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Abstract. In this paper, we presentanextensionof theheuristiccalled“particle
swarmoptimization” (PSO)that is ableto dealwith multiobjective optimization
problems.Our approachusestheconceptof Paretodominanceto determinethe
flight directionof aparticleandis basedontheideaof having asetof sub-swarms
insteadof singleparticles.In eachsub-swarm,a PSOalgorithmis executedand,
at somepoint, thedifferentsub-swarmsexchangeinformation.Our proposedap-
proachis validatedusingseveral testfunctionstakenfrom theevolutionarymul-
tiobjectiveoptimizationliterature.Ourresultsindicatethattheapproachis highly
competitive with respectto algorithmsrepresentative of the state-of-the-artin
evolutionarymultiobjective optimization.

1 Intr oduction

Particleswarmoptimization(PSO)is arelatively recentheuristicinspiredby thechore-
ographyof a bird flock which hasbeenfound to be quite successfulin a wide vari-
ety of optimizationtasks[1]. Its high speedof convergenceandits relative simplicity
make PSOa highly viable candidateto be usedfor solving not only problemswith a
singleobjectivefunction,but alsoproblemswith severalobjectives(called“multiobjec-
tive optimizationproblems”)[2]. In this paper, we presenta proposal,called“another
multi-objective particleswarmoptimization” (AMOPSO),which extendsPSOto deal
with severalobjectives.Themainnovelty of theapproachconsistsonusingaclustering
techniquein orderto divide thepopulationof particlesinto severalswarmsin orderto
have a betterdistribution of solutionsin decisionvariablespace.The introductionof
this mechanismsignificantlyimprovesthe quality of theParetofrontsobtained,when
comparingour resultswith respectto othermultiobjective PSOpreviously reportedin
theliteratureandwith respectto algorithmsrepresentativeof thestate-of-the-artin evo-
lutionarymultiobjectiveoptimization.

2 RelatedWork

Therehave beenseveralrecentproposalsto extendPSOto handlemultiple objectives.
We will review next themostimportantof them:



– The Swarm Metaphor of Ray & Liew [3]: ThisalgorithmusesParetodominance
andcombinesconceptsof evolutionary techniqueswith the particleswarm. The
approachusescrowding to maintaindiversityanda multilevel sieve to handlecon-
straints.

– The algorithm of Parsopoulos& Vrahatis [4]: This algorithmadoptsdifferent
typesof aggregatingfunctionsto solvemultiobjectiveoptimizationproblems.

– Dynamic NeighborhoodPSO proposedby Hu and Eberhart [5]: In this algo-
rithm, only oneobjective is optimizedat a time usinga schemesimilar to lexico-
graphicordering.A revisedversionof this approachthatusesa secondarypopula-
tion is presentedin [8].

– TheMulti-objecti veParticle Swarm Optimizer (MOPSO)by Coello& Lechuga
[6]: Thisproposalis basedon theideaof having aglobalrepositoryin whichevery
particlewill depositits flight experiencesaftereachflight cycle. Additionally, the
updatesto therepositoryareperformedconsideringageographically-basedsystem
definedin termsof theobjective functionvaluesof eachindividual; this repository
is usedby theparticlesto identify a leaderthatwill guidethesearch.

– The approach of Fieldsend& Singh [7]: This approachincorporatesan uncon-
strainedelite archive (in which a specialdatastructurecalled“dominatedtree” is
adopted)to storethenondominatedindividualsfoundalongthesearchprocess.The
archive interactswith the primarypopulationin orderto definelocal guides.This
approachalsousesa “turbulence”operatorwhich is basicallya mutationoperator
thatactson thevelocityvalueusedby PSO.

– The algorithm of Mostaghim & Teich [9]: Thisapproachusesasigmamethodin
whichthebestlocalguidesfor eachparticleareadoptedto improvetheconvergence
anddiversityof a PSOalgorithmusedfor multiobjective optimization.They also
usea “turbulence”operator, but appliedon decisionvariablespace.Theuseof the
sigmavaluesincreasesthe selectionpressureof PSO(which wasalreadyhigh).
This maycauseprematureconvergencein somecases.

