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Abstract—This paper suggests a multimodal multi-objective
evolutionary algorithm with dual clustering in decision and
objective spaces. One clustering is run in decision space to gather
nearby solutions, which will classify solutions into multiple local
clusters. Non-dominated solutions within each local cluster are
first selected to maintain local Pareto sets, and the remaining
ones with good convergence in objective space are also selected,
which will form a temporary population with more than N solu-
tions (N is the population size). After that, a second clustering is
run in objective space for this temporary population to get N
final clusters with good diversity in objective space. Finally, a
pruning process is repeatedly run on the above clusters until each
cluster has only one solution, which removes the most crowded
solution in decision space from the most crowded cluster in
objective space each time. This way, the clustering in decision
space can distinguish all Pareto sets and avoid the loss of local
Pareto sets, while thatin objective space can maintain diversity in
objective space. When solving all the benchmark problems from
the competition of multimodal multi-objective optimization in
IEEE Congress on Evolutionary Computation 2019, the experi-
ments validate our advantages to maintain diversity in both
objective and decision spaces.

Index Terms—Multi-objective optimization, Multimodal op-
timization, Evolutionary algorithm, Clustering.

I. INTRODUCTION

N recent decades, multi-objective evolutionary algorithms
(MOEAs) have become a popular and effective approach for
solving multi-objective optimization problems (MOPs).
MOEAs are population-based approaches that aim to find a set
of non-dominated solutions that approximate the Pareto front
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(PF) of an MOP with an even distribution in objective space
[1]-[3]. Then, decision makers can select one final solution
from this approximation set according to their preferences.

Generally, most MOEAs include a recombination operator
to generate offspring and a selection operator to update the
inferior parents. Simulated binary crossover (SBX) [4], dif-
ferential evolution (DE) [5], local or gradient based search
strategies [6]-[8] are often used as the recombination operator,
while three main kinds of selection criteria are employed in the
selection operator of most MOEAs, including Pareto-based
strategy [9]-[11], decomposition-based strategy [12]-[20], and
indicator-based strategy [21]-[23]. However, these selection
criteria only assess performance of solutions in objective space,
but rarely consider their diversity in decision space. This de-
sign principle in MOEAs will face some challenges for solving
multimodal MOPs (MMOPs), as some Pareto optimal solution
sets (PSs) for the same PF may be missed [24].

In fact, MMOPs arise in many real-world applications, e.g.,
multi-objective knapsack optimization [25], flow shop sched-
uling [26], rocket engine optimization [27], and space mission
design [28], among others. These MMOPs have different PSs
for the same PF or even possess some local and global PSs
simultaneously [29]-[31]. As some uncertain factors are dif-
ficult to capture in the modeling process of real-world appli-
cations, the optimal solutions obtained by optimizing the target
MMOPs may become infeasible in practice due to environ-
mental changes or to the presence of constraints. Thus, it is
very helpful if the optimizer can provide multiple different PSs
with the same quality in objective space or even some local
PSs with acceptable quality as an alternative choice, which can
provide the decision maker more options to eliminate uncer-
tain risks that arise in practice [32]-[34].

As stated in [24], a diverse set of solutions should be con-
sidered in both decision and objective spaces when designing
MOEAs for solving MMOPs. Based on this principle, some
multimodal MOEAs (MMOEAs) [35]-[38] have been pro-
posed, which can effectively maintain a number of global PSs
for the same PF. However, they still show some difficulties in
saving good local PSs with acceptable quality, as global PSs
with good convergence always dominate and replace all local
PSs. However, as mentioned above, some good local PSs with
acceptable quality should be also provided to eliminate the risk
in case global PSs become infeasible in practice. In the CEC
2019 competition on MMOPs [31], it was suggested to ap-
proximate their global PSs as well as to maintain some good
local PSs.



In recent years, niching methods have been the most popular
tool to maintain global and local PSs, adopting techniques
such as fitness sharing [39]-[40], crowding [41] and clustering
[42]-[44]. For example, density-based clustering was proposed
in [42] as a niching method to find equivalent PSs for the same
PF, and an affinity propagation clustering was presented in [43]
as a parameter-free automatic niching method to capture the
peaks in multimodal optimization. In [44], a hill-valley clus-
tering approach was introduced to adaptively cluster the search
space into a number of niches, and then each of them is opti-
mized by a core search algorithm. Inspired by the above
studies of using clustering to distinguish multiple PSs, this
paper suggests a novel MMOEA with dual clustering in deci-
sion and objective spaces, termed MMOEA/DC. Different
from the existing MMOEASs [35-38] that focus on searching
multiple global PSs, our algorithm can properly balance the
maintenance of global PSs and some good local PSs with
acceptable quality during the evolutionary search. In our
algorithm, a neighborhood-based clustering method (NCM)
modified from DBSCAN [45] is run in decision space to
classify the union population into multiple clusters based on
their neighborhood relationship, trying to maintain diversity in
decision space. Then, the non-dominated solutions in each of
these clusters are first selected to maintain good local PSs,
while some remaining solutions with good convergence are
further selected by applying non-dominated sorting [9] in
objective space to approximate global PSs, which composes a
temporary population with global and local PSs (its size is
larger than the population size N). Then, a hierarchical clus-
tering method (HCM) [46]-[47] is run in objective space to
classify this temporary population into N final clusters. At last,
the most crowded solution in decision space from the most
crowded cluster in objective space will be removed each time
according to the harmonic averaged distance (HAD) [48]. The
above deletion process will be repeated until each cluster has
only one solution. This way, the final solutions in clusters can
properly balance the maintenance of global PSs and good local
PSs with acceptable quality. After evaluating the performance
of MMOEA/DC on all the CEC 2019 MMOPs [31], our ex-
perimental results validate the advantages of our proposed
approach to maintain global and local PSs. Moreover, the
search behavior of clustering on MMOPs and the impact of
crowding-based mating selection are also discussed in order to
verify their effectiveness.

The rest of this paper is organized as follows. Section II
introduces some related background of MMOPs and clarifies
the motivations to design MMOEA/DC. Section III introduces
the dual clustering methods adopted in both decision and
objective spaces, while Section IV provides the details of our
algorithm. Section V presents our experimental results and
their corresponding discussion. Finally, this paper is con-
cluded in Section VI.

II. RELATED BACKGROUND AND MOTIVATION

A. Multimodal Multi-objective Optimization Problems
In general, an MOP can be modeled as follows:
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Fig. 1. Illustrations of local PS, global PS, local PF and global PF.
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where X =(X,...,X,) is a variable vector in decision space Q2
(n is the number of decision variables), and F(X) defines m
(often conflicting) objective functions f,(X),..., f,(X). Some
MOPs from real-world scenarios may have different PSs for
the same global PF or even possess some local PSs simulta-
neously [29]-[31]. Such problems are often called multimodal
MOPs (MMOPs). In [31], local PS, local PF, global PS, and
global PF of MMOPs are respectively defined as follows.

Local PS and Local PF: For any solution X in a set P, if no
neighboring solution y satisfying || y —X|[.,<J (¢ is a small
positive value) can dominate X, P is called local PS and its
mapping in objective space is called local PF.

Global PS and Global PF: For any solution X in a set Pg, if
other solution in feasible space cannot dominate X, Pg is called
global PS and its mapping in objective space is called global
PF.

For clarity, a simple example is given in Fig. 1, which shows
an MMOP with one local PS and two global PSs (i.e., PS; and
PS,). Dashed lines with blue circle dots represent local PS or
PF, while solid lines with red stars are global PS or PF. As
suggested in [32]-[34], all global PSs and good local PSs with
acceptable quality for MMOPs should be provided to support
decision making in various application scenarios.

B. Related Work

In recent years, a number of MMOEAS have been proposed
to solve MMOPs, which can be roughly classified into three
main categories: Pareto-based MMOEAs, decomposition-
based MMEAs, and others.

1) Pareto-based MMOEAs: There are two extensions from
NSGA-II [9] for solving MMOPs, i.e., Omni-optimizer [35]
and DN-NSGA-II [36]. The concept of crowding distance in
decision space was presented in Omni-optimizerand a decision
space based niching method was proposed in DN-NSGA-II.
Both mechanisms are able to find multiple global PSs for the
same PF. In [37], a niche sharing method was simultaneously
employed for diversity maintenance in both objective and
decision spaces, allowing to diversify solutions for solving
MMOPs. In SPEA2+ [38], two archives were adopted to
maintain the diversity of solutions for solving MMOPs, which
are updated according to the density of solutions respectively
in objective space and in decision space for the environmental
selection.

