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Multiobjective Structural Optimization using a Micr o-Genetic

Algorithm

Carlos A. Coello Coello and GregorioToscanoPulido

Abstract In this paper, we presenta geneticalgorithmwith

a very small populationanda reinitializationprocess(a mi-

crogeneticalgorithm)for solvingmultiobjectiveoptimization

problems.Our approachusesthreeforms of elitism, includ-

ing an external memory(or secondarypopulation)to keep

thenondominatedsolutionsfoundalongtheevolutionarypro-

cess.We validateour proposalusingseveralengineeringop-

timizationproblemstakenfrom thespecializedliterature,and

we compareour resultswith respectto two otheralgorithms

(the NSGA-II andPAES) usingthreedifferentmetrics.Our

resultsindicatethatour approachis very efficient (computa-
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tionally speaking)and that performsvery well in problems

with differentdegreesof complexity.

Keywords evolutionarymultiobjectiveoptimization,genetic

algorithms,multiobjectiveoptimization,vectoroptimization

1

Intr oduction

The ideaof using techniquesbasedon the emulationof the

mechanismof naturalselectiontosolveproblemscanbetraced

aslongbackasthe1930s(Cannon1932).However, it wasnot

until the 1960sthat the threemain techniquesbasedon this

notion were developed:geneticalgorithms(Holland 1962),

evolution strategies (Schwefel1965) and evolutionary pro-

gramming(Fogel 1966).Theseapproaches,which are now

collectively denominated“evolutionary algorithms” (EAs),

have been very effective for single-objective optimization

(Goldberg 1989a; Schwefel1981;Fogel 1999).Despitethis

considerablylarge volumeof research,new areasremainto

be exploredwith sufficient depth.Oneof themis the useof
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evolutionaryalgorithmsto solve multiobjective optimization

problems.

The first implementationof a multi-objective evolution-

ary algorithm(MOEA) datesbackto the mid-1980s(Schaf-

fer 1984, 1985). Since then, a considerableamountof re-

searchhasbeendonein thisarea,now known asevolutionary

multiobjective optimization(EMO for short)(Coello Coello

et al. 2002). Evolutionary algorithmsseemparticularly de-

sirablefor solving multiobjective optimizationproblemsbe-

causethey deal simultaneouslywith a set of possiblesolu-

tions (the so-calledpopulation)which allows us to find sev-

eralmembersof theParetooptimalsetin a singlerun of the

algorithm,insteadof having to performa seriesof separate

runsasin the caseof the traditionalmathematicalprogram-

ming techniques.Additionally, evolutionary algorithmsare

lesssusceptibleto theshapeor continuityof theParetofront

(e.g., they can easily deal with discontinuousand concave

Paretofronts),whereasthesetwo issuesarearealconcernfor

mathematicalprogrammingtechniques(CoelloCoello1999).

Despitetheimportantvolumeof researchonevolutionary

multiobjectiveoptimizationin thelastfew years1 (seefor ex-

ample(CoelloCoelloetal. 2002;FonsecaandFleming1995;

VanVeldhuizenandLamont2000)),until recently, little em-

phasishadbeenplacedonstressingefficiency whendesigning

multi-objective evolutionaryalgorithms(MOEAs). This pa-

1 The first author maintainsthe EMOO repositorywhich cur-

rently containsover 1900bibliographicreferenceson evolutionary

multiobjective optimization.The EMOO repositoryis locatedat:

http://delta.cs.cinvestav.mx/˜ccoello/E MOO

per dealspreciselywith this issue,sincewe proposethe use

of a geneticalgorithmwith a very small populationsizeand

a reinitializationprocess(a micro geneticalgorithm)to solve

(quiteefficiently) multiobjective optimizationproblems.Our

approachis validatedusingseveralengineeringoptimization

problemstakenfrom thespecializedliteratureandits perfor-

manceis comparedagainsttwo techniquesthatarerepresen-

tativeof thestate-of-the-artin EMO: theNondominatedSort-

ing GeneticAlgorithm II (NSGA II) (Debet al. 2000,2002)

andtheParetoArchivedEvolutionStrategy (PAES)(Knowles

andCorne2000).Our resultsindicatethatour approachis a

viablealternative for efficientmultiobjectiveoptimization.

2

Basic Concepts

Weareinterestedin thegeneralnonlinearprogrammingprob-

lem in which we wantto:

Find � whichoptimizes
��� ��� (1)

subjectto:

�	� � �
����
��������	����������� (2)��� � ��� �!
��#"$���	���������&% (3)

where � is the vectorof solutions �'�)( *,+-�.*0/1����������*02�354 , �
is thenumberof inequalityconstraintsand% is thenumberof

equalityconstraints(in bothcases,constraintscouldbelinear

or non-linear).
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If we denotewith 6 to the feasibleregion andwith 7 to

thewholesearchspace,thenit shouldbeclearthat 698:7 .

For an inequalityconstaintthat satisfies�	� � ���;�<
 , then

we will saythatis activeat � . All equalityconstraints
� �

(re-

gardlessof the valueof � used)areconsideredactive at all

pointsof 6 .

Now, we will definesomebasicconceptsfrom multiob-

jectiveoptimization.

Definition 1 (General Multiobjecti ve Optimization Prob-

lem): Find thevector ��=>�?( *@=+ ��*,=/ ����������*,=A 3 4 which will sat-

isfy the B inequalityconstraints:

�	� � �
����
C�����	�ED��������F�.B (4)

the % equalityconstraints

� � � �
�G�!
H���I�1�ED��������F�&% (5)

andwill optimizethevectorfunction

J � �
�G�?( � + � ���F� � / � ���F��������� �LKM� �
�N3 4 (6)

where �O�P( * + �.* / ���������.* A 3 4 is the vector of decision

variables. Q
Having several objective functions,the notion of “opti-

mum” changes,becausein multiobjectiveoptimizationprob-

lems,the aim is to find goodcompromises(or “trade-offs”)

ratherthan a single solution as in global optimization.The

notion of “optimum” that is mostcommonlyadoptedis that

originally proposedby Edgeworth (1881)andlater general-

izedby Pareto(1896).This notion is normally referredto as

“Paretooptimality” andis definednext.

