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Multiobjective Structural Optimization using a Micro-Genetic

Algorithm

Carlos A. Coello Coello and Gregorio ToscanoPulido

Abstract In this paper we presenta geneticalgorithmwith
a very small populationand a reinitialization procesqa mi-
crogeneticalgorithm)for solvingmultiobjectve optimization
problems.Our approachusesthreeforms of elitism, includ-
ing an external memory (or secondarypopulation)to keep
thenondominatedolutionsfoundalongtheevolutionarypro-
cessWe validateour proposalusingseveral engineeringp-
timizationproblemsakenfrom thespecializediterature,and
we compareour resultswith respecto two otheralgorithms
(the NSGA-II and PAES) usingthreedifferentmetrics.Our

resultsindicatethat our approachis very efficient (computa-
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tionally speaking)and that performsvery well in problems

with differentdegreesof compleity.
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algorithms multiobjective optimization,vectoroptimization

Intr oduction

The ideaof usingtechniquesasedon the emulationof the
mechanisnof naturalselectiorto solve problemscanbetraced
aslongbackasthe1930s(Cannornl932).However, it wasnot
until the 1960sthat the threemain techniqueshasedon this
notion were developed:geneticalgorithms(Holland 1962),
evolution stratgies (Schwefel 1965) and evolutionary pro-
gramming(Fogel 1966). Theseapproacheswhich are now
collectively denominated‘evolutionary algorithms” (EAS),
have beenvery effective for single-objectire optimization
(Goldbeg 198%; Schwefel1981;Fogel 1999). Despitethis
considerablylarge volume of researchpew areasremainto

be exploredwith sufficient depth.Oneof themis the useof



evolutionaryalgorithmsto solve multiobjective optimization

problems.

The first implementationof a multi-objective evolution-
ary algorithm (MOEA) datesbackto the mid-1980s(Schaf-
fer 1984, 1985). Since then, a considerableamountof re-
searcthasbeendonein thisareanow known asevolutionary
multiobjective optimization(EMO for short)(Coello Coello
et al. 2002). Evolutionary algorithmsseemparticularly de-
sirablefor solving multiobjective optimizationproblemsbe-
causethey deal simultaneouslywith a setof possiblesolu-
tions (the so-calledpopulation)which allows usto find ser-
eral membersof the Paretooptimal setin a singlerun of the
algorithm,insteadof having to performa seriesof separate
runsasin the caseof the traditional mathematicaprogram-
ming techniques Additionally, evolutionary algorithmsare
lesssusceptibleo the shapeor continuity of the Paretofront
(e.g.,they can easily deal with discontinuousand concare
Paretofronts),whereaghesetwo issuesarearealconcerrfor

mathematicaprogrammingechniquegCoelloCoello1999).

Despitetheimportantvolumeof researcton evolutionary
multiobjective optimizationin thelastfew years (seefor ex-
ample(CoelloCoelloetal. 2002;FonsecaandFleming1995;
Van Veldhuizenand Lamont2000)), until recently little em-
phasishadbeenplacedon stressingefficiency whendesigning

multi-objective evolutionary algorithms(MOEAS). This pa-

1 The first author maintainsthe EMOO repository which cur
rently containsover 1900 bibliographicreferencesn evolutionary
multiobjective optimization. The EMOO repositoryis locatedat:

http://delta.cs.cinvestav.mx/“ccoello/E MOO

per dealspreciselywith this issue,sincewe proposethe use
of a geneticalgorithmwith a very small populationsizeand
areinitializationprocesqa micro geneticalgorithm)to solve
(quite efficiently) multiobjective optimizationproblems.Our
approachs validatedusing several engineeringoptimization
problemstakenfrom the specializediteratureandits perfor
manceis comparedagainstwo techniqueghatarerepresen-
tative of the state-of-the-arin EMO: theNondominatedort-
ing GeneticAlgorithm Il (NSGAIl) (Debetal. 2000,2002)
andtheParetoArchivedEvolution Stratgy (PAES) (Knowles
andCorne2000).Our resultsindicatethat our approachs a

viablealternatve for efficient multiobjective optimization.

2

Basic Concepts

We areinterestedn thegenerahonlineamprogrammingprob-

lemin which we wantto:

Find x which optimizesf(x) (1)
subjectto:

gl(X)SO, 7/:].,,” (2)

hj(X):O, Jj=1...,p 3)

wherex is the vectorof solutionsx = [z1,2s,...,2,]7, n

is thenumberof inequalityconstraintandp is the numberof
equalityconstraintgin bothcasesconstraintsouldbelinear

or non-linear).



If we denotewith F to the feasibleregion andwith S to
thewhole searchspacethenit shouldbeclearthat 7 C S.

For aninequality constaintthat satisfiesg; (x) = 0, then
we will saythatis active atx. All equalityconstraintsh; (re-
gardlessof the value of x used)are consideredactive at all
pointsof F.

Now, we will definesomebasicconceptsfrom multiob-

jective optimization.