– The NondominatedSorting PSOof Li [10]: Thisapproachincorporatesthemain
mechanismsof the NSGA-II [11] into a PSOalgorithm.The proposedapproach
showedaverycompetitiveperformancewith respectto theNSGA-II (evenoutper-
forming it in somecases).

Our approachis basedon the useof Pareto ranking and a subdivision of deci-
sionvariablespaceinto severalsub-swarms(this is doneusingclusteringtechniques).
SinceindependentPSOsarerun into eachswarm,our approachcanbeseenasa meta-
MOPSOalgorithm.After a certain(pre-defined)numberof iterations,the leadersof
eachswarmaremigratedto a differentswarmin orderto variatetheselectionpressure.
This sortof schemeis a novel proposalto solve multiobjective optimizationproblems
usingPSO.Also, notethatAMOPSOdoesnotuseanexternalpopulation,sinceelitism
in this caseis anemergentprocessderivedfrom themigrationof leaders.

3 Description of the ProposedApproach

The analogyof particleswarm optimizationwith evolutionaryalgorithmsmakesevi-
dentthenotionthatusinga Paretorankingschemecouldbethestraightforwardway to



extendthe approachto handlemultiobjective optimizationproblems.However, merg-
ing a Paretorankingschemewith the PSOalgorithm will producenot onebut a set
of nondominatedleadersandtheselectionof an“appropriate”leaderbecomesdifficult
(by definition,all nondominatedsolutionsareequallygood).Additionally, it is known
thatseveraldifficult multiobjectiveoptimizationproblemshaveadisconnecteddecision
variablespace.This issueis particularlyimportantwhenusingPSO,becauseit could
be thecasethata particletries to follow a leaderthat residesin a disconnectedregion
away from it. In this case,a lot of searcheffort would be wastedand the algorithm
mightnot beableto convergeto thetrueParetofront of theproblem.Theuseof neigh-
borhoodsmaybeusefulin thiscase.However, wearguethattheuseof aneighborhood
may delayconvergence,becausethe selectionpressureis significantly loweredwhen
they areused,sincein this case,particlesspendmostof their searcheffort following
leadersthat residefar away from the true Paretofront. Our proposalis to useseveral
swarms(eachwith afixedsize).Eachswarmwill over-fly aspecificregionof thePareto
optimalset(i.e., decisionvariablespace),andwill have its own nicheof particlesand
particleguides.Thealgorithmusedto associateleadersinto aswarmis thehierarchical
single-connectedclusteringalgorithm[12]. The appropriateselectionof leadersis es-
sentialfor thegoodperformanceof PSOwhenappliedto multiobjective optimization
problems.If the particlechoosesan inappropriateleader(i.e., a leaderwho is too far
away in the searchspace)thenmostof theflight will be fruitlessbecausethe particle
will not be traversingpromisoryregionsof searchspace.In this paper, we proposeto
usenot onebut several swarmsto avoid this type of problem.However, even if we
adopta multi-swarmscheme,a goodstrategy to selecta leaderis still necessary. Some
possiblestrategiesfor this sake arethefollowing: (1) Randomly(a leaderis randomly
selected—noconstraintsare imposedon what sort of leadercana particlechoose—,
(2) Theclosest(aparticlepicksasa leaderto thegeographicallyclosestleader),and(3)
oneat a time (asingleleaderis selectedby all theparticlesat a time). In this paper, we
adoptedthefirst scheme(randomselectionof aleader).Thewayin whichouralgorithm
worksis shown next:

function AMOPSOAlgorithm
Begin

For eachswarm
1. Initialize its particles
2. Initialize ���������	��
 set(i.e., thesetof globalleaders)

EndFor
Do

For eachswarm
Do

For eachparticle
4. Selecta leader
5. Performtheflight
6. Updatevalues
If it is a leaderthen addto the ���������	��
 set

EndFor
While maximumnumberof iterationsis not reached



7. Storeleadersin ���������	��
 setin 
���� ��
�� � groups
EndFor
8. Assigneachleadergroupto a swarm

While maximumnumberof iterationsis not reached
End.