2) Decomposition-based MMOEAs: In [49], environmental
selection was conducted based on a fitness value combining
the PBI function value [12] in objective space and two distance
values in decision space. This way, multiple dissimilar solu-
tions can be associated to one subproblem, which helps to
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Fig. 2. The final solutions obtained by five different MMOEASs and the true local/global PS/PF on MMF11.

extend diversity for solving MMOPs. In MOEA/D-AD [50],
each solution was associated to a subproblem with the closest
weight vector based on the perpendicular distance and a rela-
tive neighborhood size L was set in its decision space. Then,
each offspring only updates the original solutions associated to
the same subproblem from its L nearest individuals in decision
space. Thus, multiple PSs can be preserved for each subprob-
lem. This idea was generalized as a framework in [34] based
on three operations: assignment, deletion, and addition, which
can enhance the performance of decomposition-based MOEAs
when solving MMOPs.

3) Others: There are also some other MOEAs designed for
MMOPs, which are difficult to classify into any of the two
above categories. A multi-objective optimizer was designed in
[51], where local PSs can assist to find global PSs by sliding
down the multi-objective gradient hill and moving along local
PSs. A general framework using two archives and recombina-
tion was designed in TriIMOEA-TA&R [32]. The diversity
archive uses a clustering strategy and a niche-based clearing
strategy to maintain diversity respectively in objective space
and decision space, while the convergence archive aims to
maintain diverse converged solutions from independent deci-
sion subspaces. By recombining solutions in both archives,
this algorithm is able to find multiple PSs. An MOEA using a
convergence-penalized density method (CPDEA) was pro-
posed in [33], which transforms the distances among solutions
in decision space based on their local convergence quality.
Using these transformed distances, the density values of solu-
tions are estimated and used as the selection criterion to
maintain multiple PSs.

Moreover, other heuristic algorithms have alsobeen adopted
for tackling MMOPs in recent years. For example, a new par-
ticle swarm optimization (PSO) algorithm was introduced in
[52] with an index-based ring topology, which can produce
some stable niches to find a number of PSs. A self-organizing

map network was embedded into a PSO algorithm in [53] and
into an improved pigeon-inspired optimization algorithm in
[54], building a good neighborhood relationship in decision
space, which helps to approximate multiple PSs for solving
MMOPs. Please note that the non-dominated sorting method
[9] based on the special crowding distance (SCD) is used in all
the above PSO algorithms.

C. Motivations and Contributions

However, the above algorithms only focus on maintaining
global PSs, but often neglect good local PSs with acceptable
quality in objective space. In this subsection, the performance
of some representative algorithms was investigated for solving
MMOPs with coexistence of global and local PSs. Two algo-
rithms based on Pareto dominance (MMO-Clustering-PSO'
and MMOPIO [54]), two decomposition-based MOEAs
(NSGA-III-ADA [34] and eMOEA/D-ADA [34]) and Tri-
MOEA-TA&R [32] were adopted here to solve MMF11 from
the CEC 2019 MMOPs [31]. The initial population size was
set to 100 for NSGA-III-ADA and eMOEA/D-ADA and to
200 for the other algorithms. Please note that the numbers of
solutions are changed at each generation of NSGA-III-ADA
and eMOEA/D-ADA and the setting in this paper will finally
produce more than 200 solutions. All the algorithms were
independently run 31 times with a maximum number of func-
tion evaluations of 10000. Their final solutions based on the
median performance obtained with respect to the IGDX indi-
cator [36] in 31 runs are plotted in Fig. 2. As observed in Fig. 2,
all the algorithms faced some difficulties in maintaining a
good local PS with acceptable quality for MMF11. In
MMO-Clustering-PSO and MMOPIO, the non-dominated
sorting method [9] was the primary selection criterion in
objective space, which allows the local PS to be removed as it

! http://www5.zzu.edu.cn/ecilab/info/1036/1211.htm



is dominated by the global PS during the evolutionary process.
NSGA-III-ADA and eMOEA/D-ADA could maintain some
local PSs if they were far away from the global PS in decision
space, but they preserved some local PSs with poor quality,
which cannot evenly cover the true global and local PSs of
MMF11. For TriMOEA-TA&R, the local PS was totally
missed for MMF11, as the non-dominated sorting method [9]
was used to update its diversity archive in objective space.

Based on the above experiments, it is clear that these algo-
rithms faced difficulties in maintaining a good local PS with
acceptable quality for solvingMMF11.In fact, most MMOEAs
[32-33,35-38,52-54] often ignore local PSs, as the maintenance
of local PSs may easily lead the algorithm to get trapped into
the local optimal regions and local PSs are easily removed due
to the Pareto dominance by global PSs. In order to fill this
research gap for MMOPs, this paper suggests a new MMOEA
with dual clustering in decision and objective spaces, called
MMOEA/DC, which considers two key tasks on solving
MMOPs: (i) locating multiple global PSs in decision space
with the same quality in objective space; (ii) locating good
local PSs with acceptable quality in objective space. To solve
the tasks, one clustering is applied in decision space to gather
nearby solutions, which will classify solutions into multiple
local clusters, so as to maintain the local PSs. A second clus-
tering is applied in objective space so that the temporary
population selected from these local clusters can get N final
clusters, which aims to maintain diversity in objective space.
At last, a pruning process is performed for the above clusters
until each cluster only has one solution, by iteratively remov-
ing the most crowded solution in decision space from the most
crowded cluster in objective space. This way, MMOEA/DC
can strike a good balance on solving two key tasks of MMOPs.

To summarize, our main contributions which distinguish us
from the previous works [32-38, 49-54] are the following:

1) This paper suggests a novel MMOEA with dual cluster-
ing in decision and objective spaces. An NCM is applied in
decision space to distinguish global or local PSs, while an
HCM is applied in objective space to maintain their diversity.
This way, our environmental selection using dual clustering
can properly balance the maintenance of global PSs and good
local PSs with acceptable quality during the evolutionary
process.

2) A crowding-based mating selection is proposed in this
paper, which uses a binary tournament selection strategy based
on the HAD values in decision space. Thus, more uniformly
distributed mating parents can be selected, which can produce
offspring with strengthened diversity in decision space.

III. DUAL CLUSTERING IN DECISION AND OBJECTIVE SPACES

In this section, the details of the dual clustering methods
(NCM and HCM) are introduced, which are respectively
applied in decision and objective spaces. NCM aims to dis-
tinguish local or global PSs, by classifying the union of parents
and offspring into multiple clusters according to their neigh-
borhood relations in decision space. After collecting the non-
dominated solutions in each of these clusters and other re-
maining solutions with good convergence, HCM is applied in
objective space to separate these solutions into N final clusters

Algorithm 1 Neighborhood-based Clustering(U, r)

Input: U, r
Output: C,,..., Cx
I:  for each solution x eU

2: identify its r-neighborhood B(X) by (2)

3:  end for

4. K=1

5:  while U is not empty

6: randomly select one solution X from U

7 initialize Q =Cyx = { X }

8 while Q is not empty

9: randomly select one solution X from Q
10: T=B(Xx)\Cg

11: Q=QUTandCx=Cc UT
12: delete X from Q

13: end while

14: U=U\Ck

15: K=K+1

16: end while

17: return C,,..., Cx

(N is the population size), aiming to ensure diversity in this
space.

A. NCM in Decision Space

For a given dataset, NCM will build a partition of this da-
taset into multiple subsets with each subset representing a
cluster. When solving MMOPs, NCM is run to classify solu-
tions into a number of clusters. To distinguish local or global
PSs, NCM follows the idea from DBSCAN [45] to identify
density connected clusters. For each solution X = (X,,...,X,) in
a solution set U and the neighborhood radius r =(r,,...,r,) (n
is the number of decision variables), some concepts related to
NCM are introduced as follows:

r-neighborhood: The r-neighborhood B(X) of X is defined
as follows:

BOO) ={y|Vie {l.nblx -y [<nyeU}, ()
where| x, — y; | is the distance between the i-th variables of x
andy.