Definition 1 (General Multiobjecti ve Optimization Prob-
lem): Findthevectorx* = [z}, x3,...,2%]" whichwill sat-

isfy them inequalityconstaints:

the p equalityconstaints

hi(x)=0 i=1,2,...,p (5)

andwill optimizethe vectorfunction

f(X) = [fl(x)7f2(x)7"'7fk(x)]T (6)

whee x = [z1,22,...,2,)  is the vector of decision
variables. m|

Having several objective functions,the notion of “opti-
mum” changesbecausén multiobjective optimizationprob-
lems, the aim is to find good compromisegor “trade-ofs”)

ratherthan a single solution asin global optimization. The

notion of “optimum” thatis mostcommonlyadoptedis that

originally proposedby Edgevorth (1881) andlater general-
ized by Pareto(1896).This notionis normally referredto as
“Paretooptimality” andis definednext.
Definition 2 (Pareto Optimality:): A pointx* € F is

Paretooptimal if for everyx € FandI = {1,2,...,k},

Vier(fi(x*) < fi(x)) ()

andtheris at leastones € I sud that

fi(x*) < fi(x) 8)

O
In words, this definition saysthatx* is Paretooptimal if
thereexistsno feasiblevectorx which would decreassome
criterion without causinga simultaneousncreasen at least
oneothercriterion. Thephrasé'Paretooptimal” is considered
to meanwith respecto the entiredecisionvariablespaceun-
lessotherwisespecified.
Other importantdefinitionsassociatedvith Paretoopti-

mality arethefollowing:

Definition 3 (ParetoDominance): Avectoru = (u1, . .., u)
is saidto dominatev = (vy,...,v) (denotecbyu < v) if
andonlyif uis partially lessthanv,i.e, Vi € {1,...,k}, u; <

Ui/\EiE{l,...,k}:ui<Ui. O

Definition 4 (Pareto Optimal Set): For a givenmultiobjec-

tive optimizationproblem,f(z), the Pareto optimal set(P*)



is definedas:

Pri={zeF|-3z' €F f(') 2 f(z)}. ©)

Definition 5 (ParetoFront:): For agivenmultiobjectiveop-
timizationproblemf (z) andParetooptimalsetP*, thePareto

front (PF*) is definedas:

PF* = {u:f:(fl(m),,fk(m))|.z'€P*} (10)

3

Previous Work

Thetermmicro-geneti@algorithm(microGA) refersto asmall-

populationgeneticalgorithmwith reinitialization.Theapproach

wasderivedfrom sometheoreticalresultsobtainedby Gold-
berg (198%), accordingo which a populationsizeof threeis
sufficient to corverge,regardlessof the chromosomidength
adoptedTheprocessuggestety Goldbeg wasto startwith
a small randomlygeneratedgopulation,thenapply to it the
geneticoperatorsuntil reachingnominal corvergence(e.g.,
whenall theindividualshave their genotypeitheridentical
or very similar), andthento generatea new populationby
transferringthe bestindividualsof the corvergedpopulation
tothenew one.Theremainingindividualswouldberandomly
generated.

The first to reportan implementatiorof a microGA was

Krishnakumar(1989),who useda populationsize of five, a

crosswer rate of one and a mutationrate of zero. His ap-
proachalso adoptedan elitist stratgy that copiedthe best
stringfoundin the currentpopulationto the next generation.
Selectionwas performedby holding four competitionsbe-
tweenstringsthatwereadjacenin the populationarray and
declaringto theindividual with the highesffithessasthewin-
ner. Krishnakumar(1989) comparechis microGA againsta
simple GA (with a populationsizeof 50, a crosswer rate of
0.6 anda mutationrateof 0.001).He reportedfasterandbet-
ter resultswith his microGA on two stationaryfunctionsand
areal-world engineeringcontrol problem(a wind-shearcon-
troller task).After him, several otherresearcherbave devel-
opedapplicationsof microGAs (e.g., (Johnsonand Abush-
agur1995;Xiao andYabe1998)).Despitethe existenceof a
considerableamountof researclon the useof geneticalgo-
rithmsfor multiobjective optimization(seefor example(Coello
Coelloetal. 2002;Deb2001;CoelloCoello 1999)),thework
reportedin this paperrepresentsto the bestof our knowl-
edge thefirst attemptto usea microGA (i.e., a geneticalgo-
rithm with a very small populationsizeanda reinitialization

processfor multiobjective optimization.

Relatedideashave, however, beenproposedn thelitera-
ture.For example, Jaszkiavicz (2002)proposedhe multiple-
objectivegenetidocalsearcHMOGLS)algorithmwhichuses
for ashorttime asmallpopulationinitialized from alarge ex-
ternalmemory This approachhowever, duesits goodperfor
manceto the useof local searchanda lot of computermem-
ory. It couldalsobearguedthatthemulti-memberedrersions

of PAES (KnowlesandCorne2000)canbe seenasa form of



microGA. However, the authorsof PAES concludedthatthe
additionof a populationdid not, in generaljmprove the per
formanceof their approachandinsteadincreasedhe com-
putationaloverheadn animportantway (KnowlesandCorne
2000).

Our approachdiffers from thesetwo proposalsbecause
it doesnot make an excessve use of memory it doesnot
usespeciallocal searchmechanismsandit doesnot behare
asanevolution strateyy (which is the evolutionaryalgorithm

adoptedn PAES).

4

Description of Our Approach

Theway in which ourtechniqueworksis thefollowing. First,
we generatea set of randomsolutionsand we placethem
in what we call the “population memory”. This memoryis
divided in two parts,one replaceableand anotherone non-

replaceabléseeFigurel).

Population Memory

Random

Population Replaceable

Non-Replaceable

Djjj Initial Population

Fig. 1 Populatiormemoryof our microGA.

As indicatedby its name the non-replaceablepartof the
populationmemorywill never changeduring the execution
of thealgorithm,andits maingoalis to maintaindiversity. In
contrastthereplaceablepart of the populationmemorywill

changeaftereachmicroGA cycle asindicatedbelow.

The microGA will obtainits small working population
from thesawo portionsof thepopulationmemoryto evolveit
duringafew generationgthe useof a certain(fixed) number
of generationss thecriterionthatwe adoptto definenominal
cornvergencein this case).The microGA works the sameas
a simple geneticalgorithmthat usesa selectionschemethat
favors nondominatedolutions(the so-calledPareto-ranking
scheme)The microGA usestournamenselection tfwo-point
cross@eranduniformmutation.Uponreachinghominalcon-
vergence(i.e., afterperforminga certainnumberof iterations
(defineda priori by the user),the microGA retainsonly two
nondominatedolutions? Then,thesetwo solutionsarecom-
paredwith respecto two contendersakenfrom thereplace-
ablememory If ary of thesetwo solutionsdominatests ad-

versarythenit replacest in thereplaceablenemory

Our microGA alsousesan externalarchive thatkeepsall
thenondominatedolutionsfoundalongtheevolutionarypro-
cess.The maingoal of this externalarchive is to ensurethat
the nondominatedsolutionsfound by our microGA are re-
tainedthroughgenerationsOtherwise the useof geneticop-
eratorg(i.e., cross@er andmutation)could destry suchnon-

dominatedsolutions.