Theproposedalgorithmrequiresthefollowing parameters:

– ������� : it refersto thetotal numberof generationsthat thealgorithmwill beexe-
cuted.

– 
�� �	
���� �!��� � : it refersto thetotalnumberof particlesthatwill beover-flying thesearch
space.

– 
���� �	
"� � : it refersto thenumberof particlegroups.Theswarmsizeis fixedbecause
thetotal numberof particlesis a fixedvalue.

– # ��$ ��� : is thenumberof internalgenerationsthattheparticlesof eachswarmwill
run beforesharingtheir leaders.

The completeexecutionprocessof our algorithmcanbe divided in threestages:ini-
tialization,flight andgenerationof results.At thefirst stage,everyswarmis initialized.
Eachswarmcreatesandinitializesits own particlesandgeneratestheleaderssetamong
theparticleswarmsetby usingParetoranking.In thesecondstageis wherethealgo-
rithm performsits strongesteffort. First, it performstheexecutionof theflight of every
swarm;next, it appliesa clusteringalgorithmto grouptheguideparticles.This is per-
formeduntil reachinga total of �����%� iterations.The executionof the flight of each
swarmcanbeseenasanentirePSOprocess(with thedifferencethat it will only opti-
mizeanspecificregion of thesearchspace).First, eachparticlewill selecta leaderto
which it will follow. At the sametime, eachparticlewill try to outperformits leader
andto updateits position.If the updatedparticleis not dominatedby any memberof
theleadersset,thenit will becomea new leader. Theexecutionof theswarmwill start
againuntil a totalof # �&$ ��� iterationsis reached.Constraintsarehandledin AMOPSO
whencheckingParetodominance.Whenwe comparetwo individuals,we first check
theirfeasibility. If oneis feasibleandtheotheris infeasible,thefeasibleindividualwins.
If both areinfeasible,thenthe individual with the lowestamountof (total) constraint
violation wins. If they both have the sameamountof constraintviolation (or if they
areboth feasible),thenthe comparisonis doneusingParetodominance.Onceall the
swarmshavefinishedtheirsflights,aclusteringalgorithmtakesthecontrolby grouping
theclosestparticleguidesinto 
���� �	
"� � swarms.Theseparticleguideswill try to out-
performeachswarmin thenext iteration.This is mainly doneby groupingthe leaders
of all the swarmsinto a singleset,andthensplitting this setamong 
���� �	
"� � groups
(clusteringis donewith respectto closenessin decisionvariablespace).Eachresulting
groupwill beassignedto a differentswarm.The third andfinal stagewill presentthe
results,i.e. it will reportall thenondominatedsolutionsfound.

3.1 Clustering algorithm

We useJohnson’s algorithmto clusterthe leadersin groups[12]. The pseudocodeof
this algorithmis shown next:



function Single-linkclustering
Begin

1. Begin with thedisjoint clusteringhaving level ')(�*,+�-.* andsequencenumber/0-1* .
Do

2. Find theleastdissimilarpairof clustersin thecurrentclustering,saypair (324+�56(87�+ ,
accordingto 9;:<(32,+�5"(87=+?>&-@/BA�CD9;:<(3A!+�5�(FEG+?> wheretheminimumis over all pairsof clusters
in thecurrentclustering
3. Incrementthesequencenumber:/0-@/IH@J . Mergeclusters(32,+ and (87�+ into a single
clusterto form thenext clustering/ . Setthelevel of thisclusteringto 'K(3/L+M-.9;:<(324+�56(87�+?>
4. Updatetheproximity matrix, N , by deletingtherows andcolumnscorrespondingto
clusters(32,+ and (87�+ andaddinga row anda columncorrespondingto thenewly formed
cluster. Theproximity betweenthenew cluster, denoted(32=5�7�+ andtheold cluster (�O%+ is
definedas: 9;:<(�O�+�5	(32=5�7�+?>D-@/PA8CD9;:<(�O%+�5	(32,+?>�5�9;:<(�O%+�5	(87�+?>

while objectsarenot in Q clusters.
End.