Definition 2 (Pareto Optimality:): A point �
=IRO6 is

Paretooptimal if for every �SRT6 and UV�XWY�	�ED��������F�EZ,[ ,
\ �^]	_ �`� � � � = ��� � � � �
�.� (7)

andthere is at leastone � RTU such that

� � � � = ��a � � � �
� (8)

Q
In words,this definitionsaysthat �
= is Paretooptimal if

thereexistsno feasiblevector � which would decreasesome

criterion without causinga simultaneousincreasein at least

oneothercriterion.Thephrase“Paretooptimal” is considered

to meanwith respectto theentiredecisionvariablespaceun-

lessotherwisespecified.

Other importantdefinitionsassociatedwith Paretoopti-

mality arethefollowing:

Definition 3 (ParetoDominance): Avectorbc� �^d + ��������� d K �
is said to dominateef� �^g + ��������� g K � (denotedby bXh�e ) if

andonlyif u ispartially lessthanv, i.e.,
\ �iRSWY�	�������F�jZk[1� d � �g �mlTn �oRpWY�	���������EZk[rq d � a g � . Q

Definition 4 (ParetoOptimal Set): For a givenmultiobjec-

tive optimizationproblem,
J � *k� , the Pareto optimal set( sV= )
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is definedas:

s = qt�uWv*wRT6yxLz n *0{�R�6 J � *k{5��h J � *k�F[1� (9)

Q
Definition 5 (ParetoFront:): For a givenmultiobjectiveop-

timizationproblem
J � *k� andParetooptimalsetsV= , thePareto

front ( s;6 = ) is definedas:

s;6 = qt�uWvbS� J � �`� + � *,�F��������� �LK�� *k���>x|*}R~s = [1� (10)

Q
3

Previous Work

Thetermmicro-geneticalgorithm(microGA)referstoasmall-

populationgeneticalgorithmwith reinitialization.Theapproach

wasderivedfrom sometheoreticalresultsobtainedby Gold-

berg (1989b), accordingto whichapopulationsizeof threeis

sufficient to converge,regardlessof thechromosomiclength

adopted.Theprocesssuggestedby Goldbergwasto startwith

a small randomlygeneratedpopulation,thenapply to it the

geneticoperatorsuntil reachingnominal convergence(e.g.,

whenall theindividualshave their genotypeseitheridentical

or very similar), and then to generatea new populationby

transferringthe bestindividualsof the convergedpopulation

to thenew one.Theremainingindividualswouldberandomly

generated.

The first to reportan implementationof a microGA was

Krishnakumar(1989),who useda populationsizeof five, a

crossover rate of one and a mutation rate of zero. His ap-

proachalso adoptedan elitist strategy that copied the best

string foundin thecurrentpopulationto thenext generation.

Selectionwas performedby holding four competitionsbe-

tweenstringsthatwereadjacentin thepopulationarray, and

declaringto theindividualwith thehighestfitnessasthewin-

ner. Krishnakumar(1989)comparedhis microGA againsta

simpleGA (with a populationsizeof 50, a crossover rateof

0.6anda mutationrateof 0.001).He reportedfasterandbet-

ter resultswith his microGA on two stationaryfunctionsand

a real-world engineeringcontrolproblem(a wind-shearcon-

troller task).After him, severalotherresearchershave devel-

opedapplicationsof microGAs (e.g., (Johnsonand Abush-

agur1995;Xiao andYabe1998)).Despitetheexistenceof a

considerableamountof researchon the useof geneticalgo-

rithmsfor multiobjectiveoptimization(seefor example(Coello

Coelloetal. 2002;Deb2001;CoelloCoello1999)),thework

reportedin this paperrepresents,to the bestof our knowl-

edge,thefirst attemptto usea microGA (i.e., a geneticalgo-

rithm with a very smallpopulationsizeanda reinitialization

process)for multiobjectiveoptimization.

Relatedideashave,however, beenproposedin thelitera-

ture.For example,Jaszkiewicz (2002)proposedthemultiple-

objectivegeneticlocalsearch(MOGLS)algorithmwhichuses

for ashorttimeasmallpopulationinitializedfrom alargeex-

ternalmemory. Thisapproach,however, duesits goodperfor-

manceto theuseof local searchanda lot of computermem-

ory. It couldalsobearguedthatthemulti-memberedversions

of PAES (KnowlesandCorne2000)canbeseenasa form of
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microGA. However, the authorsof PAES concludedthat the

additionof a populationdid not, in general,improve theper-

formanceof their approach,and insteadincreasedthe com-

putationaloverheadin animportantway(KnowlesandCorne

2000).

Our approachdiffers from thesetwo proposalsbecause

it doesnot make an excessive useof memory, it doesnot

usespeciallocal searchmechanismsandit doesnot behave

asanevolution strategy (which is theevolutionaryalgorithm

adoptedin PAES).

4

Description of Our Appr oach

Thewayin whichour techniqueworksis thefollowing.First,

we generatea set of randomsolutionsand we place them

in what we call the “population memory”. This memoryis

divided in two parts,one replaceableand anotherone non-

replaceable(seeFigure1).

Random
Non−ReplaceableReplaceable

Population Memory

Initial Population

Population

Fig. 1 Populationmemoryof ourmicroGA.

As indicatedby its name,thenon-replaceablepartof the

populationmemorywill never changeduring the execution

of thealgorithm,andits maingoalis to maintaindiversity. In

contrast,the replaceablepartof thepopulationmemorywill

changeaftereachmicroGAcycleasindicatedbelow.

The microGA will obtain its small working population

from thesetwo portionsof thepopulationmemoryto evolveit

duringa few generations(theuseof a certain(fixed)number

of generationsis thecriterionthatweadoptto definenominal

convergencein this case).The microGA works the sameas

a simplegeneticalgorithmthat usesa selectionschemethat

favors nondominatedsolutions(the so-calledPareto-ranking

scheme).ThemicroGA usestournamentselection,two-point

crossoveranduniformmutation.Uponreachingnominalcon-

vergence(i.e.,afterperformingacertainnumberof iterations

(defineda priori by theuser),themicroGA retainsonly two

nondominatedsolutions.2 Then,thesetwo solutionsarecom-

paredwith respectto two contenderstakenfrom thereplace-

ablememory. If any of thesetwo solutionsdominatesits ad-

versary, thenit replacesit in thereplaceablememory.