The sametwo solutionsindicatedbefore(i.e., thosecom-
paredwith two adwersariegrom thereplaceablenemory)are
alsocomparedvith respecto thecontentof anexternalpop-
ulation. In casethesetwo solutionsarenot dominatedoy the

contentsof the external population,they are both storedin

2 Thisis of course,n casethereis morethanonenondominated

solution.



suchexternal archive. Note that ary of thesesolutionsthat -
to the selectedndividuals

turnsout to be dominatedby ary individual storedin the ex- . :
Apply elitism (retainonly one

ternal archive is discarded.Also, if ary of thesesolutions . .
nondominatedectorpergeneration)

dominatesary solution storedin the external archive, then .
Producehenext generation

suchasolutionis deletedfrom thearchie. end

After storingour nondominatedolutionsfoundin theex- . . .
until nominalcorvergences reached

ternalarchive, we startanothercycle of themicroGA all over .
4 Copy two nondominatedectorsfrom P

again.For thatsalke, our microGA againtakes(randomly)so- . .
gal urmi gal ( ) to theexternalmemoryE (first form of elitism)

lutions from both portionsof the populationmemoryto con- . . . .
P Pop y if E is full whentrying to insertindividual

formitsinitial populationThisprocesss repeatedintil astop then adaptve_grid(individual)

conditionis reached. .
Copy two nondominatedectorsfrom P to M

The pseudo-codef our approactis thefollowing: (secondorm of elitism)

function MicroGA if i mod replacementycle
begin then applythird form of elitism
GeneratestartingpopulationP of size N (Move pointsfrom E to thereplaceablenemory)
andstoreits contentsn the populationmemory M/ =i+l
/* Both portionsof M will befilled with endwhile
randomsolutions*/ end function
i=0

As indicatedin the previous pseudo-codegur approach
while i < Max do
usesthreeformsof elitism:

begin

Gettheinitial populationfor 1. The first form of elitism is basedon the notion that if
themicroGA (P) from M we storein the external archive the nondominatedrec-
repeat tors producedfrom eachcycle of the microGA, we will
begin notloseary valuableinformationobtainedfrom the evo-

Apply binarytournamenselection lutionaryprocess.
basedn nondominance 2. Thesecondorm of elitismis basedn theideathatif we
Apply two-pointcrossaer replacethe (replaceablgortion of the) populationmem-

anduniform mutation ory by thenominalsolutions(i.e., the bestsolutionsfound



when nominal corvergenceis reached)we will gradu-
ally corverge, since cross@er and mutationwill have a
higherprobability of reachingthe true Paretofront of the
problemover time. This notion was hinted by Goldbeg
(198%).

3. The third type of elitism is applied at certainintervals
(definedby a parameteralled“replacementycle”). We
take a certainnumberof points from all the regions of
the Paretofront generatedo far andwe usethemto fill
thereplaceablenemory Dependingon the sizeof there-
placeablememory we chooseas mary points from the
Paretofront as necessaryo guaranteea uniform distri-
bution. This processallows us to usethe bestsolutions
generatedofar asthe startingpoint for the microGA, so
thatwe canimprove them (eitherby gettingcloserto the

true Paretofront or by gettinga betterdistribution).

To keepdiversityin the Paretofront, we usean approach
similar to the adaptve grid proposedy KnowlesandCorne
(2000) (seeFigure?2). Oncethe archive that storesnondomi-
natedsolutionshasreachedts limit, we divide the objectie
searchspacethat this archive covers, assigninga setof co-
ordinatesto eachsolution. Then,eachnewly generatedon-
dominatedsolutionwill be acceptednly if the geographical
locationto wheretheindividual belongshasfewerindividuals
thanthe mostcrowdedlocationof thegrid. Alternatively, the
new nondominatedolutioncould alsobe acceptedf thein-
dividual belonggo alocationoutsidethe previously specified

boundaries.

The adaptve grid requirestwo parametersthe expected
sizeof the Paretofront andthe numberof positionsin which
we will divide the solutionspacefor eachobjective. Thefirst
parameteis definedby the size of the externalmemory We
have foundthatour approachis not very sensitve to the sec-
ond parametere.g.,in our experimentsa value betweenl5
and 25 provided very similar results).The processof deter
mining the locationof a certainindividual hasa low compu-
tationalcost(it is basednthevaluesof its objectivesasindi-
catedbefore).However, whenthe individual is out of range,
we have to relocateall the positions.Neverthelessthis last
situationdoesnot occurtoo often, and we allocatea certain
amountof extraroomin thefirst andlastlocationsof thegrid

to minimizeits occurrence.

4.1

Handling Constraints

OurmicroGA incorporates very simpleconstraint-handling
schemewhichhaseffectonits selectiormechanismtheadap-
tive grid andthe populationmemory

In theselectionrmechanism¢onstraintarehandledwvhen
checkingParetodominanceWhenwe comparetwo individ-
uals,we first checktheir feasibility. If oneis feasibleandthe
otheris infeasible thefeasibleindividualwins. If botharein-
feasible thentheindividual with the lowestamountof (total)
constraintviolation wins. If they both have the sameamount
of constraintviolation (or if they areboth feasible) thenthe
comparisonis doneusing Pareto dominance Note that we

avoidedthe useof penaltyfunctions(Richardsoretal. 1989),



The lowest fit individual for objective 1
and the?dest individual for objective 2
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Fig. 2 Theadaptve grid usedto handlethe externalmemoryof the microGA.

becausdt is well-known thatthe performancef suchtype of
approachs highly dependenbn thetype of penaltyfunction
andpenaltyfactorsadoptedwhich arenormallydefinedin an
ad-hocmanneifor eachspecificproblemto besolved(Coello
Coello2002;Michalewicz andSchoenauet996).

