�<?YAE�GJa&<J>cb¥bd{AEwZhGJIdBDGJYAj	Ew<Ju0bd{AE�BDI=IdE	g?>A] GhIdBfbdBDE	;�BfY be{cE�FAId<[j#E	;d;	�
be{AE�FHGJI²beBfbdBD<?Y�uv>cYAj	bdBD<?Y�beE#]f]D;nGJa�<?>cbkbe{cE�\ABf;=bdIdBDac>cbeBf<?Y/<Ju�]DGJIdg?EGhYA\S;=@wGJ]f] �$GOZJE#]fE	b�j	<:E <'�
j#BDE	YQbe;BDY4be{cEC;=BDg?YAGJ]�uv<?IEzGhj¤{�bdBD@CE#;dj#GJ]DEh���H<?I�be{ABf;#� � E¢FA]f<Jb log(S(q, j)) GJ;�G�uv>cYAj	bdBD<?Y<Ju�be{cE�;dj#GJ]DE j �1uv<?I¥GÃIeGJYAgJEw<Ju�ZhGJ]f>AE#;�<Ju�bd{AE�@C<?@¢E	YQbe; q �Ãr u0be{AE¢]D<�� <?I=\AE#I�@¢<?@CE#YQbd;
� q ≤ 2 ��{HGzZ?E¢G/] GJI=g?E#I log(S(q, j)) be{HGhYÂ{ABfg?{¯<?Id\cE#I@¢<J@¢E	Yxbd;#� � E¢j	<?YAj	]D>A\AE'bd{HGhbbe{AEFAId<[j#E	;d;�BD;/G ;=E#j	<?YA\:� <?Id\AE	I/<?YAEh� � E#]D]L\AE#;=j#IdBfa&E	\ a � be{AE4]f<��%<?I=\AE#IwFAId<?F�E#I²beBfE#;/<Jube{cE
��GzZ?E	]DE�b¥j	<:E <¢j	BDE	Yxbd;¢�vbe{cE�ZhGJI=B GJYcj#E�<Ju Bfbe;*BfYAj#I=E#@CE#YQbe;e����§0{ABf;�FcId<[j#E#;=;�BfY4be>AI=Y�@¥>A;=b�a�E
IdE#]DGhbeB«Z?E	] �/;=@¢<[<Jbe{q� �nBfbe{c<?>cbkbe<[<¢@¢GJY���] GJI=g?E��_ZhGJ]D>AE	\�j#<[E <Cj#BfE#YQbe;	�L��Bfg?>AI=E 4J�54OÅ�FAI=E#;dE	YQbe;
be{AEFHGJI²beB«beBD<JYwuv>AYAj�beBD<JY�uv<JInGJ]D]qbdIeGJj	E#;	�
§ � <�BD@CF&<?I²b¤GJYQb6be{ABfYAg?;�@>c;=ba�E]D<[< !JE	\�Ghb �n{AE	YÂBfYxbdE#I=FAIdE�beBDYcgwbe{AE'FAGJI=bdBfbeBf<?YSuv>AYcj	beBf<?Y"�
��BDI=;=bz�x\ABf;dj	IdBD@CBDYAGhbeBfYAg�a�E	b � E#E#Y�;=E#j#<JYA\:�t<JId\AE	I�GJYA\¢{ABDgJ{:�t<?I=\AE#I�FAI=<:j	E#;=;dE#;0j#GJYwa�EL\c<?YAEka �
\AE	bdE#Id@CBDYcBDYAg4uv<?I �n{ABfj¤{ ZhGJ]D>cE#;�<Ju q bd{AE log(S(q, j)) BD;'bd{AEÃ]DGJIdgJE#;=b#� m¨;dE	j#<?Yc\:�t<?I=\AE#I
FAId<[j#E	;d; �nBf]D]�{HGzZ?E]DGJIdgJE#I log(S(q, j)) uv<?I q ≤ 2 �n{ABf]DE�Gw{ABDgJ{:�t<?I=\AE#IkFAI=<:j	E#;d;6uv<?I q > 2 �



Æ�6

��BDg?>cIdE 4?� 4OÅÃ;={A<��n;be{HGhb�mL>cj"![]DGJYA\ <J>cbeg?<JBDYAg � <��n;#��yL��³ GJYA\ |�³�| GJI=E¢;=E#j	<?YA\:� <?Id\AE	I
FAId<[j#E	;d;dE	;kuv<JI�be{AE�bdBD@CE#;dj#GJ]DE	;�] GhIdg?E	I$be{HGhYÃGuvE � ;dE	j#<?Yc\A;6a�E#j#GJ>A;=E�<hu1bd{AE#BfI0] GJI=g?E#I�ZJGh]D>AE	;
<Ju"be{cE�FHGJI²beBfbdBD<?Y�uv>AYAj�beBf<?Y¢uv<?I q ≤ 2 ��§0{AE�mL>cj"![]DGJYA\/BfYAj#<?@CBDYcg � <��n;�<JYwbe{AE6<Jbe{cE#I${AGJYA\GJIdE0G*;=E#j#<JYA\:�t<JId\AE	I�FAId<[j#E	;d;�uv<?I�bdBD@CE#;dj#GJ]DE	;�]DGJIdg?E	I1bd{HGJY :L@¢BfYx>cbeE	;)<?YA] �?��m6]D]:<Jbe{AE	I)beIdGJj#E	;
GJIdE{cBDg?{:� <?Id\cE#IkFAId<[j#E	;d;dE	;*uv<?I*GJ]f]�bd{AE'j#<JYA;dBf\AE#I=E#\¶beBf@¢E	;dj#GJ]DE	; �nBfbd{¶be{AE	BDI6] GJI=g?E#IkZJGh]D>AE�<Ju
be{AE/FHGhI=beB«beBf<?Y uv>AYAj�beBf<?Y uv<?I] GhIdg?EwZhGJ]f>AE#;'<hu q � §0{ABf;'BD@CFA]DBfE#;�bd{HGhb�@C<?;=b<Ju6bd{AE/beIdGJj#E	;j#<?YQb¤GhBDY�] GJI=g?E �$GzZ?E#]fE	b6j#<[E <Cj#BfE#YQbe;6Ghbn@C<?;=bn<hu1bd{AEj#<?YA;=BD\AE	IdE	\�bdBD@CE#;dj#GJ]DE	;#�
m%I=E#j	>AIdI=E#YQbwFcId<?aA]fE#@ �nB«be{ ��GzZJE#]DE�b�GhYHGJ] �[;=BD;#� GJ; � E#]D]kGJ;CGJ]f]$be{cEÃGhYHGJ] �[;=BD;'beE	j¤{AYABDox>AE	;
![Yc<��nY�;=<�uWGhI#�cj	<?YAj	E#IdYc;kYc<?Y:�t;²b¤GhbdBD<?YAGJIdB«b �?� � GzZ?E	]DE	bnE	;=bdBD@¢Ghbe<?I=;$<Ju�;=jzGJ]fBDYAgI=E#] �w<?Y�;=<?@¢E
;d>F<Cj#BfE#YQbe] ��] GJI=g?E;eGJ@CFA]DE�<Ju)G¢beBf@¢E;dE	IdBfE#; �n{cE#IdE�be{AE ��GzZJE#]DE�b*j#<[E <Cj	BDE#YQbd;L<?Y�be{AE 8  :E#\
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<Ju1bd{AEFAId<[j#E	;d;6GJ; � E#]D]�Gh;kB«be;0@>c]fbeB«uvIeGJj�b¤GJ]fBfb �J�
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i = 1, ..., n
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�������  ���� ��� 
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 ���  ��# 
$ � � !�
  ���� iter � � � �
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�
iter %& ���(' ! � � �#)� �  	�	  "��� � ! � ��� 
 ���  ��# 
* �#� ! ! � � 
	 � ! � ! � � ! � �� 	�	 � � ���� 
! � pop �+ ���-, ! 	  ���� �#.��� !�!�
 �� ��! � ��/ � ! 	  �� 
 � ��! � �� � improved � pop �0 ���21 
 � 
 �3��� �#4�  	 � � � 	 �  ������5
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�
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� � 
 � 
 �3��� !�� ! ���  ��� �  � improved � pop �� � ���(6 
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8 �  
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L@5 74,/.NM/93.O>�P/?�Q@0P?�P/.�?�HR;~E=<>/24.S?�ATB�UF7B,/.624.`EI9H5C?^.WV�M/TIEG0PER7HKQ.65J7BEI?L5p7B?u7B,C.`KQEG5/EIKOEGXP<>7BEG?W5
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7B,/.fEGK|M/<L067a?�H�7B,C.f7B2B<�xQ0�I><L24EI<�b/EITGEG7@X`?L5u7B,/.ZM'.P2�Hx?W24KQ<L5/06.N?�H�74,/.f930=,/.PKO.�AREZ.6067BEG?W5�?�A�}�AT�
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7B2B<�xQ0q9;7=<>74EI9374EI069:06?>/T=Pqb'.FMe.62JHx?W23KQ.iP�EG5qI><L23EI?>C9j�{<tX|9
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19nd } ���� � ��D�� �p���1+@A��l>/24EG5�<l7B,CEI9h94EoV|PV<tX|9�M'.P23EI?�PjU �Z����94.6587Z�A��H7B.62B<�bJX87B.69-?�H7B2B<�xQ0b?W2h<L5Q< IW.62B<�<W.\?�Hj}��qk�b�M/9iA1+-,/EI9q94E V PV<tX|9jTG?W5�<f7B24<L0P.f�j<L9a0i>C7hEI5J7B?Y7BEGKQ.jEI5J7B.62JI><LTI9
?�HF7B.65MKOEI5�>C74.P9OAd;V?W2q.P<L0=,M7B.65uKOEI5�>C7B.69aEG5J7B.P2�I><LTKU �a.N24.60P?W2JP/.OPu74,/.f<>KQ?>C587h?�Hjb8X874.P9{93.P5J7
7B?�.t<L0=,�Y\[^](M/23.ig�V�A
+-,/.^94.60P?W5�Pg742B<cxO0u7B24<L0P.MEI9`<L5"���uPV<tXZ9�TG?W5�<�742B<L06.u?�Hi<LTITq7B,C.^?>C7ab'?>/5�PU7B2B<�xQ0�Hx23?WK
Y������l�1+@UR�b,/EG0=,(�j.�0t<LTGT�������
�� EI5�7B,/.p23.PKQ<LEI5�P/.P2O?�Hf74,/EI9Q0=,V<�MC74.P2OU\<�<LEG<J<�M'?M�937w>�b
�bEG7B, ��[@b�M/9Y?�Ha0t<�MV<>0PEG7@X��bEG74, ER7B9@M/23?�IZE=P/.P239OU:937B<L2374EI5�<�Hx23?WK��f0674?b'.P2