Direct density-reachable: For each solution y € B(X), Y is
said to be direct density-reachable from X.

Density-reachable: For one solution y eU , y is said to be
density-reachable from X if and only if there exists a path with
k solutions p,, p,,..., P, (K =2), where the first solution p, is
X, the neighboring solutions are direct density-reachable, and
the last solution p, isy.

Based on the above concepts, for each solution X €U , one
cluster is constructed in NCM to collect all solutions which are
density-reachable from x. To clarify the way in which NCM
works, its pseudo-code is provided in Algorithm 1 with the
inputs: U (a solution set) and r =(I,,...,r,) (the neighborhood
radius). At first, the neighborhood B(X) of each solution
xeU is identified by (2) in lines 1-3. Please note that the
scopes of these neighborhoods are determined by the neigh-
borhood radius r, which will significantly affect the clustering
results in NCM. In lines 6-13, one cluster will be constructed
at each iterative running, by randomly selecting a solution X
from U and then collecting all the density-reachable solutions
from X into the K-th cluster Cx, where the cluster index K is
initialized as 1 in line 4. In this process, the solution set T in
line 10 temporarily reserves the newly found direct density-
reachable solutions of X that are also not included in the cluster



Algorithm 2 Hierarchical Clustering(P, N)
Input: P, N
Output: Hy,..., Hy

1: initialize each X' in P as a cluster H; and centroid C;
2: S=|P|

3: whileS>N

4 fori=1toS

5: record the corresponding d,;, (H;) by (5)
6 record the corresponding index(H;) by (6)
7 end for

8 a=b=-1,min=00

9: fori=1toS

10: if d;, (Hi)<min

11: min =d,;,(H;), a=1i, b = index(H;)

12: end if

13: end for

14: H, = H,U Hy, and update its centroid ¢, by (4)
15: delete Hy, and S--

16: renumber the S clusters

17: end while

18: return H,,..., Hy

Cx, and the solution set Q in lines 8-13 is a temporary stack of
observations, which will be visited when filling the cluster C.
After the cluster Cy is built, its solutions should be removed
from U as described in line 14, and the value of K is increased
by 1 in line 15 to find the next cluster. At last, when all solu-
tions in U are classified into the clusters (i.e., U will be empty
in line 5), K clusters C;,...,Cx are returned in line 17.

B. HCM in Objective Space

HCM aims to maintain diversity of solutions in objective
space. Initially, each solution is treated as a cluster and then
two clusters are iteratively combined according to a certain
linkage criterion. Instead of using a single linkage which tends
to produce long thin clusters, in which nearby elements of the
same cluster have small distances, but elements at opposite
ends of a cluster may be much farther from each other [55],
Ward’s linkage is used in this paper as suggested in [46]. This
way, the sum of squared errors within the same cluster is
minimized, while the errors between two distinct clusters are
maximized. The sum of squared errors for two clusters H; and
H; is obtained by

2-n;-n;

AR = o)

lei—cill, 3)
where n; and n; are the numbers of solutions respectively in
clusters H; and H; , and || ¢ —c; || indicates the Euclidean
distance between ¢; (the centroid of H;) and c; (the centroid
of H;) in objective space. Here, the centroid ¢, =(Cl,...,CcJ') of
a cluster H, can be computed as follows:

DO

ci=ehe T i=1,..,m, 4)
H.|

where m is the number of objectives and f;(p) is the i-th
objective value of each solution p in cluster H,.

To clarify the way in which HCM works, its pseudo-code is
given in Algorithm 2 with the inputs: P (a set with more than N
solutions) and N (the number of clusters). In line 1, each
solution X' € P (i=1,2,...,| P|) is initialized as a cluster H;
with centroid ¢; = (f;(X'),..., f,(X")), including the objective
values of x' as defined in (1). In line 2, S equal to | P| indicates

Algorithm 3 Main Framework of MMOEA/DC
Input: an MMOP with m objectives and n variables,
N) Gmaxa ﬁ’ > ﬂ
Output: P
initialize P to have N solutions
G=1
while G < G«
P' = Crowding-based Mating Selection(P, N)
// Algorithm 4
P' = Crossover(P")
P' = Mutation(P")
U=PUP'
P = Environmental Selection(U, N, 1, g8)
// Algorithm 5
9: G++
10: end while
11: return P

Bz

the number of clusters at first. Then, the procedures in lines
3-17 will be iteratively repeated to produce N final clusters.
Specifically, in lines 4-7, the nearest cluster to each cluster H;
is found, which will record the minimal distance to H; by
duin (Hi) and the index of the nearest cluster to H; by

index(H; ), as follows:
i (Hi)=min d(H;,H)), (5)
index(H;)=argmin d(H;,H;), (6)

J

where H; can be any of the clusters excluding H;. Then, in
lines 8-13, the two most similar clusters (i.e., H,and H, ) are
found and recorded, where a and b respectively indicate their
indexes in the cluster set. In this process, the parameter min is
used to record the minimal distance of two clusters in S clus-
ters. In line 14, cluster H, is combined into cluster H, and its
new centroid C, is updated by (4). Then, cluster H, is deleted
and S is decreased by 1 in line 15. The remaining clusters will
be renumbered as Hy, ..., Hs in line 16.

After running the above procedures, only N final clusters
will remain, which will be returned as the final clustering
result obtained by HCM in line 18.

IV. THE PROPOSED ALGORITHM

In this section, the details of our algorithm are presented.
First, our main framework is given to have an overview of
MMOEA/DC. Then, to clarify the way in which it works, the
crowding-based mating selection in decision space is de-
scribed, and the environmental selection using the above NCM
and HCM is introduced, aiming to approximate global PSs and
some good local PSs with acceptable quality. Finally, the
computational complexity of MMOEA/DC is analyzed.

A. Our Main Framework

Here, the pseudo-code of our main framework is provided in
Algorithm 3 with the inputs: an MMOP with m objectives and
n variables, N (the population size), Gpax (the pre-set maxi-
mum number of generations), A (a parameter to control the
neighborhood radius), and 8 (the minimum number of solu-
tions in each local cluster). At first, a population P is initialized
in line 1 by randomly generating N solutions and the genera-
tion counter G is set to 1 in line 2. Afterwards, the crowd-
ing-based mating selection (as introduced in Algorithm 4 with



Algorithm 4 Crowding-based Mating Selection(P, N)

Algorithm 5 Environmental Selection(U,N, 1, 8)

Input: P, N

Output: P'

1: initialize P' as an empty set

2: while|P'|<N

3: randomly select two solutions X and y from P
4: normalize X, y in decision space to get x', y'
5: if HAD(x') < HAD(y")

6: P =P Uy}

7: else if HAD(x') > HAD(y")

8: P =P'U {x}

9: else

10: randomly select one from X and y, and add it into P’
11:  endif

12: end while
13: return P’

the inputs P and N) is run in line 4 to select a mating parent
population P' with N solutions for offspring generation. Then,
a crossover operator (SBX [4]) in line 5 and a mutation oper-
ator (polynomial-based mutation [4]) in line 6 are run sequen-
tially to mutate the offspring population P', which is then
combined with P to form a union population U in line 7. At last,
the environmental selection (as introduced in Algorithm 5 with
the inputs U, N, 4, f) is run in line 8 to select the next pop-
ulation, and the generation counter G is increased by 1 in line 9.
While G is smaller than Gy, the above iterative process in
lines 4-9 will be run. Otherwise, the final population P is
reported as our approximate solution set in line 11.

B. Crowding-based Mating Selection

In our design, the crowding-based mating selection adopts a
binary tournament selection strategy based on the crowding
status in decision space, aiming to select solutions with good
diversity in decision space as mating parents. Its pseudo-code
is provided in Algorithm 4 with the inputs: P (the population)
and N (the population size). In line 1, the mating parent pop-
ulation P' is initialized as an empty set. When its size is smaller
than N, the procedures in lines 3-11 will be run to select one
solution into P' at each iteration. Two solutions X and y are
randomly selected from P in line 3, which are normalized in
line 4 respectively as x" and y’ in decision space, as follows:

X=X o1 n, %
xmax _ min
where X, is the i-th variable of X and normalized as x/, n is
the number of decision variables, while x™" and x™* are re-
spectively the minimum and maximum values of the i-th
variable in P.