We never store an infeasibleindividual in the external
population,becauset is not a valid solution. However, it is
possibleto storean infeasibleindividual within the popula-
tion memory(if it dominatedts competitor).This is donein
orderto allow the possibility of evolving it asto reachthe

feasibleregion of the problem.

5

Comparison of Results

Severaltestfunctionsweretakenfrom the specializeditera-

tureto compareour approachin orderto allow a quantitatve

assessmertf the performancesf anMOEA, threeissuesare

normallytakeninto consideratior{Zitzler etal. 2000):

1. Minimize thedistanceof the Paretofront producedoy our
algorithmwith respecto the global Paretofront (assum-
ing we know its location).

2. Maximize the spreadof solutionsfound, so thatwe can
have a distribution of vectorsas smoothand uniform as
possible.

3. Maximize the numberof elementsf the Paretooptimal

setfound.

Basedon this notion, we adoptedone metric to evaluate

eachof thethreeaspectgpreviouslyindicated:

1. Error Ratio (ER): Thismetricwasproposedy VanVeld-

huizen(1999)to indicatethepercentagef solutiong(from



thenondominatedectorsfoundsofar) thatarenotmem-

bersof thetrue Paretooptimal set:

n

ER = 2i=1% (11)

n
wheren is thenumberof vectorsin thecurrentsetof non-
dominatedrectorsavailable;e; = 0 if vectori isamember
of the Paretooptimalset,ande; = 1 otherwiselt should
thenbe clearthat ER = 0 indicatesan ideal behaior,
sinceit would meanthatall the vectorsgeneratedy our
algorithmbelongto the Paretooptimalsetof theproblem.
This metric addresseghe third issuefrom the list previ-
ouslyprovided.

. Generational Distance(GD): Theconcepbf generational
distancewasintroducedby Van Veldhuizenand Lamont
(1998)asaway of estimatinghow far arethe elementsn
the setof nondominatedrectorsfound so far from those

in the Paretooptimalsetandis definedas:

op = Vi & (12)

n

wheren is the numberof vectorsin the setof nondomi-
natedsolutionsfound so far andd; is the Euclideandis-
tance(measuredh objective spacepetweereachof these
andthenearesmembeiof theParetooptimalset.lt should
beclearthatavalueof GD = 0 indicateghatall theele-
mentsgeneratedrein the Paretooptimal set. Therefore,
ary othervaluewill indicatehow “far” we arefrom the
global Paretofront of our problem.This metricaddresses

thefirstissuefrom thelist previously provided.

3. Spacing (SP): Here, one desiresto measurethe spread
(distribution) of vectorghroughouthenondominatedec-
torsfoundsofar. Sincethe“beginning” and“end” of the
currentParetofront found are known, a suitably defined
metricjudgeshow well the solutionsin suchfront aredis-
tributed.Schott(1995)proposedsuchametricmeasuring
therange(distance)arianceof neighboringvectorsin the
nondominatedrectorsfoundsofar. This metricis defined

as:

52| > @-d, a3)
i=1

whered; = min;(| f{(x)— f{(x) | + | fi(x)—f(x) ),
i,j =1,...,n,disthemeanof all d;, andn is thenum-
berof nondominatedrectorsfoundsofar. A valueof zero
for this metricindicatesall membersof the Paretofront
currently available are equidistantlyspaced.This metric
addresseghe secondissuefrom the list previously pro-

vided.

Additionally, CPU times were also evaluated(using the
samehardware platform andthe exact sameernvironmentfor
eachof the algorithms)in orderto establishif our microGA
was really fasterthan the other techniquesas we hypothe-

sized,sincethatwasoneof its designgoals.

In orderto know how competitve wasour approachwe
decidedo comparet againstwo multiobjective evolutionary
algorithmsthatarerepresentatie of the state-of-the-arin the

area:



10

1. NondominatedSorting GeneticAlgorithm 11 : Proposed
by Debetal. (2000,2002),this algorithmis arevisedver-
sionof theNondominate@ortingGeneticAlgorithm pro-
posedby Srinivas and Deb (1994). The original NSGA
is basedon several layersof classificationsof the indi-
vidualsassuggestedy Goldbeg (198%). Beforeselec-
tion is performed,the populationis ranked on the ba-
sis of nondomination:all nondominatedndividuals are
classifiedinto one category (with a dummyfitnessvalue,
whichis proportionalto the populationsize,to providean
equalreproductve potentialfor theseindividuals). Then
this groupof classifiedndividualsis ignoredandanother
layerof nondominatedhdividualsis consideredThepro-
cesscontinuesuntil all individualsin the populationare
classified Sinceindividualsin thefirst front havethemax-
imum fithessvalue,they alwaysgetmorecopiesthanthe
restof the population.This allows to searchfor nondom-
inatedregions,andresultsin corvergenceof the popula-
tion toward suchregions.The NSGA-II is moreefficient
(computationallyspeakingYhanthe original NSGA, uses
elitism anda crowdedcomparisoroperatorthatkeepsdi-
versity without specifyingarny additionalparametergthe
original NSGA usedfitnesssharing).This algorithmuses
(1 + A)-selectionasits elitist mechanism.