30th } ����u��}�D�� ����q+@A�+-,/.`742B<L06. �j<L9Y0P?LTITI.60674.OP >/94EG5�<^7B,/.��\.67 ;[TI?���94<LKhM/TIEG5�<^< I><LEITI<�b/TI.k?W5 7B,/.O<L060P.P939
24?>C74.P239a?�H����	��
����bER7B,Q<|����B������@MV<L0 m>.67j9B<LKhM/TIEG5�<Y2B<>74.�A`;[EG<>/23.f?�AT?k94,C?3�b9h7B,/.\.iIL?WTG>Z7BEI?L5
?�H{7B,C.Q5/?L24KQ<LTIE=XP.OP ?>Z7ab'?>/5�Py742B<cxO0O?�H�������
�� P�>/23EI5�<	7B,/.v���P/< X|9d?cHj7B,C.Q7B24<L0P.cA��H5C.
>/5/EG7k?W5U74,/.QX QD<3VCEG9l?�H�;[EG<>/23.�?�A�?�06?W2423.P9JMe?W5�P/9l7B?%7B,/.^< IL.P2B<c<W.M7B24<cxO0u?�IW.62l7B,/.|�b,/?WTI.
P�>/2B<c7BEI?L5Q?�He7B,/.b7B24<L0P.cAFEZEI5C0P.�MV<L0 mL.z7{94<LK|MCTIEI5�<^�j<L9F>/94.iPjU��a.NKp>/TG74EGM/TGEI.OPk7B,/.lb8X874.N0P?�>/5J7
Me.62H94.P06?W5�Ps?�Ha74,/.�9B<LKhM/TG.OP�7B24<L0P. bJXtB���� �^74?�?bC7=<>EI5p7B,C.O. V�Me.6067B.iPy7B?>7=<LT~742B<cxO0cA`+-,/.
M�>/2wM'?W93.a?�HC7B,/.q7B24<L0P.FHx24?WK�������
��MEI9�74?N.iI><LT=>V<>74.q74,/.{b'.P5C.ig/7[?�HV?W5�Q@TIEG5/.�7B24<cxO0a.65�<WEG5/.P.624EI5�<
Hx?W2iTI<L2w<L.P2b937w>�bt_@EZ.69OAyEZ.iIL.P24<LT~7B24<cxO0�PCEI942J>�MC74EI?W5/9i<�M�M'.t<>2N?W5	7B,/.S<L2B<�M/,%?�Hd;~E=<>/23.p?�AT?�U
P�>/.Y7B?�KM<>EI5J7B.65V<L5/06.�?�Me.62B<>74EI?W5/9-?L5	74,/.��\.67 �V?�� 0P?WTGTI.6067B?L2OAd_NTR7B,/?>�<W,�5/?M<>067a>/<LTF7B24<cxO0
P/EI932w>�MC74EI?W5%?Z060O>/2324.iP�?W5%74,/.d24?�>C7B.6249N?cH����	��
�� P�>/23EI5�<O7B,V<c7N7BEGKQ.cUV7B,/.694.SM'.P23EI?�P/9N0P<L5ub'.
0P?W5/93EGP/.624.iP�<L9b93,�>Z7aP/?��b5�M'.P23EI?�P/9�Hx?W2{74,/.Y?W5�Q@TGEI5/.i7B2B<�xQ0Y.65�<WEI5C.P.P23EI5�<d74.P0=,/5CEGs�>/.�A
L@5�<�P�P/ER7BEG?W5jU��a.p<J<>74,/.P23.OPp23?>C74EI5�<OEI5�Hx?L24KQ<>7BEG?W5~bV<L93.P9yHx23?WK �f24.O<L?W5 
 ?>C74.�I|EI.W�b9 � ��!��
PV<>7BEG5�<�Hx23?WK _lM/24EGT