Thealgorithmrequiresaproximity matrixasaparameter(in ourcase,weuseadissimilarity
matrix,andtheEuclideandistancein variablespaceto representthedissimilarity).

4 Comparison of Results

Severaltestfunctionsweretakenfrom thespecializedliteratureto compareourapproach,but due
to spacelimitations,only 3 areincludedin thispaper. In orderto allow aquantitative assessment
of theperformanceof amultiobjectiveoptimizationalgorithm,weadoptedthefollowing metrics:

1. Err or Ratio (ER): This metric wasproposedby Van Veldhuizen[13] to indicatethe per-
centageof solutions(from thenondominatedvectorsfoundsofar) thatarenot membersof
thetrueParetooptimalset: RTS - U1VWYX[Z�\ WC 5 (1)

where C is the numberof vectorsin the currentsetof nondominatedvectorsavailable;
\ W

= 0 if vector A is a memberof theParetooptimalset,and
\ W -]J otherwise.It shouldthen

be clearthat
RTS -^* indicatesan idealbehavior, sinceit would meanthatall thevectors

generatedby ouralgorithmbelongto theParetooptimalsetof theproblem.
2. Generational Distance(GD): This metricwasproposedby VanVeldhuizen[13] asa way

of estimatinghow far aretheelementsin thesetof nondominatedvectorsfoundsofar from
thosein theParetooptimalsetandis definedas:_ N^- ` U VWYX[Z 9baWC (2)

whereC is thenumberof vectorsin thesetof nondominatedsolutionsfoundsofar and 9 W
is

theEuclideandistance(measuredin objective space)betweeneachof theseandthenearest
memberof theParetooptimalset.It shouldbeclearthata valueof

_ Nc-d* indicatesthat
all theelementsgeneratedarein theParetooptimalset.

3. Spacing(SP):Here,onedesiresto measurethespread(distribution) of vectorsthroughout
thenondominatedvectorsfoundsofar. Sincethe“beginning” and“end” of thecurrentPareto
front foundareknown, a suitablydefinedmetricjudgeshow well thesolutionsin suchfront



aredistributed.Schott[14] proposedsucha metricmeasuringtherange(distance)variance
of neighboringvectorsin thenondominatedvectorsfoundsofar. This metricis definedas:

egf hiij JCBklJ Vm W�XnZ ( 9okp9 W + a 5 (3)

where9 W -rqts<u4v�(�w,x WZ (�yM+nkzx vZ (�y{+)w�HIwGx Wa (�y�+[k|x va (�y�+}w + , A�58E~-�J45	�"�6�65�C , 9 is themean
of all 9 W

, and C is thenumberof nondominatedvectorsfoundsofar. A valueof zerofor this
metricindicatesall membersof theParetofront currentlyavailableareequidistantlyspaced.

In orderto know how competitive wasour approach,we decidedto compareit againsttwo
multiobjective evolutionaryalgorithmsthat representthe state-of-the-artandwith respectto a
multi-objective particleoptimizer(MOPSO)thatis publicly available:

1. NondominatedSorting GeneticAlgorithm II : Proposedby Debet al. [11], this algorithm
is basedonseverallayersof classificationsof theindividuals.It incorporateselitism(through
the useof ( �LHr� )-selection),a crowdedcomparisonoperatorandit keepsdiversity with-
out specifyingany additionalparameters.It remainsasoneof themostcompetitive multi-
objective evolutionaryalgorithmsknown to date.

2. ParetoAr chivedEvolution Strategy: ThisalgorithmwasintroducedbyKnowlesandCorne
[15]. PAESconsistsof a (1+1)evolutionstrategy (i.e.,asingleparentthatgeneratesasingle
offspring) in combinationwith a historicalarchive that recordssomeof thenondominated
solutionspreviously found.This archive is usedasa referencesetagainstwhich eachmu-
tatedindividual is beingcompared.Thearchive is not only theelitist mechanismof PAES,
but alsoincorporatesanapproachto maintaindiversity (a crowding procedurethatdivides
objective spacein a recursive manner).