Our microGA alsousesanexternalarchive thatkeepsall

thenondominatedsolutionsfoundalongtheevolutionarypro-

cess.Themaingoalof this externalarchive is to ensurethat

the nondominatedsolutionsfound by our microGA are re-

tainedthroughgenerations.Otherwise,theuseof geneticop-

erators(i.e.,crossoverandmutation)coulddestroy suchnon-

dominatedsolutions.

Thesametwo solutionsindicatedbefore(i.e., thosecom-

paredwith two adversariesfrom thereplaceablememory)are

alsocomparedwith respectto thecontentsof anexternalpop-

ulation.In casethesetwo solutionsarenot dominatedby the

contentsof the external population,they are both storedin

2 This is of course,in casethereis morethanonenondominated

solution.
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suchexternal archive. Note that any of thesesolutionsthat

turnsout to bedominatedby any individual storedin theex-

ternal archive is discarded.Also, if any of thesesolutions

dominatesany solution storedin the external archive, then

suchasolutionis deletedfrom thearchive.

After storingournondominatedsolutionsfoundin theex-

ternalarchive,westartanothercycleof themicroGAall over

again.For thatsake,ourmicroGAagaintakes(randomly)so-

lutionsfrom bothportionsof thepopulationmemoryto con-

form its initial population.Thisprocessis repeateduntil astop

conditionis reached.

Thepseudo-codeof ourapproachis thefollowing:

function MicroGA

begin

Generatestartingpopulation� of size �
andstoreits contentsin thepopulationmemory �
/* Bothportionsof M will befilled with

randomsolutions*/

i=0

while i a Max do

begin

Gettheinitial populationfor

themicroGA ( � ) from �
repeat

begin

Apply binarytournamentselection

basedon nondominance

Apply two-pointcrossover

anduniformmutation

to theselectedindividuals

Apply elitism (retainonly one

nondominatedvectorpergeneration)

Producethenext generation

end

until nominalconvergenceis reached

Copy two nondominatedvectorsfrom �
to theexternalmemory � (first form of elitism)

if � is full whentrying to insert �N���	� g ��� d,�M�
then adaptive grid(�����1� g ��� dk�M� )

Copy two nondominatedvectorsfrom � to �
(secondform of elitism)

if i mod replacementcycle

then applythird form of elitism

(Movepointsfrom � to thereplaceablememory)

i = i+1

endwhile

end function

As indicatedin the previous pseudo-code,our approach

usesthreeformsof elitism:

1. The first form of elitism is basedon the notion that if

we store in the external archive the nondominatedvec-

tors producedfrom eachcycle of the microGA, we will

not loseany valuableinformationobtainedfrom theevo-

lutionaryprocess.

2. Thesecondform of elitism is basedon theideathatif we

replacethe (replaceableportionof the)populationmem-

ory by thenominalsolutions(i.e.,thebestsolutionsfound
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when nominal convergenceis reached),we will gradu-

ally converge,sincecrossover andmutationwill have a

higherprobabilityof reachingthetrueParetofront of the

problemover time. This notion washintedby Goldberg

(1989b).

3. The third type of elitism is applied at certain intervals

(definedby a parametercalled“replacementcycle”). We

take a certainnumberof points from all the regions of

the Paretofront generatedso far andwe usethemto fill

thereplaceablememory. Dependingon thesizeof there-

placeablememory, we chooseas many points from the

Paretofront as necessaryto guaranteea uniform distri-

bution. This processallows us to usethe bestsolutions

generatedsofar asthestartingpoint for themicroGA,so

thatwe canimprove them(eitherby gettingcloserto the

trueParetofront or by gettinga betterdistribution).

To keepdiversityin theParetofront, we useanapproach

similar to theadaptive grid proposedby KnowlesandCorne

(2000)(seeFigure2). Oncethearchive thatstoresnondomi-

natedsolutionshasreachedits limit, we divide theobjective

searchspacethat this archive covers,assigninga setof co-

ordinatesto eachsolution.Then,eachnewly generatednon-

dominatedsolutionwill beacceptedonly if thegeographical

locationto wheretheindividualbelongshasfewerindividuals

thanthemostcrowdedlocationof thegrid. Alternatively, the

new nondominatedsolutioncouldalsobeacceptedif the in-

dividualbelongsto alocationoutsidethepreviouslyspecified

boundaries.

The adaptive grid requirestwo parameters:the expected

sizeof theParetofront andthenumberof positionsin which

we will divide thesolutionspacefor eachobjective.Thefirst

parameteris definedby thesizeof theexternalmemory. We

have foundthatour approachis not very sensitive to thesec-

ond parameter(e.g., in our experimentsa valuebetween15

and25 provided very similar results).The processof deter-

mining the locationof a certainindividual hasa low compu-

tationalcost(it is basedonthevaluesof its objectivesasindi-

catedbefore).However, whenthe individual is out of range,

we have to relocateall the positions.Nevertheless,this last

situationdoesnot occurtoo often,andwe allocatea certain

amountof extraroomin thefirst andlastlocationsof thegrid

to minimizeits occurrence.

4.1

Handling Constraints

Our microGA incorporatesa verysimpleconstraint-handling

scheme,whichhaseffectonitsselectionmechanism,theadap-

tivegrid andthepopulationmemory.

In theselectionmechanism,constraintsarehandledwhen

checkingParetodominance.Whenwe comparetwo individ-

uals,we first checktheir feasibility. If oneis feasibleandthe

otheris infeasible,thefeasibleindividualwins.If botharein-

feasible,thentheindividualwith thelowestamountof (total)

constraintviolation wins. If they bothhave thesameamount

of constraintviolation (or if they areboth feasible),thenthe

comparisonis doneusing Paretodominance.Note that we

avoidedtheuseof penaltyfunctions(Richardsonetal. 1989),
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Fig. 2 Theadaptive grid usedto handletheexternalmemoryof themicroGA.

becauseit is well-known thattheperformanceof suchtypeof

approachis highly dependenton thetypeof penaltyfunction

andpenaltyfactorsadopted,whicharenormallydefinedin an

ad-hocmannerfor eachspecificproblemto besolved(Coello

Coello2002;Michalewicz andSchoenauer1996).