2nd } � �� 	 Hx?L2l7B,/."������
��742B<L06.�d<L5�P#�f0z7B?b'.P2 30th 	 Hx?W2l74,/.$���	��
��7B2B<>0P.�N74?	93EIKS>CTn<>74.l7B,/.hY\[^] 23?>C74EI5�<^7=<cb/TI.69H?�Ha74,/.N�j?�>/TGP�Q be.NMC24?�I|EGP/.6249H7B?~�b,/EG0=,y?>/2
937a>�b(�j?�>/TGP be.	0P?W5C5/.P0z7B.OPeA&%S,/EGTI.^ER7MEG9hm85/?��b5"74,V<>7|Y\[^]$24?>C74.P9|PCX|5V<LKOEI0P9O0t<>5(b'.
EIKhMe?W2;7=<L5J7ZHx?L2�93?WKO.hMC24.ig�VC.69OU�ER7Y,V<L9�,/?��j.WIW.62Sbe.6.P5s94,/?��b5UEG5 � ���'!��17B,V<>7�Y\[^]�24?�>C7B.69
0t<L5hbe.b06?W5/94E=P/.P23.OPQ<L9q937B<�b/TI.b?�IW.62a23.PTI<>7BEoIW.PTRXlTG?W5�<^M'.P24EG?�PC9zHx?W2�7B24<cxO0�PC.P9374EI5V<c7BEI?L5/9OUJ93?q�a.
>/94.�?W5/. Y�[q] 24?>C74EI5�<u7B<�b/TG.NMe.62@M/24?�I|EGP/.62ZHx?W2f7B,C.S�b,/?WTI.NP�>/2B<>74EI?W5�?cHj.P<L0=, 742B<L06.�AN;V?W2
���	��
��U 7B,/.q94.z7474EI5�<\?�H|7B,/.193EIKS>/TI<>7BEG?W5y�j<L9�?�H���M/23?�IZE=P/.P239 	 _@E��3}��'!�U3_ZE � ����-<>5�P�_ZE���??����WA
;v?L2(������
�� Ud��M/24?�I|EGP/.6249d,/<�IL.�<LTI93?ub'.P.P5 >C94.OP 	 _@E���}��'!�Uz_ZE�����c?*)�<L5�P _ZE���??����WA%+-,/.
EIKhMV<L067{?�H[74,/.Y0=,/?WEG0P.Y?�H:7B,/.^MV<L2;7BEG0O>/TI<L2\Y\[^]�23?>C7BEG5�<`7=<�bCTI.@>/93.OP�7B?O94EIKp>/Tn<>74.H<S�j?�>/TGP�Q
be.^M/23?3I|E=P/.P2\EI9bTIEGKQER7B.iPjUCKO.P23.PTGXMEI5 ��>/.P5/06EI5�<�7B,C.�P/.WH�<�>/TR7\742B<cxO0�EIKSb/<LTn<L5C0P.�A � � ��? �[93,/?��b9
7B,V<>7pHx?W2l7B,C.^?MC7BEGKQE=Xt<>74EI?W5 ?�Hi<�7B24<cxO0^?b�n3.6067BEoIW.cUh74,/.^5�>/KSb'.P2`?�Hi< I><LEITI<�b/TI.hM/23?3I|E=P/.P239
0P?WKhM/TI. VZE=gV.69�7B,/.b94.P<L240=,eAFE|7a>�PZXZEG5�<Y7B,/.bEIKhMV<L0z71?�H'7B,/.b0=,/?LEI0P.b?�H'7B,C.�M/<L2374EI0O>CTn<L2zMC24?�I|EGP/.62
?W5%74,/.�PC.iH�<�>/TR7i742B<cxO0qP/EI9;7B23EGb�>C74EI?W5~Hx?>C5�P�bJX�Y\[^]"EI9\EI2423.PTG.iI><L5J7\EI5�7B,/.k0P?W5J7B. V|7f?�H�74,/EI9
0=,V<�MC74.P2�94EG5/0P.qEG749jM�>/2JMe?L94.hEI9_74?�PC.PKO?W5/93742B<>74.17B,/.zHx.P<L94E=b/EITGEG7@X\?�HZ?W5�Q@TGEI5/.[7B2B<�xQ01.65�<WEG5/.P.624EI5�<
�bEG7B,vY\[^] UC5/?L7b7B? s�>V<L5J7BEoHmXu7B,C.�. V�Me.6067B.iP�<J<>EI5^?�H[?W5�QATIEI5C.N7B24<cxO0�.65�<WEG5/.P.624EI5�<�A
+-,�.0/21�3�46587�1�9;:<.24>=�1�7@?0ACBEDCFHGJIK1L:�9	MC.HN	.�9<OQP�.�R�.2:<O>1�5CNTS�.H/HUV3CN	.�OQ9XWYU�NT7�1V9YR�:<.HN	.27�9TO>7[Z\1L39	.^]�OQ.HW_N
Z_`bacUE9\9<MCUE9\9<OQP�.�d
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Traffic evolution for stub2