2. ParetoAr chivedEvolution Strategy: Thisalgorithmwas
introducedby KnowlesandCorne(2000).PAES consists
of a(1+1)evolutionstratayy (i.e.,asingleparenthatgen-
eratesa singleoffspring)in combinationwith a historical

archive thatrecordssomeof the nondominatedolutions

previously found. This archive is usedasa referenceset
againswhich eachmutatedndividualis beingcompared.
Suchahistoricalarchie is the elitist mechanisnadopted
in PAES. However, aninterestingaspecbf this algorithm
is theproceduraisedto maintaindiversitywhich consists
of a crowding procedurehatdividesobjective spacen a
recursve mannerEachsolutionis placedin acertaingrid
locationbasedon the valuesof its objectives(which are
usedasits “coordinates’or “geographicallocation”). A
mapof suchgrid is maintainedjndicatingthe numberof
solutionsthatresidein eachgrid location.Sincetheproce-
dureis adaptve, no extra parametersirerequired(except

for thenumberof divisionsof the objective space).

In the following examples,the NSGA-Il was run using
a populationsize of 100, a crosswer rate of 0.8 (uniform
cross@erwasadopted)tournamenselectionanda mutation
rateof 1/L, whereL = chromosoméength(binaryrepresen-
tation was adopted).The microGA useda crosswer rate of
0.8, an externalmemoryof 100 individuals,a numberof it-
erationgto achieve nominalcorvergenceof two, a population
memory of 50 individuals, a percentagef non-replaceable
memoryof 0.3, a populationsize (for the microGA itself) of
fourindividuals,and25 subdvisionsof theadaptvegrid. The
mutationratewassetto 1/ L (L = lengthof thechromosomic
string). PAES wasrun usingan adaptve grid with a depthof
five,asizeof thearchive of 100,andamutationrateof 1/L,
where L refersto the length of the chromosomicstring that

encodeghedecisionvariables.



To avoid ary biasor misinterpretatiorwhenimplement-
ing eachof thetwo otherapproacheasedfor ourcomparatie
study we adoptedthe public-domainversionsof PAES and
the NSGA-II, which are available at
http://delta.cs.cinvestav.mx/"ccoel
EMOOsoftware.html . It is worth indicatingthat our mi-
croGAis alsoavailablein the public-domaimatthe sameJRL
previously indicated.Thesethreealgorithms(i.e., PAES, the
NSGA-II andour microGA) wererun on the samehardware
andsoftwareplatform.

Notethatin all thefollowing exampleswe generatedhe
true (or global) Paretofront by enumerationusing parallel
processingechniquesgsomeof thesefronts requirea con-
siderablyhigh computationakffort to be generatedy enu-
meration).This is necessaryo computesomeof the metrics
previously definedandto allow a quantitatve assessmeruf
results.

For constrainedest functions,our microGA and PAES
(which doesnt have an explicit mechanismo handlecon-
straints) use the mechanismdescribedin Section4.1. The

NSGA-II hasits own constraint-handlingnechanism(Deb

etal. 2002),sowe did not have to implementonefor it.

6

Example 1

Our first testfunctionwasproposedy Kursave (1991):

n—1

Minimize f(x) = Z (—10 exp (—0.2,/3:;? + xfﬂ))

i=1

lo/EM OO/

ER microGA NSGA-II PAES
Best 0.18 0.06 0.1
Worst 0.36 1.01 1.01
Average 0.2655 0.56 0.8145
Median 0.245 0.495 0.975
Std.Dev. | 0.05394685| 0.38451610| 0.27633837

11

Table1 Resultsof the Error Ratiometricfor thefirst testfunction.

GD microGA NSGA-II PAES
Best 0.00680344 | 0.00690487 | 0.0146701
Worst 0.0103437 0.103095 0.157191
Average | 0.008456311| 0.029255159| 0.054914365
Median | 0.008489235/ 0.01735665| 0.0493581
Std.Dev. | 0.00098659 | 0.02716975| 0.03074372

Table 2 Resultsof the GenerationabDistancemetricfor thefirst test

function.

Minimize f(x) =Y _ (|2:|*® + 5sin(z;)°)

where:

n

i=1

-5< Z1,%2,%3 < 5

(14)

(15)

(16)

In this example the total numberof fitnessfunctioneval-

uationswassetto 12000.

Figures3, 4 and 5 show the graphicalresultsproduced

by the microGA, the NSGA-II and PAES, respectiely. The

true Paretofront of the problemis shavn as a continuous
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Fig. 3 Paretofronts producedby the microGA for the first testfunction. The true Paretofront is shavn asa continuoudine. The solutions

displayedcorrespondo the medianresultwith respecto the generationatlistancemetric.
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Fig. 4 Paretofrontsproducedby the NSGA-II for thefirst testfunction. Thetrue Paretofront is shavn asa continuoudine.

line. Tables1, 2, 3 and 4 shav the comparisonof results Note howeverin Figures3, 4 and5 how the microGA covers
amongthe three algorithms consideringthe metrics previ- the largestsegmentof the true Paretofront of the problem.
ouslydescribedThemicroGA obtainedthe bestaverageval- Boththe NSGA-II andPAES missedseveral sgmentsof the
ueswith respecto generationatlistanceanderrorratio, and true Paretofront. Therefore,rrespectve of the valuesof the

was outperformedby the NSGA-II with respectto spacing. metric,it shouldbeclearthatthe microGA hadthebestover
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Fig. 5 Paretofrontsproducedby PAES for thefirst testfunction. Thetrue Paretofront is shavn asa continuoudine.

SP microGA NSGA-II PAES
Best 0.0716859 | 0.0184178 | 0.0641144
Worst 0.203127 0.0657118 0.340955
Average | 0.12889499| 0.036135605| 0.1975222
Median | 0.126655 | 0.03608505| 0.186632
Std.Dev. | 0.02993154| 0.01097740 | 0.07301957

Table 3 Resultsof the Spacingmetricfor thefirst testfunction.