3. Multiobjecti ve Particle Swarm Optimization (MOPSO): This approachwasintroduced
in [6]. It usestheconceptof Paretodominanceto determinetheflight directionof a particle
andit maintainspreviously foundnondominatedvectorsin a global repositorythat is later
usedby otherparticlesto guidetheir own flight. It alsousesa mutationoperatorthat acts
bothon theparticlesof theswarm,andon therangeof eachdesignvariableof theproblem
to besolved.

Thesourcecodeof theNSGA-II, PAESandMOPSOis availablefrom theEMOOrepository
locatedat: http://delta.cs.cinvestav.mx/˜ccoello/E MOO. The sourcecodeof
AMOPSOis availableuponrequestby email to thefirst author. In the following examples,the
NSGA-II wasrun usinga populationsizeof 100,a crossover rateof 0.8 (uniform crossover was
adopted),tournamentselection,andamutationrateof 1/' , where' = chromosomelength(binary
representationwasadopted).PAES wasrun usinganadaptive grid with a depthof five,a sizeof
thearchive of 100,anda mutationrateof J��=' , where ' refersto thelengthof thechromosomic
string that encodesthe decisionvariables.MOPSO(with real-numbersrepresentation)useda
(main)populationof 100particles,a repositorysizeof 100particles,a mutationrateof 0.05,and
30divisionsfor theadaptivegrid.AMOPSOused40particles,amaximumnumberof generations
of 20,a maximumnumberof generationsperswarmof 5, anda total of 5 swarms.Thevaluesof
all theseparameterswereempirically derived.The total numberof fitnessfunctionevaluations
wassetto 4000for all thealgorithmscomparedin all thetestfunctionsshown next.



4.1 TestFunction 1

Forourfirstexample,weusedthefollowingproblemproposedin [16]: Maximize �r-�(8x Z (3��5���+�5�x a (3��5��%+�+ ,
where x Z (3��5���+M-�k)� a H��;5Lx a (3��5��%+n- J����Hz�oH@J
subjectto: *�� Z� ��Hz�Tk Z8�a 5P*�� Za ��Hz�Tk Z?�a 5P*����=��H|��k��4* and: ��5����l* .
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Fig.1. Paretofrontsproducedby MOPSO(left) andtheAMOPSO(right) for thefirst testfunc-
tion.
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Fig.2. Paretofrontsproducedby theNSGA-II (left) andPAES(right) for thefirst testfunction.

Figures1 and2 show the graphicalresultsproducedby the PAES, the NSGA-II,
MOPSOandour AMOPSOin the first test function chosen.The true Paretofront is
shown asa continuousline. The solutionsdisplayedcorrespondto the medianresult
with respectto the generationaldistancemetric for eachof the algorithmscompared.
The true Paretofront of the problemis shown as a continuousline. Tables1 and 2
show thecomparisonof resultsamongthefour algorithmsconsideringthemetricspre-
viously described.It canbeseenthattheaverageperformanceof AMOPSOis thebest



Err or Ratio GenerationalDistance
MOPSO AMOPSO NSGA-II PAES MOPSO AMOPSO NSGA-II PAES

Average 0.6542 0.4926 0.8955 1.0023 0.0150 0.0038 0.0518 0.1041
Best 0.5300 0.3763 0.7200 0.9600 0.0024 0.0017 0.0032 0.0114

Worst 0.8261 0.5814 1.0000 1.0156 0.0859 0.02109 0.3170 0.6380
Median 0.6500 0.4932 0.9100 1.0100 0.0078 0.0022 0.0092 0.0264
St.Dev. 0.06263 0.05164 0.07564 0.01630 0.01960 0.00447 0.08641 0.16033

Table1. Resultsof theErrorRatio(ER) andtheGenerationalDistance(GD) metricsfor thefirst
testfunction.