;~E=<>/24.Z?�A�?�Dd�`IL?WTG>Z7BEI?L5	?cH ������
�� ?>Z7ab'?>/5�P�7B24<cxO0�A
+-,/.yM'.P2�Hx?W24KQ<L5/06.\.WI><LTG>V<c7BEI?L5O,/<L9Rb'.P.65u0t<>2424EG.OPO?>C7FHx?W2dbe?>7B,O937a>�b�_@EZ.69{b�>Z7R�a.yM/23.P93.P5J7
.t<L0=,	24.69w>/TR7�Hx?L2-?W5/.H?�H[7B,/.6K ?W5/TRXA

�\� �{��� � ���
� � � � � � ��� �	� � � �b� � ��� ��� ���

L@5M7B,/EG9a93.P0z7BEI?L5jU��a.N9;7a>�PZXQ74,/.N. �_.6067{?cHF7B,/.iEIKhMV<L0z7a?cHF7B,/.lM/24.iP/EI0z7B?W239j<>EIKO.OPu<c7a742B<L0 m8EI5�<
7B,/.\7B2B<�xQ0yPCX|5V<LKOEI0P9a?W5M74,/.Zs�>V<LTGEG7@X�?�H�74,/.H<L0=,/EG.iIL.OPu7B24<cxO0ZbV<LTI<L5/06.�A0%s.H<LTG94?l06?WKhMV<L24.
7B,/.\24.69w>/TR7B9h?�HF7B,C.N<LT=<W?W23EG7B,CK.�bEG74,M<>5�P|�bER7B,/?>Z7h74,/.y>C5/0P.6237=<>EI5J7@X�?�HF74,/.\742B<cxO0�P/.PKQ<L5�PC9
7B?\>/5�PC.P249;7=<L5�P�74?f�b,/<>7�.WV|7B.65J7:74,/.�7B24<cxO0`PCX|5V<LKOEI069 M/24.WIW.P5J749:74,/.q<LTG<L?W24ER7B,/Kr7B?b<cM�M/24?W<L0=,
7B,/.Y?MC74EIKQ<LTv7B2B<�xQ0^bV<>Tn<L5/06.�A
;~EG<>C24.q?�A�� M/TG?L7B9b7B,C.l< IW.62B<�<L.k7B24<cxO0lEGKSbV<LTI<L5/0P.Y<>9N< H >/5/0674EI?W5	?�H�74,/.�5�>CKSbe.62N?�H~E�Y\[^]
>�M�P/<>7B.69l<LTGTI?��a.OPrMe.62h� �	KOEI5�>C74.P9YEI5J7B.62JI><LT A�%s.Q0P<LTIT �@EIKSb/<LTn<L5C0P.d24<>7BEG? �d74,/.QKQ<�VZEIKp>/K
<LKQ?�>/5J7j?�H�742B<cxO0i94.P5J7{74,/24?�>�<W,^<L5JXO?�H�74,/.i74,/24.6.ZM/24?�I|EGPC.P249RP/E=I|E=P/.OP�bJX�7B,C.fEGP/.P<LTV7B24<cxO0
bV<LTn<>5/0P. 	x7B?>7=<LTv7B24<cxO0ZP/E=I|E=P/.OP~bJXO7B,/.H5�>/KSb'.P2j?�H�M/24?�I|EGPC.P249 �WAq+:?d0P?WKhM�>C74.N7B,C.H< IW.P24<�<W.cU
�j.�7B?|?my74,/.~�b,/?WTI.�5/?L5�Q P/?LKQEG5V<>7B.iP Hx24?W5J7 Hx?W2`.t<>0=,�7BEGKQ.^EG5J7B.P2�I><LTKUh<L5�P�< IW.P24<�<W.iP�7B,C.
EIKSbV<>Tn<L5/06.{2B<c7BEI?ZHx?L2q74,/.b94E V PV<tX|9a?�H'7B,C.i93EIKS>/TI<>7BEG?W5/9iA Ya.P0t<c>/94.N<LTIT�IL<>TG>/.69h?cH_7B,C.\5�>/Kpbe.62