Time microGA NSGA-II PAES
Best 0.295 2.181 0.938
Worst 0.345 2.693 1.39
Average 0.32695 2.42435 1.12615
Median 0.3325 2.454 1.121
Std.Dev. | 0.01481277| 0.16680441| 0.10522420

Table 4 Computationaltime (in secondsyequiredby eachalgo-

rithm for thefirst testfunction.

all performancen thefirst testfunction. Also notethatin this
casethe microGA was (on average)threetimes fasterthan

PAES andeighttimesfasterthanthe NSGA-II.

7

Example 2

Oursecondestfunctionis to optimizethefour-barplanetruss
shavn in Figure6. The problemis thefollowing (Chengand
Li 1999):

Minimize

fi(x) = L(271 + V272 + /T3 + 74) (17)
fa(x) = % (% + % - 2‘;@ + x%) (18)

suchthat
(Ffo) <@ <3 x (F/o)
V2(F[o) < 3 < 3 x (F/o)

V2(F/o) < z3 <3 x (F/o)
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Fig. 6 Planetrussusedfor the secondexample.The structuralvolumeandthejoint displacemenfA) areto be optimized.

ER microGA NSGA-II PAES
Best 0.85 0.99 1.01
Worst 1.01031 1.01 1.01
Average | 0.980464 0.9995 1.01
Median 0.995 1 1.01
Std.Dev. | 0.04009190| 0.00944513 0

Table 5 Resultsof the Error Ratio metric for the secondtestfunc-

tion.

(F/o) < x4 <3 % (F/o)

where:

F = 10kN, E = (2)10°kN/em?, L = 200cm 0 =

10kN/cm?

In this example the total numberof fitnessfunctioneval-

uationswassetto 12000.

GD microGA NSGA-II PAES

Best 0.0580338 7.93903 3.93581

Worst 0.0918631 11.4831 14.2827
Average | 0.075033695| 9.8997555 | 9.5249935
Median 0.0757498 9.877115 9.417545
Std.Dev. | 0.00828227 | 1.14986135| 2.717377174

Table 6 Resultsof the GenerationaDistancemetricfor thesecond

testfunction.
SP microGA NSGA-II PAES
Best 5.32187 6.41401 1.71862
Worst 8.81188 8.46951 47.932
Average | 6.8609385 | 7.3116655| 17.434317
Median 6.77402 7.239515 17.25515
Std.Dev. | 1.03065513| 0.53557575| 14.98498216

Table7 Resultsof the Spacingmetricfor the secondestfunction.
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Fig. 7 Paretofronts producedby the microGA for the secondestfunction. Thetrue Paretofront is shavn asa continuoudine. The solutions

displayedcorrespondo the medianresultwith respecto the generationatlistancemetricfor eachof the algorithmscompared.
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Fig. 8 Paretofrontsproducedby the NSGA-II for the secondestfunction. Thetrue Paretofront is shavn asa continuoudine.

Figures7, 8 and9 shav thegraphicalresultsproduceday
themicroGA,theNSGA-Il andPAES in thesecondestfunc-
tion chosenThetrue Paretofront of the problemis showvn as
a continuoudine. Tables5, 6, 7 and8 show the comparison

of resultsamongthethreealgorithmsconsideringhe metrics

previously describedIn this case the microGA hadthe best
numericalvalueswith respecto all the metrics.Graphically
it is alsoclearthat boththe NSGA-II and PAES completely

missedthe true Paretofront and corvergedto a falsefront.
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Fig. 9 Paretofrontsproducedby PAES for the secondestfunction. Thetrue Paretofront is shavn asa continuoudine.

Time microGA NSGA-II PAES
Best 0.258 3.063 2.684
Worst 0.282 3.086 2.958
Average 0.26315 3.06825 2.82805
Median 0.262 3.0675 2.8055
Std.Dev. | 0.00580630| 0.00501445| 2.717377174

Table 8 Computationaltime (in secondsyequiredby eachalgo-

rithm for the secondestfunction.

In termsof computationatime, the microGA wastentimes

fasterthanPAES andtwelve timesfasterthanthe NSGA-II.

8

Example 3

Our third example consistsof optimizing the two-bar plane
trussshown in Figure 10. The mathematicadescriptionof

theproblemis thefollowing (ChengandLi 1999):

Minimize

f'uolume = fl (X) =T (16 + y2)0'5 + 1'2(1 + 242)0'5 (19)
210.5
fstress,AC = f2(x) = M (20)
Yyz1

suchthat

Jvotume < 0.1
fstress,ac < 100000
fstress,c < 100000
where:

1<y<3

T1,22 >0

80(1+y%)%°

fst’r'ess,BC = Y2

In this example the total numberof fitnessfunctioneval-
uationswassetto 12,000.

Figuresll,12and13show thegraphicakesultsproduced
by the microGA, the NSGA-II and PAES in the third test

functionchosenThetrueParetofront of theproblemis shavn
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Fig. 10 Planetrussusedfor thethird example.The structuralvolumeandthejoint displacemenfA) areto be minimized.
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Fig. 11 Paretofronts producedby the microGA for the third testfunction. Thetrue Paretofront is shavn asa continuoudine. The solutions

displayedcorrespondo the medianresultwith respecto the generationatlistancemetric for eachof the algorithmscompared.

asa continuoudine. Tables9, 10, 11 and12 showv the com-
parisonof resultsamongthethreealgorithmsconsideringhe
metricspreviously describedln this case the microGA had
the bestaveragevaluewith respectto generationatlistance,
andthe secondhestaveragevaluewith respecto errorratio.