SP MOPSO AMOPSO NSGA-II PAES
Average0.109146 0.043361 0.0289610.079803

Best 0.046508 0.028168 0.0089990.021405
Worst 0.681124 0.125776 0.0808560.230506

Median 0.059248 0.035124 0.0258070.051504
St.Dev. 0.141827 0.023900 0.0170470.060692

Table2. Resultsof theSpacingmetricfor thefirst testfunction.

with respectto theerror ratio (by far), andwith respectto generationaldistance.With
respectto spacingit placesslightly below theNSGA-II, but with a lower standardde-
viation. By looking at theParetofrontsof this testfunction,it canbeeasilyseenthat,
except for MOPSOandour AMOPSO,noneof the algorithmswasableto cover the
full Paretofront. It canalsobeseenthatAMOPSOproducedthebestfront. This is then
anexamplein whicha metricmaybemisleading,sincethefactthatthespacingmetric
providesa goodvaluebecomesmeaninglessif thenondominatedvectorsproducedby
thealgorithmarenot partof thetrueParetofront of theproblem.

5 TestFunction 2

Our secondtestfunctionwasproposedin [17]:

Min x Z (�yM+M- Vb� Zm W�XnZ�� koJ	*n�"�b� � kK*b� �%� � aW H|� aWY�[Z� D �¡
Min x a (�yM+�- Vm W�X[Z£¢ w � W w ¤"¥ ¦{H§�n¨�s<u�(3� W + �	©

(4)
where: k}��ªl� Z 5�� a 5�� � ª��

Figures3 and4 show the graphicalresultsproducedby the PAES, the NSGA-II,
MOPSOandour AMOPSOin the secondtest function chosen.Tables3 and4 show
thecomparisonof resultsamongthefour algorithmsconsideringthemetricspreviously
described.It canbeseenthattheaverageperformanceof AMOPSOis thebestwith re-
spectto all themetricsadopted.This resultcanbecorroboratedby lookingatFigures3
and4. Exceptfor our AMOPSO,all thealgorithmsmissedimportantsegmentsof the
trueParetofront.
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Fig.3. Paretofronts producedby MOPSO(left) and the AMOPSO (right) for the secondtest
function.
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Fig.4.Paretofrontsproducedby theNSGA-II (left) andPAES(right) for thesecondtestfunction.

Err or Ratio GenerationalDistance
MOPSO AMOPSO NSGA-II PAES MOPSO AMOPSO NSGA-II PAES

Average 0.7810 0.3490 0.7365 0.9320 0.0335 0.0020 0.0242 0.1730
Best 0.7300 0.2423 0.2300 0.3700 0.0318 0.0015 0.0030 0.0240

Worst 0.8500 0.4565 1.010 1.2500 0.0346 0.0035 0.1058 1.5743
Median 0.7800 0.3614 0.7950 1.0000 0.0336 0.0019 0.0072 0.0909
St.Dev. 0.03194 0.05107 0.24594 0.17914 0.00069 0.00050 0.02935 0.33300

Table 3. Resultsof the Error Ratio (ER) and the GenerationalDistance(GD) metricsfor the
secondtestfunction.

SP MOPSO AMOPSO NSGA-II PAES
Average0.086108 0.037190 0.0381560.449358

Best 0.044509 0.019109 0.0028390.094711
Worst 0.119586 0.055227 0.1029065.124390

Median 0.092252 0.041811 0.0359560.198565
St.Dev. 0.022214 0.014061 0.0197291.102054

Table4. Resultsof theSpacingmetricfor thesecondtestfunction.