?�H�E�Y�[q]�>�M�PV<c7B.P9j<L24.\5/?L7RM/23.P94.65J7-EI5�7B,/.i5/?W5�Q P/?WKOEI5V<c7B.OPNHx23?W5J7B9RHx?L2a.P<L0=,M7BEGKQ.bEG5874.P2�IL<>TKU
�b,/.P5/.WIW.62k93?WKQ.�IL<>TG>/.pHx?L2H<~<WE=IL.P5�5�>/KSb'.P2H?�Hq74,/.`E�Y\[^]2>�M�P/<>7B.69Z�{<L9Y5/?>7@M/24.694.6587^�a.
>/94.iP 74,/.SI><LTG>/.l?�Hq7B,/.`EGKSbV<LTI<L5/0P.k2B<>74EI?�Hx?L2N7B,/.�93?WTG>C74EI?W5�,V< IZEG5�<u7B,C.`Tn<L2J<W.P2f5�>/Kpbe.62H?�H
E�Y\[^]">�M�P/<>7B.69�93KM<>TITI.62\74,V<L5�7B,C.`0O>/2324.P5J7�5�>/KSb'.P2f?cHjEGY\[q]">�M�PV<>74.P9iAN;V?W2N. V/<>K|M/TG.�U�EoH
94?WKO.b94?WT=>C7BEG?W5SHx?W2F?��YE�Y\[^]�>�M�PV<>74.P9FP/EGPO5/?L7h. VCEG937OU874,/.P5h�j.�>/93.OPM74,/.b94?WT=>C7BEG?W5N�bEG7B,�7B,C.
Tn<L2J<W.P2{5�>/Kpbe.62\?cH~EGY\[q]->�M�PV<>7B.69b94KQ<LTITG.P2a74,V<L5�?���A
+-,/.yHx?>/2j0O>/2�IW.P9-?cH ;[EG<>/23.y?�A��l9;7=<L2;7{�bEG74,u7B,/.N9B<LKO.lI><LT=>/.N?�H�74,/.H< IW.62B<�<W.i7B2B<�xQ0NEIKSbV<>ToQ
<L5/0P.`?cHj<cbe?>Z7 �A>!�Ak+-,/. P/.WH�<�>/TR7H24?>Z7B.`0=,/?WEG0P.NbJXp74,/. Y\[^] P/.60PEG94EI?L5rMC24?|0P.P939Y0=,/?W94.`74?
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;~EG<>C24.�?�A���D~_�IW.P24<�<W.v<J<LEG5�EG5g7B2B<�xQ0�bV<>Tn<L5/06.�<L9O< H >C5/0674EI?W5 ?�Hi7B,/.�5�>/KSb'.P2�?�HiE�Y\[^]
>�M�P/<>7B.69OA
94.P5�PQ?W5O< IW.62B<�<L.q��A>!f7BEGKQ.69�KO?W24.{742B<cxO0-?W5�?W5/.b?�Hv74,/.-7B,/23.P.fM/24?�I|EGPC.P249174,V<L5`7B,/.b< IL.P2B<c<W.
7B2B<�xQ0`?�IL.P2H7B,/.`74,/24.6.hMC24?�I|EGP/.6249OA %SER7B, ��^EGY\[q]2>�M�PV<>74.P9OU�74,/.O<�IL.P24<�<W.`7B24<cxO0`EIKSbV<>ToQ
<L5/0P.�EI9�b'.PTI?�� ��A��SHx?W2i<LTITF742B<cxO0Y7B2B<>0 m|EG5�<M930=,/.PKO.P9iA8%SEG7B,�} ��U�����U�B���U�� �M<L5�Pu?���E�Y\[^]