We never store an infeasibleindividual in the external

population,becauseit is not a valid solution.However, it is

possibleto storean infeasibleindividual within the popula-

tion memory(if it dominatesits competitor).This is donein

order to allow the possibility of evolving it as to reachthe

feasibleregionof theproblem.

5

Comparison of Results

Several testfunctionsweretakenfrom thespecializedlitera-

tureto compareourapproach.In orderto allow aquantitative

assessmentof theperformanceof anMOEA, threeissuesare

normallytakeninto consideration(Zitzler et al. 2000):

1. Minimize thedistanceof theParetofront producedby our

algorithmwith respectto theglobalParetofront (assum-

ing we know its location).

2. Maximize the spreadof solutionsfound, so that we can

have a distribution of vectorsassmoothanduniform as

possible.

3. Maximize the numberof elementsof the Paretooptimal

setfound.

Basedon this notion,we adoptedonemetric to evaluate

eachof thethreeaspectspreviously indicated:

1. Err or Ratio (ER):ThismetricwasproposedbyVanVeld-

huizen(1999)to indicatethepercentageof solutions(from
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thenondominatedvectorsfoundsofar) thatarenotmem-

bersof thetrueParetooptimalset:

�;�X� � A��� +,� �� � (11)

where� is thenumberof vectorsin thecurrentsetof non-

dominatedvectorsavailable; � � = 0 if vector� is amember

of theParetooptimalset,and � � ��� otherwise.It should

then be clear that �;����
 indicatesan ideal behavior,

sinceit would meanthatall thevectorsgeneratedby our

algorithmbelongto theParetooptimalsetof theproblem.

This metric addressesthe third issuefrom the list previ-

ouslyprovided.

2. GenerationalDistance(GD):Theconceptof generational

distancewasintroducedby Van VeldhuizenandLamont

(1998)asa way of estimatinghow fararetheelementsin

the setof nondominatedvectorsfound so far from those

in theParetooptimalsetandis definedas:

�r� � � � A��� + � /�� (12)

where � is the numberof vectorsin the setof nondomi-

natedsolutionsfound so far and � � is the Euclideandis-

tance(measuredin objectivespace)betweeneachof these

andthenearestmemberof theParetooptimalset.It should

beclearthata valueof
�r� �u
 indicatesthatall theele-

mentsgeneratedarein theParetooptimalset.Therefore,

any othervaluewill indicatehow “f ar” we arefrom the

globalParetofront of our problem.This metricaddresses

thefirst issuefrom thelist previouslyprovided.

3. Spacing (SP): Here, one desiresto measurethe spread

(distribution)of vectorsthroughoutthenondominatedvec-

tors foundsofar. Sincethe“beginning” and“end” of the

currentParetofront found areknown, a suitablydefined

metricjudgeshow well thesolutionsin suchfront aredis-

tributed.Schott(1995)proposedsuchametricmeasuring

therange(distance)varianceof neighboringvectorsin the

nondominatedvectorsfoundsofar. Thismetricis defined

as:

��� ���� ��T��� A� ��� + � �;��� � � / � (13)

where� � �!�V �¡ � � x � �+ � ���M� � �+ � ���¢x	£�x � �/ � ���M� � �/ � ���>x � ,�j��"#���	���������.� , � is themeanof all � � , and � is thenum-

berof nondominatedvectorsfoundsofar. A valueof zero

for this metric indicatesall membersof the Paretofront

currentlyavailableareequidistantlyspaced.This metric

addressesthe secondissuefrom the list previously pro-

vided.

Additionally, CPU times werealso evaluated(using the

samehardwareplatformandtheexactsameenvironmentfor

eachof the algorithms)in orderto establishif our microGA

was really fasterthan the other techniquesas we hypothe-

sized,sincethatwasoneof its designgoals.

In orderto know how competitive wasour approach,we

decidedto compareit againsttwo multiobjectiveevolutionary

algorithmsthatarerepresentativeof thestate-of-the-artin the

area:
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1. NondominatedSorting GeneticAlgorithm II : Proposed

by Debetal. (2000,2002),thisalgorithmis arevisedver-

sionof theNondominatedSortingGeneticAlgorithmpro-

posedby Srinivasand Deb (1994).The original NSGA

is basedon several layersof classificationsof the indi-

vidualsassuggestedby Goldberg (1989a). Beforeselec-

tion is performed,the populationis ranked on the ba-

sis of nondomination:all nondominatedindividuals are

classifiedinto onecategory (with a dummyfitnessvalue,

which is proportionalto thepopulationsize,to providean

equalreproductive potentialfor theseindividuals).Then

this groupof classifiedindividualsis ignoredandanother

layerof nondominatedindividualsis considered.Thepro-

cesscontinuesuntil all individuals in the populationare

classified.Sinceindividualsin thefirst fronthavethemax-

imum fitnessvalue,they alwaysgetmorecopiesthanthe

restof thepopulation.This allows to searchfor nondom-

inatedregions,andresultsin convergenceof thepopula-

tion towardsuchregions.TheNSGA-II is moreefficient

(computationallyspeaking)thantheoriginalNSGA,uses

elitism anda crowdedcomparisonoperatorthatkeepsdi-

versitywithout specifyingany additionalparameters(the

original NSGA usedfitnesssharing).This algorithmuses

( ¤¥£�¦ )-selectionasits elitist mechanism.

2. ParetoAr chivedEvolution Strategy: Thisalgorithmwas

introducedby KnowlesandCorne(2000).PAES consists

of a(1+1)evolutionstrategy (i.e.,asingleparentthatgen-

eratesa singleoffspring)in combinationwith a historical

archive that recordssomeof the nondominatedsolutions

previously found.This archive is usedasa referenceset

againstwhicheachmutatedindividual is beingcompared.