With respectto spacing,it hadthe poorestresult. However,

if we look atthe graphicalresults,it is clearthatthe NSGA-
Il totally missedthe true Paretofront andthereforeits good
spacingvaluebecomesrrelevant. PAES hasagooderrorratio
valueandabetterspacinghanthe NSGA-II, but it generated
lesspointsof the true Paretofront. Therefore we canagain

concludethat, regardlessof the numericalvaluesof the met-
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Fig. 12 Paretofrontsproducedby the NSGA-II for thethird testfunction. The true Paretofront is shavn asa continuoudine.
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Fig. 13 Paretofrontsproducecdby PAES for thethird testfunction. Thetrue Paretofront is shavn asa continuousdine.

rics, the microGA hadthe bestoverall performancen this
problem.Also notethatin termsof computationatime, the
microGAwasalmostthreetimesfastethantheNSGA-II and

it wastwentyfive timesfasterthanPAES.

8.1

Example 4

Our fourth example consistsof the speedreducerproblem

shavnin Figurel14. Theproblemis thefollowing (Wu 2001):
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Fig. 14 Speededucemsedfor thefourth example. Theweightandstressareto be minimized.

ER microGA NSGA-II PAES SP microGA NSGA-II PAES
Best 0.29 0.29 0.27 Best 379.427 4.90527 360.437
Worst 1.04762 1.01 0.93 Worst 7321.23 442.208 3462.49
Average | 0.87489485 0.943 0.557 Average 1891.865 181.2533155 | 1220.87415
Median | 0.985784 1.01 0.535 Median 1182.675 121.6995 1040.385
Std.Dev. | 0.22558222| 0.18342071| 0.17553227 Std.Dev. | 1807.102861787 155.566882103 652.87969651
Table 11 Resultsof the Spacingmetricfor thethird testfunction.

Table9 Resultsof the Error Ratio metricfor thethird testfunction.

GD microGA NSGA-II PAES

Time microGA NSGA-II PAES
Best 9.71281 0.947 10.6856

Best 0.669 2.769 25.193
Worst 41.2999 78.143 58.1152

Worst 1.976 3.147 30.607
Average | 20.0494855| 33.38484245| 36.7977

Average 1.2012 3.1125 27.5981
Median 17.9617 19.2609 36.156

Median 1.2165 3.135 27.371
Std.Dev. | 7.69435095| 30.09812074| 13.65416231

Std.Dev. | 0.45024152| 0.08220033| 1.68822828

Table 10 Resultsof the GenerationaDistancemetric for the third
Table 12 Computationakime (in secondsyequiredby eachalgo-

testfunction.
rithm for thethird testfunction.

Minimize

fwez'ght = fl (X) =

745.0z4/2223)2 + 1.69107
fstress = fo (X) = \/( /021-1'32) (21)

0.7854x125(1023 /3 + 14.933x3 — 43.0934) —

1.508z; (x5 + 23) +

7477 (x3 4 23) + 0.7854(x 422 + 25277)
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suchthat

n s - A <0

94° T — 13

g5 : zoxs —40.0<0

g6: x1/1a —12.0<0
97: 5.0—21/22 <0

gg: 1.9—24+1.526 <0

go: 1.9 —25+1.127<0

(74524 /2223)2+1.69107

gio : 0.126°

v/ (74525 /z223)2+1.575108

911 0.1273
where:

2.6 <z <3.6
0.7<22<0.8

17 < x5 < 28
73<1z4<83

73 <z5 <83

2.9 <z <3.9

5.0< 27 <5.5

< 1300)

< 1100)

ER microGA NSGA-II PAES
Best 0.33 0.96 1.01
Worst 1.02857 1.01 1.01
Average | 0.9347823 1.0055 1.01
Median 1.00595 1.01 1.01
Std.Dev. | 0.16143897| 0.01394538| O

Table 13 Resultsof the Error Ratiometricfor thefourth example.

GD microGA NSGA-II PAES
Best 1.08871 2.05287 70.7167
Worst 9.07369 28.3722 87.8481
Average | 3.117536 9.843702 77.99834
Median 2.700905 7.357945 78.63515
Std.Dev. | 1.67810867| 7.08103039| 4.21026087

Table 14 Resultsof the GenerationaDistancemetricfor the fourth

In this example the total numberof fitnessfunctioneval-
uationswassetto 24,000.This increasevasdueto the com-
plexity of the searchspaceof this problem(its Paretofront is
moredifficult to be generatedhanin the previousexamples).

Figuresl5,16 and17 show thegraphicakesultsproduced
by the microGA, the NSGA-II and PAES in the fourth test
functionchosenThetrueParetofront of theproblemis shavn
asacontinuoudine. Tables13, 14,15 and 16 showv the com-

parisonof resultsamongthethreealgorithmsconsideringhe

example.
SP microGA NSGA-II PAES
Best 14.5077 0.0784511 9.4861
Worst 137.044 12.7075 27.2249
Average 47.80098 | 2.765449155| 16.20129
Median 41.3446 1.95639 15.21375
Std.Dev. | 32.80151572| 3.53493787 | 4.26842769

Table 15 Resultsof the Spacingmetricfor thefourth example.

metricspreviouslydescribedRegardinggenerationadlistance
anderrorratio, themicroGA obtainedhe bestaverageresults
in this problem.With respecto spacingtheNSGA-II hadthe
bestaveragevalue.However, in the graphicalrepresentation
of the resultswe canclearly seethat both the NSGA-II and

PAES missedthe true Paretofront of the problem(in fact,
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Fig. 15 Paretofront producedby the microGA for the fourth example.The true Paretofront is shawvn asa continuousline. The solutions

displayedcorrespondo the medianresultwith respecto the generationatlistancemetricfor eachof the algorithmscompared.
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Fig. 16 Paretofrontsproducecdby the NSGA-II for thefourth example.Thetrue Paretofront is shavn asa continuoudine.

PAES foundnondominatedolutionswhich arevery far away
from thetrueParetofront). Thereforewe againconcludethat
the microGA hadthe bestoverall performancen this case.