In lines 5-8, one normalized solution with a larger crowding
distance in decision space is chosen by a binary tournament
selection and then its original solution (i.e., X or y) will be
added into P'. If they have the same crowding distance, one
solution will be randomly selected in line 10.

Here, the HAD method [48] is used to reflect the crowding
status of solutions in decision space. For a population P with N
solutions, the HAD value of its normalized solution X' can be
computed as follows:

N -1

HAD(X') = —,
Zy'eP andy':tx'l/ H X-y H

®)

Input: U N, 1, g8

Output: P

1: initialize P as an empty set

. (F,...,Fp) = Non-dominated Sorting (U)

3: setr (neighborhood radius) by (9)

4: (Cy,..., Cx) = Neighborhood-based Clustering(U, r)
//Algorithm 1

5: fori=1toK

6:  if|Ci|> g

7: include non-dominated solutions of C; into P

8 end if

9: end for

10: i=1

11: while |P|< N

12: P=PUF

13:  i=i+1

14: end while

15: normalize P in objective space by (10)

16: (Hy,..., Hy) = Hierarchical Clustering(P, N)
//Algorithm 2

17: while |P|!=N

18:  identify the most crowded cluster H, by (11)

19:  compute the HAD values of solutions in H; by (8)

20:  find one solution X in H, with the smallest HAD value

21:  P=P\{x}, H.=H\{x}

22: end while

23: return P

where|| X' — y'||is the Euclidean distance between the normal-
ized solutions x" and y' from (7) in decision space. This HAD
method considers the Euclidean distances to other normalized
solutions, which can fairly reflect the crowding status of solu-
tions in decision space. Generally, a smaller HAD value in (8)
indicates a more crowded status of a solution in the population.

When the size of P' is equal to N in line 2, the mating parent
population P' is returned in line 13.

C. Environmental Selection

The pseudo-code of our environmental selection is given in
Algorithm 5 with the inputs: U (the combined population), N
(the population size), A (a parameter to control the neighbor-
hood radius), and g (the minimum number of solutions in each
local cluster). At first, P is initialized as an empty set in line 1
and non-dominated sorting [9] is run to find the non-domi-
nated fronts (i.e., Fy,..., Fy) from U in line 2. Then, in line 3,
the neighborhood radius with n dimensions, i.e., r =(I,...,I,,),
is computed as follows:

L =(x"™ —xmn)yx A,i=1,..,n, ©)
where xM" and x™ are respectively the minimum and maxi-
mum values of the i-th variable in U, n is the number of deci-
sion variables, and A is a parameter to control the neighbor-
hood radius at each dimension. In line 4, NCM (Algorithm 1)
is run to separate U into multiple local clusters in decision
space, which will return K clusters Cy,..., Ck.

After that, some promising solutions should be selected to
fill the temporary population P until its size is larger than N. In
lines 5-9, for each local cluster whose size is larger than 3,
non-dominated sorting [9] is run on this cluster to find its own
non-dominated solutions, which are added into P to maintain
local PSs. Afterwards, in lines 10-14, other solutions with good
convergence in U are further selected when the size of P is not
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Fig. 3. An example of the way in which our environmental selection works using NCM and HCM for MMOPs with coexistence of local and global PSs.

larger than N. Solutions from F; to F in an ascending order but
not in P are sequentially selected to fill P until its size is larger
than N. After completing the above process, there are usually
more than N solutions in P.

To mitigate the impact of different scaled objectives in
MMOPs, the i-th objective value f,(X) of each solution X in P
is normalized in line 15 using

PP (C

max __
Z;

_i=1,...m, (10)
Zimm

where f/(x)is the i-th normalized objective value, m is the
number of objectives, while z™" and z™* are respectively the
minimum and maximum values of the i-th objective in P. Then,
in line 16, HCM (Algorithm 2) is further run on P to get N
clusters Hi,..., Hy based on the normalized objective values.
In lines 17-22, the procedures are run to iteratively remove the
most crowded solution in decision space from the most
crowded cluster in objective space, until the size of P is equal
to N. In detail, the most crowded cluster H. is selected from

H,,..., Hy in line 18, with its index ¢ found as follows:
¢ =argmax{| H, |} , (11)
iefl,..,N}

where |H;| returns the number of solutions in H; . If more than
one cluster has the same maximal size of solutions, only one of
them is randomly selected. Then, the HAD values of solutions
in H; are computed by (8) in line 19, which reflect their
crowded status in decision space. Also, one solution X with the
smallest HAD value is selected from H, in line 20, which will
be removed from P and H.in line 21. When the size of P is
reduced to N in line 17, P is returned in line 23 as the next
population.

In order to show the way in which our environmental se-
lection works, a simple example is provided in Figs. 3(a)-3(d)
for solving MMOPs with local and global PSs. The union
population has twelve solutions marked from 1 to 12 with
various colors in Fig. 3(a), where half of the solutions should
be selected into the next generation. As shown in Fig. 3(b),
NCM (Algorithm 1) is first used in our environmental selec-
tion to divide the union population into two local clusters in
decision space. In each local cluster, the non-dominated solu-
tions are selected as candidates to maintain local or global PSs.
Next, in Fig. 3(c), HCM (Algorithm 2) is applied in objective
space to classify these candidates into N clusters (N=6 in this
case). Based on the HAD value in (8), one solution in the most

crowded cluster with the smallest HAD value will be removed
iteratively until there is only one solution in each cluster. This
way, our environmental selection can properly approximate
local and global PSs in this case, as illustrated in Fig. 3(d).
Other traditional environmental selection methods based on
Pareto dominance [9]-[11], decomposition [12]-[20], and
performance indicators [21]-[23] cannot maintain local PSs,
since such local PSs are often dominated by global PSs and are
consequently removed.

D. Computational Complexity Analysis of MMOEA/DC

The computational complexity of MMOEA/DC inone gen-
eration is mainly determined by the crowding-based mating
selection in Algorithm 4 and the environmental selection in
Algorithm 5. As shown in Algorithm 4, the mating selection
requires a time complexity of O(NN?) (n is the number of
decision variables and N is the population size) to select N
parent solutions for offspring generation. As shown in Algo-
rithm 5, the computational complexity of this environmental
selection is mainly determined by non-dominated sorting in
line 2, the dual clustering methods (i.e., NCM in line 4 and
HCM in line 16), and the iterative procedures of pruning P in
lines 17-22. Non-dominated sorting requires a time complex-
ity of O(Nlog,, N) (mis the number of objectives) [9] in line
2. NCM needs a time complexity of O(NN*) to run Algorithm
1 in line 4, and HCM needs a time complexity of O(mN?) to
run Algorithm 2 in line 16. In lines 17-22, the iterative pro-
cedures of pruning P need a time complexity of O(nNN?®) in
the worst case. Thus, the overall worst time complexity of
MMOEA/DC is O(nN?) in one generation.

V. EXPERIMENTAL STUDIES

A. Benchmark Problems and Performance Indicators

In this paper, a test suite of MMOPs from the CEC 2019
competition [31] was employed. This benchmark is character-
ized for including various shapes of PSs and PFs, coexistence
of local and global PSs, and scalable numbers of PSs, decision
variables and objectives.