Sucha historicalarchive is theelitist mechanismadopted

in PAES.However, aninterestingaspectof thisalgorithm

is theprocedureusedto maintaindiversitywhichconsists

of a crowding procedurethatdividesobjective spacein a

recursivemanner. Eachsolutionis placedin acertaingrid

locationbasedon the valuesof its objectives(which are

usedas its “coordinates”or “geographicallocation”). A

mapof suchgrid is maintained,indicatingthenumberof

solutionsthatresidein eachgrid location.Sincetheproce-

dureis adaptive,no extra parametersarerequired(except

for thenumberof divisionsof theobjectivespace).

In the following examples,the NSGA-II was run using

a populationsize of 100, a crossover rate of 0.8 (uniform

crossoverwasadopted),tournamentselection,andamutation

rateof 1/§ , where § = chromosomelength(binaryrepresen-

tation wasadopted).The microGA useda crossover rateof

0.8, an externalmemoryof 100 individuals,a numberof it-

erationsto achievenominalconvergenceof two, apopulation

memoryof 50 individuals,a percentageof non-replaceable

memoryof 0.3,a populationsize(for themicroGA itself) of

four individuals,and25subdivisionsof theadaptivegrid.The

mutationratewassetto �|¨-§ ( §©� lengthof thechromosomic

string).PAES wasrun usinganadaptive grid with a depthof

five,a sizeof thearchive of 100,anda mutationrateof �-¨-§ ,

where § refersto the lengthof the chromosomicstring that

encodesthedecisionvariables.
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To avoid any biasor misinterpretationwhenimplement-

ing eachof thetwo otherapproachesusedfor ourcomparative

study, we adoptedthe public-domainversionsof PAES and

the NSGA-II, which are available at

http://delta.cs.cinvestav.mx/˜ccoel lo/EM OO/

EMOOsoftware.html . It is worth indicatingthat our mi-

croGAis alsoavailablein thepublic-domainatthesameURL

previously indicated.Thesethreealgorithms(i.e., PAES, the

NSGA-II andour microGA) wererun on thesamehardware

andsoftwareplatform.

Notethatin all thefollowing examples,we generatedthe

true (or global) Paretofront by enumeration,using parallel

processingtechniques(someof thesefronts requirea con-

siderablyhigh computationaleffort to be generatedby enu-

meration).This is necessaryto computesomeof themetrics

previously definedandto allow a quantitative assessmentof

results.

For constrainedtest functions,our microGA and PAES

(which doesn’t have an explicit mechanismto handlecon-

straints)use the mechanismdescribedin Section4.1. The

NSGA-II has its own constraint-handlingmechanism(Deb

et al. 2002),sowedid not have to implementonefor it.

6

Example 1

Our first testfunctionwasproposedby Kursawe(1991):

Minimize
� + � �
�G� AMª +� ��� + « �r��
i¬�­�® « �>
m� Dm¯ * /� £�* /��° +F±>±

ER microGA NSGA-II PAES

Best 0.18 0.06 0.1

Worst 0.36 1.01 1.01

Average 0.2655 0.56 0.8145

Median 0.245 0.495 0.975

Std.Dev. 0.05394685 0.38451610 0.27633837

Table1 Resultsof theErrorRatiometricfor thefirst testfunction.

GD microGA NSGA-II PAES

Best 0.00680344 0.00690487 0.0146701

Worst 0.0103437 0.103095 0.157191

Average 0.008456311 0.029255159 0.054914365

Median 0.008489235 0.01735665 0.0493581

Std.Dev. 0.00098659 0.02716975 0.03074372

Table2 Resultsof theGenerationalDistancemetricfor thefirst test

function.

(14)

Minimize
� / � �
�G� A� ��� +¢² x * � x ³�´ µ £·¶i¸. �¡ � * � �.¹vº (15)

where:

�¢¶$�·* + ��* / �.* ¹ �·¶ (16)

In this example,thetotal numberof fitnessfunctioneval-

uationswassetto 12000.

Figures3, 4 and 5 show the graphicalresultsproduced

by the microGA, the NSGA-II andPAES, respectively. The

true Pareto front of the problem is shown as a continuous
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Fig. 3 Paretofronts producedby the microGA for the first test function.The true Paretofront is shown asa continuousline. The solutions

displayedcorrespondto themedianresultwith respectto thegenerationaldistancemetric.
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Fig. 4 Paretofrontsproducedby theNSGA-II for thefirst testfunction.ThetrueParetofront is shown asa continuousline.

line. Tables1, 2, 3 and 4 show the comparisonof results

amongthe three algorithmsconsideringthe metrics previ-

ouslydescribed.ThemicroGAobtainedthebestaverageval-

ueswith respectto generationaldistanceanderror ratio, and

wasoutperformedby the NSGA-II with respectto spacing.

Notehowever in Figures3, 4 and5 how themicroGA covers

the largestsegmentof the true Paretofront of the problem.

Both theNSGA-II andPAES missedseveralsegmentsof the

trueParetofront. Therefore,irrespective of the valuesof the

metric,it shouldbeclearthatthemicroGAhadthebestover-
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Fig. 5 Paretofrontsproducedby PAES for thefirst testfunction.ThetrueParetofront is shown asa continuousline.

SP microGA NSGA-II PAES

Best 0.0716859 0.0184178 0.0641144

Worst 0.203127 0.0657118 0.340955

Average 0.12889499 0.036135605 0.1975222

Median 0.126655 0.03608505 0.186632

Std.Dev. 0.02993154 0.01097740 0.07301957

Table3 Resultsof theSpacingmetricfor thefirst testfunction.

Time microGA NSGA-II PAES

Best 0.295 2.181 0.938

Worst 0.345 2.693 1.39

Average 0.32695 2.42435 1.12615

Median 0.3325 2.454 1.121

Std.Dev. 0.01481277 0.16680441 0.10522420

Table 4 Computationaltime (in seconds)requiredby eachalgo-

rithm for thefirst testfunction.

all performancein thefirst testfunction.Also notethatin this

casethe microGA was (on average)threetimes fasterthan

PAES andeighttimesfasterthantheNSGA-II.