>�M�P/<>7B.69OUW7B,C.b<�IL.P24<�<W.{7B24<cxO0-EIKSb/<LTn<L5C0P.hEI9�23.P9wM'.P0z7BEoIW.PTRXSb'.PTG?3�)�AT���U���A�}���U��A�}��U��A�} �f<>5�P
�A=��!�AFEZ? Hx?W2b<LTIT�M/2B<>067BEG0t<LT M�>/2wM'?W94.69OUv24.6TGX|EI5�<`?W5%KO?W23.f7B,V<L5�B���E�Y�[q] >�M�PV<>7B.69lMC24?�I|EGP/.69
<tIL.P2;X TIEIKOEG74.OPUEGK|MC24?�IW.6KQ.6587NHx?L2d7B,/.^7B24<cxO0~bV<LTI<L5/0PEG5�<�?b�n3.60674E=IW.cA�+-,C.vPCE��e.P24.65/0P.�EG5
7B,/.\< IW.62B<�<W.b7B24<cxO0bEIKSbV<>Tn<L5/06.\be.z7 �j.6.P5M74,/.��DTI<L937`I><LT=>/. ��M/24.iP/EI0z7B?W2q<L5�PO74,/.lMC24.ig�V�Q bV<L93.OP
��M��Rkv_�EG9-?�H~<�be?�>C7 ��A ����A1+-,/EG9-94.P0z7BEG?W5%06?W5�gV23KQ9{74,/.Y24.69w>/TR7B9b?�HzEZ.P0z7BEI?L5�?�A=�Ao�Y94,/?��bEG5�<
7B,V<>7i7B,/.�� M �Fk�_ M/24.iP/EI0z7B?W2��{<>9f5/?L7ybe.z747B.62i74,V<L5p7B,C.lTn<>937yI><LT=>/.�Ay�zIW.P5 >/5�P/.P2ZM'.P2�Hx.P0z7
m|5C?3�bTG.OP�<L.f?�H�7B,C.lH >C7w>/24.N742B<cxO0lP/.PKQ<L5�PjU|7B,/.NEIKhM/24?�IW.6KQ.65J7{M/23?�IZE=P/.OP~bJXQKQ?L24.i74,V<L5�B��
E�Y\[^] >�M�PV<>7B.69{EI9a?�H:<>7jKQ?W9;7 ��A����A 
 .6TGX|EI5�<l?W5^KQ<L5JXOE�Y\[^] >�M�PV<>7B.69j7B?k7B23XO7B?lEIKhM/24?�IW.
7B,/.H7B24<cxO0H?b�n3.6067BEoIW.^�bEITGT_5/?L7�M/23?�IZE=P/.Y<�94EG<L5/E=gV0P<L5J7\<J<LEG5jA
+-,/.u5�>/KSb'.P2d?cH-E�Y\[^]�>�M�PV<>7B.69l23.Os�>/EI23.OP Hx?W2�7B,/.Q?MC74EIKOEGXt<c7BEI?L5 EG9l93KM<LTGTq0P?WKhMV<L23.OPy74?
7B,/.`TG.iIW.6T�?�Hq7B,C.���Y\[^] 5C?WEI93. � AqYaXuY\[^] 5/?WEG94.cUe�j.`KO.t<>5 74,/.dEGY\[q]2>�M�PV<>74.P9f7B,/<>7Y<L23.
24?>C74EI5/.6TGXl.WVZ0=,V<L5�<L.OP�b'.67 �a.P.65~Y\[^]y24?>Z7B.P239OAz_S23.P0P.65J7{937w>�PCXO<>7a<YTn<L2J<W.�L�E�] � � �v23.OM'?W23749
<hY�[q]�5/?WEI93.Y?�H~KO?W23.f7B,V<L5�?W5C.�,�>/5�P/24.iP�E�Y�[q]->�M�P/<>7B.69�M'.P2bKOEI5�>C74.�A