6 TestFunction 3

Ourthird testfunctionis to optimizeafour-barplanetruss.Theproblemis thefollowing

[18]: Min «b¬G­8®�¯K°²±�­?³��[¬µ´t¶ ³���·,´ ¶ ��¸4´���¹,¯ , «G·b­8®�¯K°»ºM¼½¿¾ ·ÀµÁ ´ ·	Â ·À4Á]Ã · ¶ Ä ·"ÅÀ4Æ ´ ·ÀµÇbÈ
suchthat ­?É�ÊGËM¯ÍÌ�� ¬ Ì�ÎÐÏ�­8É�Ê�ËM¯ , ¶ ³Ñ­8É�ÊGËM¯oÌr� · Ì�ÎBÏ§­?É�ÊGËM¯ , ¶ ³;­8É�Ê�ËM¯�Ì�� ¸ ÌÎzÏd­8É�ÊGËM¯ , ­8É�Ê�ËM¯�ÌÒ�ÑÓdÌÔÎ§Ïd­8É�ÊGËM¯ where: ÉÕ°×ÖµØ�Ù;Ú , ÛÜ°×­!³b¯	Ö4ØbÝ=ÙDÚÞÊ�ß $ · ,±r°I³�Ø%Øbß $ , Ë|°�Ö4Ø%Ù;ÚàÊGß $ ¸
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Fig.5. Paretofrontsproducedby MOPSO(left) andtheAMOPSO(right) for thethird testfunc-
tion.

Figures5 and6 show thegraphicalresultsproducedbyPAES,theNSGA-II, MOPSO
andour AMOPSOin thethird testfunctionchosen.Tables5 and6 show thecompari-
sonof resultsamongthefour algorithmsconsideringthemetricspreviouslydescribed.
In this case,AMOPSOwasthebestwith respectto thegenerationaldistanceandspac-
ing metrics,and it placedsecond(marginally) with respectto the error ratio metric
(PAESwasthebestaverageperformerwith respectto thismetric).Graphically, wecan
seethatMOPSOandour AMOPSOwerethe only algorithmsableto cover theentire
Paretofront of thisproblem.Clearly, ourAMOPSOproducedthebestfront in thiscase
(seeFigures5 and6).

Err or Ratio GenerationalDistance
MOPSO AMOPSO NSGA-II PAES MOPSO AMOPSO NSGA-II PAES

Average0.447869 0.436210 0.4475000.3868880.452556 0.215814 0.364229 1.079089
Best 0.260000 0.293548 0.2100000.1900000.312648 0.152786 0.249701 0.168401

Worst 0.640000 0.558824 0.9600000.6400000.933802 0.348571 0.58576914.222200
Median 0.425000 0.434563 0.3550000.3600000.380676 0.212191 0.354397 0.238549
St.Dev. 0.096677 0.061168 0.1891500.1158060.178124 0.048167 0.065211 3.126444

Table 5. Resultsof the Error Ratio (ER) andGenerationalDistance(GD) metricsfor the third
testfunction.
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Fig.6. Paretofrontsproducedby theNSGA-II (left) andPAES (right) for thethird testfunction.

7 Conclusionsand Future Work

Wehavepresentedanew proposalto extendparticleswarmoptimizationto handlemul-
tiobjective problemsusingsub-swarms,Paretorankingandclusteringtechniques.The
proposedapproachwasvalidatedusingthestandardmethodologycurrentlyadoptedin
the evolutionarymultiobjective optimizationcommunity. The resultsindicatethatour
approachis a viable alternative sinceit outperformedsomeof the bestmultiobjective
evolutionaryalgorithmsknown to date.Oneaspectthatwe would like to explorein the
futureis thestudyof alternativemechanismsto handleconstraintsthroughtheuseof in-
feasiblesolutionsthatcanactasleadersin aspecialswarm.We believethatthis sortof
mechanismcouldimprovetheperformanceof ourAMOPSO,particularlywhendealing
with problemsin which theParetofront liesontheboundariesbetweenthefeasibleand
infeasibleregions.Wealsowantto performananalysisof theimpactof themechanism
adoptedto selectleadersin theperformanceof theapproach.Finally, we aim to devise
a way to eliminatethe 
 ��� ��
�� parameterthroughtheuseof self-adaptation.

SP MOPSO AMOPSO NSGA-II PAES
Average2.665576 1.209140 2.172087 4.180568

Best 1.932520 0.934140 1.115380 1.250790
Worst 3.925990 1.527800 2.55798022.745200

Median 2.643000 1.257940 2.248595 2.314210
St.Dev. 0.495079 0.177295 0.375880 5.440785

Table 6. Resultsof theSpacingmetricfor thethird testfunction.
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