7

Example 2

Oursecondtestfunctionis to optimizethefour-barplanetruss

shown in Figure6. Theproblemis thefollowing (Chengand

Li 1999):

Minimize� + � ��� �!§ � D-* + £�¼ D-* / £ ¼ * ¹ £©*m½-� (17)� / � ��� �9¾ §� ¿ D*0/ £ D ¼ D*0/ � D � � D1�* ¹ £ D* ½0À (18)

suchthat� ¾ ¨-Á��Â��*,+Ã��ÄÆÅ � ¾ ¨-Á��¼ D � ¾ ¨-Á��Â�·* / �·ÄÆÅ � ¾ ¨-Á��¼ D � ¾ ¨-Á��Â�·* ¹ �·ÄÆÅ � ¾ ¨-Á��
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Fig. 6 Planetrussusedfor thesecondexample.Thestructuralvolumeandthejoint displacement( Ç ) areto beoptimized.

ER microGA NSGA-II PAES

Best 0.85 0.99 1.01

Worst 1.01031 1.01 1.01

Average 0.980464 0.9995 1.01

Median 0.995 1 1.01

Std.Dev. 0.04009190 0.00944513 0

Table 5 Resultsof theError Ratiometric for thesecondtestfunc-

tion.

� ¾ ¨-Á��Â��*m½;��ÄÆÅ � ¾ ¨-Á��
where:

¾ �È�v
1Z�� , �É� � D	����
1Ê�Z��¥¨-ËFB / , §O�ÌDL
	
1ËFB�ÁÍ��v
1Z��¥¨-Ë�B ¹
In this example,thetotal numberof fitnessfunctioneval-

uationswassetto 12000.

GD microGA NSGA-II PAES

Best 0.0580338 7.93903 3.93581

Worst 0.0918631 11.4831 14.2827

Average 0.075033695 9.8997555 9.5249935

Median 0.0757498 9.877115 9.417545

Std.Dev. 0.00828227 1.14986135 2.717377174

Table 6 Resultsof theGenerationalDistancemetricfor thesecond

testfunction.

SP microGA NSGA-II PAES

Best 5.32187 6.41401 1.71862

Worst 8.81188 8.46951 47.932

Average 6.8609385 7.3116655 17.434317

Median 6.77402 7.239515 17.25515

Std.Dev. 1.03065513 0.53557575 14.98498216

Table7 Resultsof theSpacingmetricfor thesecondtestfunction.
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Fig. 8 Paretofrontsproducedby theNSGA-II for thesecondtestfunction.ThetrueParetofront is shown asa continuousline.

Figures7, 8 and9 show thegraphicalresultsproducedby

themicroGA,theNSGA-II andPAESin thesecondtestfunc-

tion chosen.ThetrueParetofront of theproblemis shown as

a continuousline. Tables5, 6, 7 and8 show thecomparison

of resultsamongthethreealgorithmsconsideringthemetrics

previously described.In this case,themicroGA hadthebest

numericalvalueswith respectto all themetrics.Graphically,

it is alsoclearthat both the NSGA-II andPAES completely

missedthe true Paretofront andconvergedto a falsefront.
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Time microGA NSGA-II PAES

Best 0.258 3.063 2.684

Worst 0.282 3.086 2.958

Average 0.26315 3.06825 2.82805

Median 0.262 3.0675 2.8055

Std.Dev. 0.00580630 0.00501445 2.717377174

Table 8 Computationaltime (in seconds)requiredby eachalgo-

rithm for thesecondtestfunction.

In termsof computationaltime, the microGA wasten times

fasterthanPAES andtwelve timesfasterthantheNSGA-II.

8

Example 3

Our third exampleconsistsof optimizing the two-barplane

trussshown in Figure 10. The mathematicaldescriptionof

theproblemis thefollowing (ChengandLi 1999):

Minimize�-Î�Ï.ÐÒÑ|ÓÕÔ � � + � ��� �!* + � �vÖÕ£©× / �Ø³�´ Ê £©* / � �o£©× / �Ø³�´ Ê (19)

�LÙ�Ú 2 ÔØÙ.ÙEÛ Ü@Ý � � / � ��� � DL
 � ��Ö>£©× / � ³�´ Ê×M* + (20)

suchthat�-Î�Ï.ÐÒÑ|ÓÕÔ ��
�����LÙNÚ 2 ÔØÙØÙjÛ Ü@Ý �Þ��
1
	
1
	
� ÙNÚ 2 ÔØÙØÙjÛ ß
Ý �'��
	
1
	
1

where:�à�·×á��Ä*,+L�.*k/râ�
�LÙNÚ 2 ÔØÙØÙjÛ ß
Ý � µ.³�ã + °�ä�åEæ^çØè éä�ê å
In this example,thetotal numberof fitnessfunctioneval-

uationswassetto 12,000.

Figures11,12and13show thegraphicalresultsproduced

by the microGA, the NSGA-II and PAES in the third test

functionchosen.ThetrueParetofrontof theproblemisshown
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Fig. 10 Planetrussusedfor thethird example.Thestructuralvolumeandthejoint displacement( Ç ) areto beminimized.
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Fig. 11 Paretofrontsproducedby themicroGA for thethird testfunction.ThetrueParetofront is shown asa continuousline. Thesolutions

displayedcorrespondto themedianresultwith respectto thegenerationaldistancemetricfor eachof thealgorithmscompared.

asa continuousline. Tables9, 10, 11 and12 show the com-

parisonof resultsamongthethreealgorithmsconsideringthe

metricspreviously described.In this case,the microGA had

the bestaveragevaluewith respectto generationaldistance,

andthesecondbestaveragevaluewith respectto error ratio.

With respectto spacing,it had the poorestresult.However,

if we look at thegraphicalresults,it is clearthat theNSGA-

II totally missedthe true Paretofront andthereforeits good

spacingvaluebecomesirrelevant.PAEShasagooderrorratio

valueandabetterspacingthantheNSGA-II, but it generated

lesspointsof the true Paretofront. Therefore,we canagain

concludethat, regardlessof thenumericalvaluesof themet-
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Fig. 12 Paretofrontsproducedby theNSGA-II for thethird testfunction.ThetrueParetofront is shown asa continuousline.
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Fig. 13 Paretofrontsproducedby PAESfor thethird testfunction.ThetrueParetofront is shown asa continuousline.

rics, the microGA had the bestoverall performancein this

problem.Also notethat in termsof computationaltime, the

microGAwasalmostthreetimesfasterthantheNSGA-II and

it wastwentyfive timesfasterthanPAES.