Inverted generational distances in decision space (IGDX
[36]) and in objective space (IGDF [56]-[57]) were adopted as
performance indicators in this paper. These indicators respec-
tively reflect the performance of algorithms in decision and
objective spaces. The smaller the values of IGDX and IGDF



TABLE I

COMPARISON OF RESULTS OF MMOEA/DC AND FIVE COMPETITIVE MMOEAS ON THE CEC 2019 MMOPS USING IGDX

Problem Omni-Optimizer DN-NSGA-II MO-Ring-PSO-SCD | TriMOEA-TA&R MMOPIO MMOEA/DC
SYM-PART simple |4.992e+00(1.65¢+00)-|4.524e+00(1.56e+00)-| 1.708e-01(2.32e-02)- | 2.346e-02(8.51e-03)+|1.387e-01(2.31e-01)-|5.017E-02(3.34E-03)
SYM-PART rotated|4.630e+00(1.64e+00)-|4.118e+00(1.91e+00)-]|2.610e-01(2.37e-01)- | 1.725e+00(1.35e+00)-[9.579¢-02(1.79¢-02)-|8.169E-02(6.09E-03)

Omni-test 1.548e+00(2.10e-01)- | 1.456e+00(1.53e-01)-]3.919e-01(7.86e-02)- | 2.665e-01(1.73e-01)- |3.185e-01(1.17e-01)-|1.013E-01(3.77E-03)

MMF1 9.360e-02(1.46e-02)- | 9.758e-02(1.58e-02)- [4.905e-02(2.27¢-03)- | 7.116e-02(8.30e-03)- [4.189e-02(1.95e-03)+4.561E-02(1.99E-03)

MMF1 _z 7.616e-02(2.42e-02)- | 8.265¢-02(1.28e-02)- | 3.560e-02(1.44¢-03)-| 6.967e-02(1.14e-02)- |3.102¢-02(2.07e-03)~|3.102E-02(1.39E-03)

MMFI e 1.265e+00(5.45¢-01)- | 1.213e+00(5.47e-01)-5.267e-01(1.30e-01)~| 1.782e+00(7.15¢-01)- [4.055e-01(1.17e-01)+ 5.397E-01(2.50E-01)

MMEF2 1.056e-01(6.81e-02)- | 1.098e-01(7.05e-02)- | 4.181e-02(1.19¢-02)- | 6.484e-02(2.64¢-02)- [1.618e-02(6.45e-03)+ 1.978E-02(6.50E-03)

MMEF3 9.915¢-02(4.43e-02)- | 8.647e-02(3.22¢-02)- [3.229e-02(1.37e-02)~| 9.342e-02(3.76¢-02)- [1.206e-02(2.58e-03)+3.267E-02(6.44E-03)

MMF4 8.658e-02(3.10e-02)- | 8.590e-02(1.83e-02)- |2.742¢-02(1.83e-03)~| 1.038e-01(1.46e-01)- |2.787e-02(3.68e-03)~{2.646E-02(2.73E-03)

MMEF5 1.683e-01(1.33e-02)- | 1.688e-01(1.86e-02)- | 8.527e-02(3.95¢-03)- | 1.142e-01(1.15¢-02)- |8.343e-02(9.25¢-03)-|7.834E-02(2.70E-03)

MMF6 1.464¢-01(1.50e-02)- | 1.417e-01(1.79¢-02)- | 7.266e-02(3.98¢-03)- | 9.165¢-02(9.98e-03)- |7.036¢-02(4.32¢-03)-16.727E-02(3.22E-03)

MMF7 5.171e-02(1.35e-02)- | 5.179e-02(1.07e-02)- |2.645e-02(1.43e-03)+| 4.775e-02(2.24e-02)- |2.210e-02(1.87e-03)+|2.867E-02(2.84E-03)

MMEF8 2.682e-01(1.07e-01)- | 2.720e-01(1.08e-01)- [6.836e-02(5.86e-03)~| 3.501e-01(9.97¢-02)- |6.214e-02(9.72¢-03)+7.200E-02(1.48E-02)

MMF9 2.147¢-02(1.10e-02)- | 2.311e-02(1.29¢-02)- | 7.987e-03(5.00e-04)- | 3.127e-03(8.43e-05)+|6.732¢-03(1.24e-03)~| 6.629E-03(2.52E-04)

MMF10 1.753e-01(3.49¢-02)- | 1.448e-01(3.73e-02)- [ 1.037e-01(4.18e-02)- | 2.014e-01(7.04e-05)- |1.595e-01(3.50e-02)-|3.620E-02(6.18E-02)

MMF11 2.502e-01(3.82e-04)- | 2.506e-01(4.18e-04)- [2.112e-01(2.61e-02)- | 2.524e-01(8.18e-05)- |2.481e-01(1.48e-03)-|7.570E-03(2.98E-04)

MMF12 2.431e-01(1.20e-02)- | 2.465e-01(6.20e-04)- | 1.862e-01(4.18¢-02)- | 2.478e-01(6.01e-04)- |2.327¢-01(3.03e-02)-]|3.137E-03(1.83E-04)

MMF13 2.840e-01(8.73e-03)- | 2.871e-01(1.32¢-02)- | 2.399e-01(1.51e-02)- | 2.726e-01(6.24e-03)- [2.575¢-01(8.06e-03)-]9.026E-02(2.81E-02)

MMF14 9.207e-02(7.75e-03)- | 9.651e-02(8.39¢-03)- | 5.390e-02(1.66¢e-03)- | 3.655e-02(4.91e-04)+|5.975e-02(2.67¢-03)-|5.130E-02(1.32E-03)

MMF14 a 1.107¢-01(8.03e-03)- | 1.189¢-01(8.02¢-03)- [6.075¢-02(1.50e-03)+|5.655e-02(1.75¢-03)+ [6.649¢-02(3.00e-03)+ 7.716E-02(3.69E-03)

MMF15 2.355e-01(2.92e-02)- | 2.247e-01(2.62¢-02)- | 1.533e-01(1.35¢-02)- | 2.711e-01(2.94e-04)- [1.699¢-01(2.65¢-02)-|5.356E-02(1.46E-03)

MMF15_a 2.137e-01(1.38e-02)- | 2.107e-01(1.59¢-02)- [ 1.619e-01(1.28¢-02)- | 2.195e-01(2.65¢-03)- | 1.696e-01(1.42¢-02)-|1.002E-01(2.23E-02)
best/all 0/22 0/22 0/22 4/22 6/22 12/22
+/—/~ 0/22/0 0/22/0 2/16/4 4/18/0 7/12/3 ——
“+7, “— and “~” indicate that the results of the compared algorithms are significantly better than, worse than, and similar to that of MMOEA/DC respectively by

Wilcoxon’s rank sum test with o =0.05 . In addition, the best metric values are highlighted in bold face.

the better the approximations to the true PS and PF, respec-
tively. Due to page limitations, please refer to [36], [56] and
[57] for details of IGDX and IGDF.

B. Parameters Settings for the Compared Algorithms

In this paper, five competitive algorithms (Omni-optimizer
[35], DN-NSGA-II [36], MO_Ring PSO SCD [52], Tri-
MOEA-TA&R [32] and MMOPIO [54]) are included for
performance comparison. The source codes of these compared
algorithms were provided by their authors and our source code
is available at https://github.com/wulinszu/MMOEA-DC.git.
All these algorithms were implemented in MATLAB and run
on a personal computer with an Intel (R) Core (TM) i7-7700
CPU, 3.60GHz (processor), and 24 GB (RAM). The parame-
ters settings of the compared algorithms are listed in Table S-I
of the supplementary file, as suggested in their references. In
DN-NSGA-II, the crowding factor (CF) is set to half of the
population size (N). In MO_Ring PSO_SCD, the coefficients
C, and C, in the velocity update equation are all set to 2.05 and
the inertia weight W is set to 0.7298. In TriMOEA-TA&R, the
probability to select parents from the convergence archive
( Peon ) the niche radius in decision space ( Sy ), the accuracy
level ( & ), the number of reference points (NR), the number
of sampling solutions in control variable analysis (NCA), and
the maximum number of trails required to judge the interaction
(NIA) are set to 0.5, 0.1, 0.01, 100, 20 and 6, respectively. In
MMOPIO, the maximum size of the personal best archive

(npea ) is set to 5 and the archive size (A) is set to the popula-
tion size N. For MMOEA/DC, the parameter A used to control
the neighborhood radius in NCM is set to 0.1, while the pa-
rameter S controlling the minimum number of solutions in
each local cluster is set to 5, the impact of which will be
studied in Section IV.F. Please note that Omni-optimizer,
DN-NSGA-II and MMOEA/DC use two evolutionary opera-
tors (i.e., SBX with the crossover probability p. =1.0 and the
distribution index 7, =20, and polynomial-based mutation
with the mutation probability p, =1/n and the distribution
index 77, = 20, where n is the number of decision variables),
while MO _Ring PSO SCD, TriMOEA-TA&R, and
MMOPIO respectively adopt a particle position update
method, a novel recombination strategy, and an elite learning
strategy to generate new solutions.