�\� �{��� � � � � � �W� � ���(�
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E�Y\[^]:>�M�PV<>74.P9�Hx?L2�74,/.�Y\[^]�24?�>C7B.69��b,/?W93.u<>737B23EGb�>C74.P9k<L24.O24.694.z7d7B?	7B,/.hP/.iH�<c>/TG7qI><LTG>/.
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n
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7B?L7B<LTF?�H
n× (m+ 1)

Y\[^]�24?>Z7B.P9-74,V<>7b,V< IW.qb'.P.P5�7 �a.t<�m>.OPjA
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� B }

1

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

2

0 20 40 60 80 100 120 140

A
ve

ra
ge

 tr
af

fic
 im

ba
la

nc
e

Total number of BGP routes tweaked per time interval

Performance of tabu list method (stub1)

10 iBGP updates per time interval
20 iBGP updates per time interval
30 iBGP updates per time interval
40 iBGP updates per time interval

no tabu list method
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x
KQEG5�>C7B.69 	

x =
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<L5�P�? ���WA�+-,C. �D5/?�7=<�b�>MTIEG937 �bKQ.z7B,/?�PM93,/?��b9j7B,/<>7@������
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iBGP updates per 10 min time interval

Performance of tabu list method (stub2)

no tabu list
tabu entry lifetime = 10 min
tabu entry lifetime = 20 min
tabu entry lifetime = 30 min
tabu entry lifetime = 60 min
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iBGP updates per 10 minutes interval

Performance of tabu list method with MED (stub1)

no tabu list method (MED)
no tabu list method (local-pref)

tabu entry lifetime = 10 min
tabu entry lifetime = 30 min
tabu entry lifetime = 60 min
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iBGP updates per 10 min time interval

Performance of tabu list method for cost-weighted traffic balance (stub2)

no tabu list
tabu entry lifetime = 30 min
tabu entry lifetime = 1 hour

tabu entry lifetime = 2 hours
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