8.1

Example 4

Our fourth exampleconsistsof the speedreducerproblem

shown in Figure14.Theproblemis thefollowing (Wu 2001):
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Fig. 14 Speedreducerusedfor thefourth example.Theweightandstressareto beminimized.

ER microGA NSGA-II PAES

Best 0.29 0.29 0.27

Worst 1.04762 1.01 0.93

Average 0.87489485 0.943 0.557

Median 0.985784 1.01 0.535

Std.Dev. 0.22558222 0.18342071 0.17553227

Table9 Resultsof theErrorRatiometricfor thethird testfunction.

GD microGA NSGA-II PAES

Best 9.71281 0.947 10.6856

Worst 41.2999 78.143 58.1152

Average 20.0494855 33.38484245 36.7977

Median 17.9617 19.2609 36.156

Std.Dev. 7.69435095 30.09812074 13.65416231

Table 10 Resultsof theGenerationalDistancemetric for the third

testfunction.

Minimize �-ë Ô �Òì�í Ú � � + � ��� �
m�ïîLð1¶-ñ1*,+�* // � ��
L* /¹ ¨LÄÕ£!��ñ0� ò1Ä	Ä	* ¹ �cñYÄ�� 
	ò1ÄLñY����1� ¶	
	ð	* + � * /ó £©* /ô ��£îM� ñMî1î � *0¹ó £©*0¹ô �
£©
m�ïîLð1¶-ñ � *0½�* /ó £©* Ê *,î / �

SP microGA NSGA-II PAES

Best 379.427 4.90527 360.437

Worst 7321.23 442.208 3462.49

Average 1891.865 181.2533155 1220.87415

Median 1182.675 121.6995 1040.385

Std.Dev. 1807.102861787 155.566882103 652.87969651

Table11 Resultsof theSpacingmetricfor thethird testfunction.

Time microGA NSGA-II PAES

Best 0.669 2.769 25.193

Worst 1.976 3.147 30.607

Average 1.2012 3.1125 27.5981

Median 1.2165 3.135 27.371

Std.Dev. 0.45024152 0.08220033 1.68822828

Table 12 Computationaltime (in seconds)requiredby eachalgo-

rithm for thethird testfunction.

� Ù�Ú 2 ÔØÙ.Ù � � / � ��� � � � î|ñY¶�� 
	*m½v¨-* / * ¹ � / £!�	� Ö	òm��
 ô
m����* ¹ó (21)
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suchthat� + q + ´ ³ê|õØê åå ê�ö � + ´ ³/ ô ´ ³ ��
� /àq + ´ ³ê-õ�ê åå ê åö � + ´ ³¹�÷ ô ´ Ê �·
� ¹ q ê öøê å ê ö ê ó ø � + ´ ³+ ´ ÷E¹ �·
� ½ q ê Ê öê å êvö.ê ô ø � + ´ ³+ ´ ÷E¹ �·
� Ê q¢* / * ¹ �Sñ1
�� 
V��
� ó q¢* + ¨-* / �·�vD�� 
$��
� ô qÃ¶�� 
à�S* + ¨|* / ��
� µ qù�1� òà�S*m½Â£f�1� ¶L*0ÖV�·
� ÷ qù�1� òà�S*k¶>£!�	����*@îù�·
� + ³ q ¼ ã ô ½ Ê ê øFú ê å ê ö æ å ° + ´ ó ÷ + ³Fû³�´ + ê ó ö �Þ�vÄ	
	
Y�� +E+üq ¼ ã ô ½ Ê ê Ê ú ê å ê ö æ å ° + ´ Ê ô Ê + ³Eý³�´ + ê ô ö �Þ�	�v
	
Y�
where:D�� ÖÆ�:* + ��Ä�� Ö
��tî$�:* / ��
�� ð�|î$��* ¹ �fDLðîM� ÄÆ�:*0½;��ð�� ÄîM� ÄÆ�:* Ê ��ð�� ÄD�� òÆ�:* ó ��Ä�� ò¶�� 
Æ�:* ô �f¶��ï¶
In this example,thetotal numberof fitnessfunctioneval-

uationswassetto 24,000.This increasewasdueto thecom-

plexity of thesearchspaceof this problem(its Paretofront is

moredifficult to begeneratedthanin thepreviousexamples).

Figures15,16and17show thegraphicalresultsproduced

by the microGA, the NSGA-II andPAES in the fourth test

functionchosen.ThetrueParetofrontof theproblemisshown

asa continuousline. Tables13,14,15 and16 show thecom-

parisonof resultsamongthethreealgorithmsconsideringthe

ER microGA NSGA-II PAES

Best 0.33 0.96 1.01

Worst 1.02857 1.01 1.01

Average 0.9347823 1.0055 1.01

Median 1.00595 1.01 1.01

Std.Dev. 0.16143897 0.01394538 0

Table13 Resultsof theErrorRatiometricfor thefourth example.

GD microGA NSGA-II PAES

Best 1.08871 2.05287 70.7167

Worst 9.07369 28.3722 87.8481

Average 3.117536 9.843702 77.99834

Median 2.700905 7.357945 78.63515

Std.Dev. 1.67810867 7.08103039 4.21026087

Table14 Resultsof theGenerationalDistancemetricfor thefourth

example.

SP microGA NSGA-II PAES

Best 14.5077 0.0784511 9.4861

Worst 137.044 12.7075 27.2249

Average 47.80098 2.765449155 16.20129

Median 41.3446 1.95639 15.21375

Std.Dev. 32.80151572 3.53493787 4.26842769

Table15 Resultsof theSpacingmetricfor thefourthexample.

metricspreviouslydescribed.Regardinggenerationaldistance

anderrorratio,themicroGAobtainedthebestaverageresults

in thisproblem.With respectto spacing,theNSGA-II hadthe

bestaveragevalue.However, in the graphicalrepresentation

of the resultswe canclearly seethat both the NSGA-II and

PAES missedthe true Paretofront of the problem(in fact,
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Fig. 15 Paretofront producedby the microGA for the fourth example.The true Paretofront is shown asa continuousline. The solutions

displayedcorrespondto themedianresultwith respectto thegenerationaldistancemetricfor eachof thealgorithmscompared.
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Fig. 16 Paretofrontsproducedby theNSGA-II for thefourthexample.ThetrueParetofront is shown asa continuousline.