As suggested in [31], the population size N and the maxi-
mum number of function evaluation MaxFES for different test
problems were set by N = 100xn and MaxFES = 5000xn,
where n is the number of decision variables. Thus, the maxi-
mum number of generations Gpax Was set to 50. All the com-
pared MMOEAs were run independently 31 times on each test
problem. The mean values and standard deviations (included
in brackets after the mean values) for IGDX and IGDF from 31
runs are collected for comparison. In order to obtain a statis-
tically sound conclusion, a Wilcoxon rank sum test is run with
a significance level a =0.05, which shows the statistically



TABLE II

COMPARISON OF RESULTS OF MMOEA/DC AND FIVE COMPETITIVE MMOEAS ON THE CEC 2019 MMOPS USING IGDF

Problem Omni-Optimizer DN-NSGA-II MO-Ring-PSO-SCD | TriMOEA-TA&R MMOPIO MMOEA/DC
SYM-PART simple|1.223e-02(1.61e-03)- | 1.295e-02(1.67¢-03)-|4.070e-02(5.55¢-03)- | 3.328e-02(5.39¢-03)- | 1.423e-02(1.83¢-03)-|1.106E-02(1.19E-03)
SYM-PART rotated|1.300e-02(1.55e-03)+|1.534e-02(2.19e-03)+| 4.722¢-02(5.12e-03)- | 2.810e-02(4.49e-03)- |1.646e-02(2.61e-03)~| 1.700E-02(2.66E-03)

Omni-test 6.939¢-03(5.29¢-04)+|7.774e-03(4.92e-04)+| 4.051e-02(4.11e-03)- | 1.803e-02(3.85e-03)+]1.098e-02(1.65e-03)+2.330E-02(1.24E-03)

MMF1 3.663e-03(4.40e-04)~| 4.476¢-03(6.12e-04)- | 3.738¢-03(1.77e-04)- | 5.046e-03(1.33e-03)- |2.748e-03(1.00e-04)+ 3.499E-03(1.44E-04)

MMF1 _z 3.141e-03(4.12e-04)+| 4.012¢-03(1.49¢-03)- | 3.594¢-03(2.00e-04)- | 4.380e-03(9.02e-04)- |2.597e-03(1.30e-04)+ 3.325E-03(3.45E-04)

MMF1 e 2.144e-02(1.59¢-02)-2.230e-02(1.21e-02)- | 1.190e-02(1.41e-03)- | 7.900e-03(3.17e-03)- |6.047¢-03(1.02e-03)~|5.627E-03(6.89E-04)

MME2 2.043e-02(1.96e-02)~|2.562e-02(1.56e-02)- [ 2.185e-02(6.92¢-03)- | 2.361e-02(8.31e-03)- [8.308e-03(1.82e-03)+ 1.039E-02(3.23E-03)

MME3 1.781e-02(1.35e-02)- | 1.958e-02(1.07¢-02)- | 1.666e-02(4.97¢-03)- | 4.829¢-02(6.74¢-02)- |6.828e-03(1.28e-03)+9.109E-03(1.40E-03)

MMF4 2.881e-03(1.68e-04)~[3.223e-03(2.59e-04)~[3.551e-03(2.12e-04)- |3.588e-02(6.85¢-02)~[2.690e-03(1.34e-04)~ 2.982E-03(6.39E-04)

MME5 3.338e-03(4.66e-04)+| 3.821e-03(5.75e-04)- | 3.720e-03(1.79¢-04)- | 4.837¢-03(2.05e-03)- |2.719e-03(1.13e-04)+ 3.542E-03(1.42E-04)

MMF6 3.245e-03(2.85e-04)+| 3.727¢-03(3.31e-04)- |3.507¢-03(1.64e-04)~| 4.379¢-03(1.77e-03)- |2.608e-03(8.89¢-05)+ 3.529E-03(1.41E-04)

MME7 3.093e-03(2.50e-04)+| 4.019¢-03(4.27e-04)- |3.690e-03(2.39¢-04)~|4.385e-03(1.38e-03)~|2.673e-03(6.87e-05)+ 3.560E-03(5.25E-04)

MME8 3.269¢-03(3.34e-04)- | 3.960e-03(5.16e-04)- | 4.831e-03(2.56e-04)- | 5.797¢-03(7.34e-03)- |3.043e-03(1.94¢-04)-|2.779E-03(3.63E-04)

MMF9 1.277e-02(9.10e-04)- | 1.422¢-02(1.76e-03)- | 1.575e-02(1.76e-03)- | 6.992¢-02(4.05e-03)- | 1.248e-02(1.24e-03)-|1.032E-02(5.82E-04)

MMF10 1.929¢-01(3.60e-02)- | 1.867e-01(4.05e-02)- [ 1.345¢-01(1.64e-02)-|2.283e-01(4.90e-03)- | 1.549¢-01(2.77e-02)-|3.891E-02(4.90E-02)

MMF11 9.604¢-02(9.94e-04)- | 9.874¢-02(2.18e-03)- | 8.653e-02(7.74¢-03)- | 1.628e-01(8.42e-03)- [9.195¢-02(5.04¢-03)-|2.089E-02(6.02E-04)

MMF12 8.448e-02(5.76e-03)- | 8.330e-02(3.01e-04)- | 6.865¢-02(1.39¢-02)- | 8.589¢-02(1.30e-03)- |8.052¢-02(1.01e-02)-|3.881E-03(1.13E-04)

MMF13 1.472¢-01(2.39¢-03)-| 1.511e-01(2.93e-03)- [ 1.000e-01(2.25¢-02)- | 2.435¢-01(7.31e-03)- | 1.166e-01(2.56e-02)-|2.242E-02(3.42E-03)

MMF14 9.996¢-02(4.73e-03)- | 1.109¢-01(7.50e-03)- | 8.056e-02(2.77¢-03)- | 8.631e-02(1.12e-03)- |8.067¢-02(2.48e-03)-|6.673E-02(1.99E-03)

MMF14 _a 1.047e-01(6.05e-03)-| 1.191e-01(6.62e-03)- | 7.823e-02(1.73e-03)- | 7.894e-02(1.31e-03)-|7.731e-02(2.25¢-03)-16.731E-02(2.23E-03)

MMF15 2.020e-01(8.82e-03)-|2.148e-01(8.31e-03)- | 1.736e-01(2.77e-03)- | 2.066e-01(7.90e-04)- | 1.735¢-01(3.58e-03)-|1.004E-01(1.76E-03)

MMF15_a 2.058¢-01(8.10e-03)- | 2.240e-01(9.12e-03)- | 1.734e-01(3.27¢-03)- | 1.945¢-01(3.99¢-03)- |1.751e-01(3.20e-03)-|1.392E-01(1.35E-02)
best/all 2/22 0/22 0/22 0/22 8/22 12/22
+/—/~ 6/13/3 2/19/1 0/20/2 1/19/2 8/11/3 ——
“+7, “—, and “~” indicate that the results of the compared algorithms are significantly better than, worse than, and similar to that of MMOEA/DC respectively by

Wilcoxon’s rank sum test with & =0.05 . In addition, the best metric values are highlighted in bold face.

significant differences on the results of MMOEA/DC and
other algorithms. In the following tables, the symbols “+”, “-*,
and “~” indicate that the results of other algorithms are sig-
nificantly better than, worse than, and similar to those of
MMOEA/DC, respectively.

C. Comparison with Five Competitive MMOEAS

1) Comparison of Results on MMOPs

The detailed IGDX and IGDF results are listed in Table I
and Table II, respectively. In the second to last row of each
table, the numbers of problems in which the compared algo-
rithms performed best are summarized. From this table, it can
be seen that MMOEA/DC performed best on 12 out of 22
cases regarding both IGDX and IGDF. Thus, MMOEA/DC
showed the best overall performance. In the last row of each
table, a summary of the significance test was also provided for
the compared algorithms, using the symbol “+/-/~” to summa-
rize the numbers of problems in which other algorithms re-
spectively performed better than, worse than and similarly to
MMOEA/DC. From these summarized results, MMOEA/DC
also performed significantly better than the other algorithms
when solving most of the test problems adopted, in terms of
both IGDX and IGDF. Thus, it is reasonable to conclude that
MMOEA/DC showed a superior performance over the five
competitors for solving most of the MMOPs adopted. More-
over, in order to visually show the distributions of these results,

the box plots of these IGDX and IGDF results for all the
compared algorithms are respectively provided in Figs. S-1
and S-2 of the supplementary file, due to page limitations.