Regardingcomputationatime, the microGA was about1.6

timesfasterthanthe NSGA-Il andaboutthirteentimesfaster

thanPAES.

Summarizingesultswe canclearlyseethatthemicroGA
outperformedhe two otheralgorithmsagainstwhich it was

compared.lt is worth noticing that both the NSGA-Il and
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Fig. 17 Paretofrontsproducecdby PAES for the fourth example. Thetrue Paretofront is shavn asa continuoudine.

Time microGA NSGA-II PAES
Best 4.043 7.314 56.799
Worst 5.503 7.644 67.963
Average 4.6485 7.40275 59.5992
Median 4.5545 7.388 59.4325
Std.Dev. | 0.37922101| 0.07438228| 2.45812146

Table 16 Computationakime (in secondsyequiredby eachalgo-

rithm for thefourth example.

PAES were chosenfor this comparatie study becauseahey
arerepresentatie of the state-of-the-arin evolutionarymul-
tiobjective optimization.Neverthelessthey performedrather
poorly in someof the testfunctionschosenwhich givesan

ideaof their high degreeof compleity.

We attributethegoodperformancef our microGAto the
factthat it is able to producea good balancebetweenex-
ploration and exploitation by combining the searchengine

provided by a simple geneticalgorithmwith threeforms of

elitism (asexplainedin Sectior4). Thenon-replaceablmem-
ory of ourmicroGAis its mainsourceof diversity (akey com-
ponentof any multiobjective evolutionaryalgorithm)andthe
replaceablenemorycombinedwith the externalarchive en-
couragethat the nondominatedolutionsproducedcorverge
towardsthe Paretooptimal setand,atthe sametime, areuni-
formly distributed. Becausesachof the componentf our
microGA is very simple (computationallyspeaking) our ap-
proachrequires,in several casesa considerablylower com-
putationaltime thanthe two otheralgorithmscomparedThe
quality of the solutionsobtainedseemso corroborateour hy-
pothesisregardingthe effectivenessof suchmechanismsn

solvingmultiobjective optimizationproblems.

It is worth noticing, however, that the previous results,
althoughencouraginggdo not necessarilyguaranteghat our
microGA will performequallywell in morecomple, large-

scaleproblems(this, hawever, cannotbe guaranteedor ary



evolutionary algorithm becauseof their stochasticnature
(Wolpert and Macready1997)). However, it would be ex-
pectedthat our microGA would remainat leastcompetitve
with respectto other multiobjective evolutionary algorithms

whenusedin morecomplex problems.

9

Parameter s fine-tuning

Sinceour microGA usesseveral parametershatarenot typ-
ical of evolutionary multiobjective optimizationapproaches,
we performedseveralexperimentgo try to determinea setof
valuesthat can be usedby default (i.e., whennothingabout
theproblemis known).

Thesizeof theexternalmemoryis aparametethatshould
be easyto setup,sinceit correspondso the numberof non-
dominatedvectorsthatthe userwishesto find.

Regardingthe sizeof the populationmemory we recom-
mendto setit to 50% of the sizeof theexternalmemory The
reasonis thatif a larger percentagéas used,the numberof
individualsto undego evolution becomedoo large. On the
otherhand,if the percentagés lower, we caneasilylosedi-
versity.

For the numberof iterationsof the microGA, we found
that a value betweentwo andfive seemso work well. It is
importantto be aware of the factthata larger valuefor this
parameteimpliesagreateiCPUcostfor thealgorithm.How-
ever, alargervalueprovidesParetofrontswith abetterspread.
Thereforethesetupof this parameteis really a trade-of be-

tweenefficiengy andquality of the solutionsfound.

23

Regardingthenumberof subdiisionsof theadaptive grid,
the recommendedangeis a value between5 and 100. As
a default value,we sugges®5, which is the value that pro-
videdthebestoverall performancen our experimentsLarger
valuesfor this parametewill provide a betterspreadof the
Paretofront, but will sacrificeefficiency andmemoryrequire-
ments.

For the percentagef non-replaceablenemory we sug-
gestto use0.3, sincethis value ensureghatfor eachpair of
individualsevolved,onewill berandomlyselectedi.e., this
promotediversity).

Finally, for the replacementycle, we suggesto usea
value between25 andn (wheren is the total numberof it-
erations) We have usedvaluesbetween25 and 200 for this
parameterHowever, this is a parametethatrequiresspecial
attentionandwe intendto studyits behaior in more detail
to try to derive moregeneralvalueswithin a narraver range.
Thisvalueis alsocritical for ouralgorithm,becausé it is too
small, the algorithmmay corvergeto a local Paretofront. If
it is too large, thereplacemenof the populationat eachcycle
may not be enoughto guaranteghe necessargliversity. So
far, the value proposedchasbheenempirically setup for each

particularproblem.

10

Conclusions and Future Work

We have proposedhe useof a geneticalgorithmwith avery
smallpopulationsize(amicro geneticalgorithm)andareini-

tializationprocesgo solve multiobjective optimizationprob-
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lems. The algorithm hasbeenvalidatedusing several struc-
tural optimization problemsand has beencomparedto the
NSGA-II and PAES usingthreemetricstaken from the spe-
cializedliterature.In all casesthemicroGA outperformedhe
two otheralgorithmsandwasconsiderablyfasterthanthem.
Perhapghe main currentdravback of our microGA for
multiobjective optimizationis thefactthatit requiresseveral
parametersAlthough we have provided someguidelinesto
setthemup, we are currentlyworking in a new versionof
our algorithmthat useson-line adaptatiorto make it unnec-
essaryto fine tuneary of theseparametersWe are alsoan-
alyzingdifferentapproacheso incorporatepreferencegrom
the decisionmaler asto narrowv the searchperformedby our

microGA (Coello Coello2000).
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