PAESfoundnondominatedsolutionswhichareveryfaraway

from thetrueParetofront). Therefore,weagainconcludethat

the microGA hadthe bestoverall performancein this case.

Regardingcomputationaltime, the microGA wasabout1.6

timesfasterthantheNSGA-II andaboutthirteentimesfaster

thanPAES.

Summarizingresults,wecanclearlyseethatthemicroGA

outperformedthe two otheralgorithmsagainstwhich it was

compared.It is worth noticing that both the NSGA-II and
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Time microGA NSGA-II PAES

Best 4.043 7.314 56.799

Worst 5.503 7.644 67.963

Average 4.6485 7.40275 59.5992

Median 4.5545 7.388 59.4325

Std.Dev. 0.37922101 0.07438228 2.45812146

Table 16 Computationaltime (in seconds)requiredby eachalgo-

rithm for thefourth example.

PAES werechosenfor this comparative studybecausethey

arerepresentative of thestate-of-the-artin evolutionarymul-

tiobjective optimization.Nevertheless,they performedrather

poorly in someof the testfunctionschosen,which givesan

ideaof their highdegreeof complexity.

We attributethegoodperformanceof ourmicroGAto the

fact that it is able to producea good balancebetweenex-

ploration and exploitation by combining the searchengine

provided by a simplegeneticalgorithmwith threeforms of

elitism(asexplainedin Section4).Thenon-replaceablemem-

ory of ourmicroGAis its mainsourceof diversity(akey com-

ponentof any multiobjectiveevolutionaryalgorithm)andthe

replaceablememorycombinedwith the externalarchive en-

couragethat the nondominatedsolutionsproducedconverge

towardstheParetooptimalsetand,at thesametime,areuni-

formly distributed.Becauseeachof the componentsof our

microGA is very simple(computationallyspeaking),our ap-

proachrequires,in severalcases,a considerablylower com-

putationaltime thanthetwo otheralgorithmscompared.The

qualityof thesolutionsobtainedseemsto corroborateourhy-

pothesisregardingthe effectivenessof suchmechanismsin

solvingmultiobjectiveoptimizationproblems.

It is worth noticing, however, that the previous results,

althoughencouraging,do not necessarilyguaranteethat our

microGA will performequallywell in morecomplex, large-

scaleproblems(this, however, cannotbe guaranteedfor any
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evolutionary algorithm becauseof their stochasticnature

(Wolpert and Macready1997)). However, it would be ex-

pectedthat our microGA would remainat leastcompetitive

with respectto othermultiobjective evolutionaryalgorithms

whenusedin morecomplex problems.

9

Parameter s fine-tuning

Sinceour microGA usesseveralparametersthatarenot typ-

ical of evolutionarymultiobjective optimizationapproaches,

weperformedseveralexperimentsto try to determineasetof

valuesthat canbe usedby default (i.e., whennothingabout

theproblemis known).

Thesizeof theexternalmemoryis aparameterthatshould

be easyto setup,sinceit correspondsto the numberof non-

dominatedvectorsthattheuserwishesto find.

Regardingthesizeof thepopulationmemory, we recom-

mendto setit to 50%of thesizeof theexternalmemory. The

reasonis that if a larger percentageis used,the numberof

individuals to undergo evolution becomestoo large. On the

otherhand,if the percentageis lower, we caneasilylosedi-

versity.

For the numberof iterationsof the microGA, we found

that a valuebetweentwo andfive seemsto work well. It is

importantto be awareof the fact that a larger valuefor this

parameterimpliesagreaterCPUcostfor thealgorithm.How-

ever, alargervalueprovidesParetofrontswith abetterspread.

Therefore,thesetupof this parameteris really a trade-off be-

tweenefficiency andquality of thesolutionsfound.

Regardingthenumberof subdivisionsof theadaptivegrid,

the recommendedrangeis a value between5 and 100. As

a default value,we suggest25, which is the valuethat pro-

videdthebestoverallperformancein ourexperiments.Larger

valuesfor this parameterwill provide a betterspreadof the

Paretofront,but will sacrificeefficiency andmemoryrequire-

ments.

For the percentageof non-replaceablememory, we sug-

gestto use0.3, sincethis valueensuresthat for eachpair of

individualsevolved,onewill be randomlyselected(i.e., this

promotesdiversity).

Finally, for the replacementcycle, we suggestto usea

valuebetween25 and � (where � is the total numberof it-

erations).We have usedvaluesbetween25 and200 for this

parameter. However, this is a parameterthat requiresspecial

attentionandwe intendto study its behavior in moredetail

to try to derive moregeneralvalueswithin a narrower range.

Thisvalueis alsocritical for ouralgorithm,becauseif it is too

small, the algorithmmayconvergeto a local Paretofront. If

it is too large,thereplacementof thepopulationateachcycle

may not be enoughto guaranteethe necessarydiversity. So

far, the valueproposedhasbeenempirically setup for each

particularproblem.

10

Conc lusions and Future Work

We have proposedtheuseof a geneticalgorithmwith a very

smallpopulationsize(amicrogeneticalgorithm)andareini-

tializationprocessto solve multiobjectiveoptimizationprob-
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lems.The algorithmhasbeenvalidatedusingseveral struc-

tural optimizationproblemsand hasbeencomparedto the

NSGA-II andPAES usingthreemetricstaken from the spe-

cializedliterature.In all cases,themicroGAoutperformedthe

two otheralgorithmsandwasconsiderablyfasterthanthem.

Perhapsthe main currentdrawbackof our microGA for

multiobjectiveoptimizationis thefact that it requiresseveral

parameters.Although we have provided someguidelinesto

set them up, we are currently working in a new versionof

our algorithmthat useson-line adaptationto make it unnec-

essaryto fine tuneany of theseparameters.We arealsoan-

alyzingdifferentapproachesto incorporatepreferencesfrom

thedecisionmaker asto narrow thesearchperformedby our

microGA(CoelloCoello2000).
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