For MMOPs with coexistence of local and global PSs, i.c.,
MMF10, MMF11, MMF12, MMF13, MM15 and MMF15_a,
MMOEA/DC offered some advantages as it obtained the best
results in all cases regarding IGDX and IGDF. As NCM is run
in decision space, MMOEA/DC can distinguish more local
and global PSs, which can strengthen diversity in both deci-
sion and objective spaces. Omni-optimizer and DN-NSGA-II
used the non-dominated sorting method, which preferred to
select the solutions with better convergence in objective space.
Thus, local PSs of these problems hardly survived during the
evolutionary process. MO _Ring PSO_SCD and MMOPIO
considered the diversity of solutions in decision space for the
problems with multiple PSs for the same PF, while paying
little attention to local PSs. Although two archives and re-
combination strategies were adopted, TriMOEA-TA&R still
gave priority to the solutions with better convergence in ob-
jective space. Thus, the above compared algorithms can well
approximate global PSs, but ignore local PSs in their evolu-
tionary search.

For other MMOPs with multiple PSs to the same global PF,
MMOEA/DC also showed advantages in the cases having a
larger number of PSs. MMOEA/DC achieved the best results
on SYM-PART rotated, Omni-test, MMF1_z, and MMF4-6
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Fig. 4. The boxplots of the performance ranks of Friedman’s test on IGDX and IGDF.

using IGDX, and on SYM-PART simple, MMF1_e, MMF8,
MMF9, MMF 14, and MMF14_a using IGDF. However, using
IGDX, MMOEA/DC was outperformed by TriMOEA-TA&R
on 4 cases (e.g., SYM-PART simple and MMF9) and by
MMOPIO on 7 cases (e.g., MMFl1 e and MMFI1-3).
MMOPIO achieved the best results on MMF1, MMF1 z, and
MMF2-7 using IGDF, while Omni-optimizer was best on
SYM-PART simple and Omni-test. MMOEA/DC performed
relatively worse on the above mentioned cases. This is rea-
sonable as some noise in the evolutionary search may cause
two poor clustering cases, i.e., solutions that should approxi-
mate multiple PSs for the same PF may be classified into one
cluster and solutions with poor performance may be all classi-
fied into one cluster. In the first case, it will be difficult for our
environmental selection to select solutions that can evenly
cover the true PSs, whereas in the second case, solutions with
poor performance will be always maintained by our environ-
mental selection. Moreover, the impact of the neighborhood
radius r also disturbs NCM to distinguish multiple PSs for the
same PF, which may partially lose some local or global PSs.
Based on the above analysis and discussions, it is obvious
that MMOEA/DC showed some advantages on solving most
of the MMOPs adopted, especially on MMOPs with coexist-
ence of local and global PSs. An NCM was applied in decision
space to maintain local or global PSs and an HCM was applied
in objective space to maintain diversity of local and global PFs,
which could properly approximate local and global PSs during
the evolutionary search. MMOPIO obtained the best results on
MMF1, MMF2, MMF3 and MMF7 using IGDX and IGDF,
but its local PSs were still lost during the evolutionary search.
TriMOEA-TA&R achieved the best results on SYM-PART
simple, MMF14 and MMF14 a using IGDX, as its conver-
gence and diversity archives can cooperatively solve MMOPs,
but could not show advantages for other kinds of MMOPs.
MO_Ring PSO_SCD showed a median performance on most
MMOPs, because its special crowding distance in decision and
objective spaces cannot distinguish between local and global
PSs. Even though Omni-optimizer and DN-NSGA-II consid-
ered the crowding distance in decision space, they still em-
ployed non-dominated sorting to select solutions in objective
space, which results in poor performance on most cases.

Moreover, to quantify the overall performance of each al-
gorithm, their performance ranks obtained from Friedman’s
test [58] on all the test problems are illustrated by boxplots in
Fig. 4(a) on IGDX and Fig. 4(b) on IGDF. Note that the red
lines represent their median performance ranks in boxplots,
while the blue rectangles indicate their average performance
ranks. Obviously, the median and average performance ranks
of MMOEA/DC are much smaller than those of other com-
petitors on both IGDX and IGDF, which confirms the ad-
vantages of our proposed approach when solving all the test
problems. Moreover, the p-values obtained from Bonferro-
ni-Dunn’s and Holm’s post hoc procedure in the software tool
KEEL [59] are provided in Table S-II and Table S-III of the
supplementary file, which show the significant differences of
the IGDX and IGDF results among these compared algorithms.
Please note that a p-value closer to 0 means a more significant
difference on the results. Most p-values in Tables S-II and
S-III are very close to 0, indicating that MMOEA/DC showed
a superior performance with statistical significance over its
competitors.

To show the actual runtime of all the compared algorithms,
their average running times (in seconds: s) from 31 runs are
plotted in Fig. S-3 of the supplementary file for all the test
problems. Obviously, TriMOEA-TA&R showed the fastest
speed, as only Na (the number of peak solutions) plus Np (the
size of diversity archive) solutions were maintained during the
evolutionary search, which offers a significant advantage in
terms of computational efficiency. Omni-optimizer and
DN-NSGA-II used the same framework from NSGA-II,
showing a similar running speed. MO_Ring PSO_SCD and
MMOPIO showed the worst running speed on most cases, as
they used a complex density metric to maintain diversity in
decision space. Although MMOEA/DC used two clustering
methods (NCM and HCM), it still showed a median running
speed in most cases. However, for the problems with three
decision variables or three objectives like MMF13, MMF14,
MMF14 a, MMF15 and MMF15_a in Fig. S-3, MMOEA/DC
had the slowest execution speed as more time was required to
run the clustering methods for MMOPs with high-dimensional
decision or objective spaces.

2) A Further Discussion and Analysis on MMOEA/DC
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To visually show the performance of the compared algo-
rithms, the final solution sets with the median IGDF values
from 31 runs are plotted in Fig. 5 for SYM-PART simple and
in Fig. 6 for MMF12.

For SYM-PART simple in Fig. 5, Omni-optimizer and
DN-NSGA-II could not find the whole PSs, which lost some
PSs during the evolutionary search. MO_Ring PSO_SCD and
MMOPIO were able to maintain all the PSs for the same PF in
objective space, mainly due to their special crowding distance
mechanism. However, there is plenty of room for improving
their diversity in decision space, as their approximate solutions

did not uniformly cover the true PSs. TriMOEA-TA&R and
MMOEA/DC could obtain the better approximate PSs in
decision space, while MMOEA/DC even outperformed Tri-
MOEA-TA&R in objective space.

Moreover, for the problems with coexistence of local and
global PSs, MMOEA/DC showed the obvious advantages as
its competitors did not consider maintaining local PSs in their
design. When solving MMF12 with coexistence of discon-
nected local and global PSs in Fig. 6, MMOEA/DC was the
only one that could find a good approximation for discon-
nected local and global PSs, while other compared algorithms
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always lost local PSs, as they were only designed to seek for
multiple global PSs for the same PF.

Moreover, in order to further study the search behavior of
MMOEA/DC, the process of NCM, which plays a crucial role
to maintain diversity in decision space, is visually depicted in
Fig. 7, where solutions are marked by black color when the
number of solutions in their cluster is less than g, while other
clusters are identified with different colors. Please note that
solutions of the union population U in line 7 of Algorithm 3 are
all plotted in Fig. 7, and the true PSs are all marked by blue
color in Figs. 7(c) and 7(f). SYM-PART simple and MMF12
are selected as examples to show the evolutionary behavior of
NCM in MMOEA/DC for tackling MMOPs. In these experi-
ments, the population size is 400 and the maximum number of
function evaluation is 2000. With the growth of the population,
the solutions will be very crowded. Thus, the parameter 1 in
NCM is adjusted to 0.05 to get a suitable neighborhood radius.
As shown in Figs. 7(a) and 7(d), at the early stage of the
evolutionary process on SYM-PART simple and MMF12, it is
difficult for NCM to divide the local clusters based on their
neighborhood relationships, as solutions are randomly distrib-
uted in decision space. With the running of generations, solu-
tions in decision space tend to approach the true PSs. For
example, as shown in Figs. 7(b) and 7(e), in the median stage
of evolution, more local clusters can be obtained by NCM in
environmental selection, which maintains diversity in decision
space. Specifically, on SYM-PART simple with nine PSs
mapping to the same PF, non-dominated solutions in each
local cluster will be selected in priority, which helps to ap-
proach all global PSs. As depicted in Fig. 7(c), MMOEA/DC
can approximate all global PSs of SYM-PART simple at a

later stage of the evolutionary process. Moreover, for MMF12
with coexistence of local and global PSs, NCM also plays a
critical role to approximate local and global PSs, as they are
classified into different clusters in Fig. 7(f), which will be
selected simultaneously for the next generation in the envi-
ronmental selection.

D. Comparison with the winner algorithm at the CEC 2019
competition on MMOPs

During the review process of this paper, the winner algo-
rithm (MMO-Clustering PSO) at the CEC 2019 competition
on MMOPs was announced' and its source code was provided
to us by its authors. Here, MMOEA/DC was compared with
MMO-Clustering PSO using the same population size and
maximum number of function evaluation adopted in this paper.
Due to page limitations, their detailed IGDX and IGDF results
from 31 runs on all the CEC 2019 MMOPs are listed in Table
S.IV of the supplementary file. From the summary of the
significance test in the last row, MMOEA/DC had a competi-
tive performance with respect to MMO-Clustering PSO.
MMOEA/DC was slightly better on IGDF but slightly worse
on IGDX. However, it was found that MMO-Clustering PSO
also lost local PSs, as it was worse than MMOEA/DC on
MMOPs with coexistence of local and global PSs (i.e.,
MMF10, MMF11, MMF12, MMF13, MM15 and MMF15 _a).
Moreover, MMO-Clustering_PSO performed relatively worse
on MMOPs with a large number of global PSs (i.e,
SYM-PART simple, SYM-PART rotated and Omni-test). To
visually show their performance comparison on these kinds of
MMOPs, their final solution sets with respect to the median

! http://wwwS5.zzu.edu.cn/ecilab/info/1036/1211 . htm



Table I1T
THE SUMMARIZED RESULTS OF MMOEA/DC AND ITS VARIANTS
Different Parameters setting  |+/-/~(IGDX)|+/-/~(IGDF)
Random Mating Selection VS

Crowding-based Mating Selection 31455 3/9/10
BLX-alpha VS SBX 7/12/3 1/20/1
B=1VS pg=5 5/2/15 1/1/20
B=10 VS B=5 1/3/18 1/0/21
B=20 VS g=5 0/4/18 2/1/19
1=0.02 VS 2=0.1 2/15/5 3/17/2
A=0.05 VS 1=0.1 6/13/3 6/10/6
1=0.08 VS 1=0.1 2/5/15 5/6/11
A=0.15 VS 1=0.1 5/5/12 3/5/14
A=0.2 VS 1=0.1 4/10/8 2/8/12

IGDF values from 31 runs are plotted for five low-dimensional
cases in the supplementary file, i.e., MMF10, MMF11 and
MMF12 in Fig. S-4, and SYM-PART simple and SYM-PART
rotated in Fig. S-5. It can be easily observed that
MMO-Clustering PSO almost missed all the local PSs for
solving MMF10, MMF11 and MMF12, and could not evenly
cover the global PSs for solving SYM-PART simple and
SYM-PART rotated. These experiments further confirm the
advantages of our proposed approach in maintaining global
PFs and some good local PFs.

E. The Impact of the Crossover Operator and Mating Selec-
tion

First, to study the impact of crossover operator, BLX-alpha
[60] was embedded into MMOEA/DC to replace SBX. Their
summarized results are collected in Table III, while the mean
values and the corresponding standard deviations of IGDX and
IGDF are provided in Table S-V of the supplementary file.
From the experimental results, the use of SBX in
MMOEA/DC was more effective as it performed better or
similarly in 15 and 21 out of 22 cases regarding IGDX and
IGDF, respectively.

Second, to study the impact of mating selection, our algo-
rithm was compared to its variant with random mating selec-
tion. Their summarized results are collected in Table III, while
the mean values and standard deviations of IGDX and IGDF
are provided in Table S-VI and Table S-VII of the supple-
mentary file. The effectiveness of crowding-based mating
selection in MMOEA/DC was validated, as it performed better
or similarly on 19 out of 22 cases regarding both of IGDX and
IGDF.

F. Parameter Sensitivity Analysis of MMOEA/DC

In order to study the impact of parameter B (indicating the
minimum number of solutions in each local cluster) and A
(controlling the neighborhood radius) in environmental selec-
tion, more comparative experiments were performed. Due to
page limitations, our summarized results using different pa-
rameters are collected in Table III, while the mean values and
standard deviations of IGDX and IGDF are provided in Tables
S-VI to S-IX of the supplementary file.

First, keeping the same parameters settings as introduced in
Section V.B, MMOEA/DC with different g values from
{1,5,10,20} were experimentally compared. As observed from
Tables 11, MMOEA/DC using =5 had statistically similar
IGDX results with respect to those using g=1, =10 and
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B=20, respectively on 15, 18 and 18 out of 22 cases, and
showed statistically similar IGDF results with respect to those
using B=1, =10 and B=20, respectively on 20, 21 and 19
out of 22 cases. It seems that MMOEA/DC is not so sensitive
to the setting of B when considering all the adopted MMOPs.
However, a too large p value may cause a loss of diversity in
decision space, as only few clusters can be obtained, while a
too small g value may produce lots of isolated clusters, which
may highly exceed the actual number of discrete PSs. To
guarantee diversity in decision space and get a reasonable
number of clusters, =5 is suggested for MMOEA/DC in this
paper when solving all the adopted MMOPs.

Second, also keeping the same parameters settings as before,
MMOEA/DC with different 4 values from {0.02, 0.05, 0.08,
0.1, 0.15, 0.2} were compared. From Tables I1I, MMOEA/DC
using A = 0.1 obtained significantly better or statistically sim-
ilar IGDX results than those using 4 =0.02, A =0.05,1=
0.08,4=0.15and 1 =0.2, respectively on 20, 16, 20, 17 and
18 out of 22 cases, and achieved significantly better or statis-
tically similar IGDF results than those using 1=0.02 ,
A1=0.05, 1=0.08,1=0.15 and 4=0.2, respectively on 19,
16, 17, 19 and 20 out of 22 cases. From these summarized
results, it is found that a too large A value (e.g.,A=0.2) or a
too small A value (e.g.,4=0.02 or A= 0.05) will resultin a
failure to correctly classify local or global PSs by NCM. This
is mainly because a too large 1 value may lead to a loss of local
PSs, while a too small 1 value may induce difficulties to con-
verge.Thus, A values around 0.1 are suggested in MMOEA/DC
when solving all the MMOPs adopted in this paper.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, a novel MMOEA with dual clustering in de-
cision and objective spaces (called MMOEA/DC) has been
proposed. It runs dual clustering (NCM in decision space and
HCM in objective space) to maintain diversity in both spaces,
and it is able to approximate both global PSs and good local
PSs with acceptable quality for solving MMOPs. When
compared to five competitive algorithms (Omni-optimizer,
DN-NSGA-II, MO Ring PSO SCD, TriMOEA-TA&R and
MMOPIO), MMOEA/DC showed some advantages, espe-
cially for solving MMOPs with coexistence of local and global
PSs, which is mainly due to the use of dual clustering to ef-
fectively distinguish global PSs and good local PSs. Moreover,
some experiments have been run to validate the effect of
clustering and crowding-distance mating selection in
MMOEA/DC. The impact of two parameters g (indicating
the minimum number of solutions in local clusters) and A4
(controlling the neighborhood radius) in environmental selec-
tion are also studied.

In our future work, we will further study the performance of
our algorithm on more complicated problems since the test
MMOPs adopted in this paper only have low dimensionality in
both decision and objective spaces. We will further enhance
the performance of dual clustering by adaptively controlling
the neighborhood radius, trying to reduce its time complexity
especially for solving MMOPs with a large number of decision



variables and/or objectives. Moreover, we will also extend our
algorithm for solving some real-world engineering problems.
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