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Abstract - Recent studies confront the problem of multiple er-
ror terms through summation. However this implicitly assumes
prior knowledge of the problem’s error surface. This study con-
structsa population of Pareto optimal Neural Network regression
models to describe a market generation processin relation to the
forecasting of itsrisk and return.

I. INTRODUCTION

The useof NeuralNetworks (NNs) in the time seriesfore-
castingdoman is now well establishedwith a nunber of re-
centreview andmethodlogy studies(e.g. [1], [2], [3]). The
main attribute which differentiatesNN time seriesmodellirg
from traditioral econanetric methals is their ability to gen-
eratenontlinear relationshig betweena vectorof time series
input variades anda depenéntseries with little or no a pri-
ori knowledgeof the form thatthis nondinearity shouldtake.
Thisis oppcsedto therigid structurd form of mostecoromet-
ric time seriedorecastingnethod (e.g. Auto-Reayressve (AR)
modds, Exporential Smodhing models,(GeneralisedAuto-
Regressve Conditioral Heterskedasticitymodds, and Auto-
Regressie Integrated Moving Average mockls) [4], [5], [6]-
Apartfrom this impaortant difference the uncerlying appioach
to time seriesforecastingitself has remaned relatively un-
chan@d during its progessionfrom explicit regressionmod
elling to the non-lineargeneralisatiorappioachof NNs. Both
of theseapprachesaretypically basedontheconcepthatthe
mostaccuratdoreast,if nottheactualrealised(target) value,
is theonewith thesmallestEuclideardistancerom theactual.

When measurindinancial predctor perfomancehowever,
practitiorers often usea whole rangeof different erra mea-
sures(15 comnonly usedtime seriesforecastingerror mea-
suresaloneare reporta in [7]). Theseerra measuestend
to reflectthe preferecesof poterial end usersof the fore-
castmocel. For instance,n the areaof financialtime series
forecasting, correctly predcting the directional movementof
a time series(for instanceof a stock price or excharge rate)
is arguably moreimportart thanjust minimising the forecast
Euclidea erra.

In order to encapulate multiple objectives, recent ap-
proadesto time seriesforecastingusingNNs have introduced
augnentationsto traditiona learnirg algoiithms. Thesehave
beenin theform of propagatinga linearsumof errois [8], [9],
[10], andpendising particulamis-classificationsnoreheavily
[11].

However theseapprachesimplicitly assumethe practi-

tioner hassomeknowledgeof the true Pareto error front de-
fined by the generéing process,andthe featuresand network
topolagy they areusingto modelit. A Paretoerror front is
definedsuchthat a feasiblemodellying on the Paretofront
canna improve ary error(by theadjustmenbf its paraméers)
without degradingits perfamancein respecto atleastoneof
the others. Therebre, given the constraits of the model,no
solutionsexist beyond thetrue Paretofront.

Giventhatit is likely that the error surfacedefinedby the
geneating processis not known, a nev appoachto imple-
mentingmultiple objectve trainingwithin NNsis needed

Through the use of a Multi-Objedive Evolutionary Algo-
rithms (MOEAS) it is possibleto find an estimatedPareto
set of the comhinations of paranetersto multiple objectve
‘clean’ function modellingprodems[12], [13], [14]. Overthe
previous 15 yeas, sincethe work by Schafer [15], MOEAs
have beenappliedto a vastnunberof designprodems,where
mathemécal formuae definethe multiobjective surfaceto be
searched Thesemethod had not, until very recently been
applied to the noisy domain of multi-objective neural net-
work (MONN) generéisation. The first and, to the auttor’s
knowledge, only study usinga MOEA to train a population
of MONNSs is that by Kupinski and Anastasio[16]. In their
study a populdion of MONNSs are trained using the Niched
ParetoGeneticAlgorithm (NPGA) MOEA developedby Horn
etal. [17], which areappliedin the medicalimageclassifica-
tion domain, to a synthetictwo-classprodem. In this study
however the methoalogy usedin [16] is exterded,by the use
of aMOEA with provensuperigity in thenoiselesglomainto
the NPGA (the StrengthParetoEvolutionary Algorithm [18],
SPEA)andappliedto realdatain thefinancialtime-seriegore-
castingdoman.

Oncea setof MONNS, thatlie uponthe ParetoSurfacein
error space have beengererated,a practitionergains knowl-
edgewith respecto theerrorinteradions of their problem. In
additionthey alsohave the opportunity to selectanindividual
modelthatencagulatestheir error prefeencesor a group of
modelsf sodesired By analogywith theCapitalAssetPricing
Model (CAPM) it is demanstratedthatby generatig a Pareto
set of mockls with respectto estimatedrisk and retun, the
practitiorer canaccesshigherratesof retun (for agivenlevel
of risk) by diversifying theirwealthbetweerforecast-bsedar
bitrageand‘risk-free’ investmats.

Thisstudytakesthefollowing form: amoreformalovervien
of the current appioachto multi-objective optimisationin the



forecastingdomainis presentedh Section Il. Paretooptimal-

ity is presetedin Section Il andthe CAPM modé is intro-
ducedin Section IV. Thisis followedin Section V by a brief
descriptim of the datausedandthe measure®f risk andre-
turn usedin training. In Section VI experimentsandresults
arediscussedvith conclusios andfurther work containedn

Section VII.

[I. CURRENT APPROACH

An illustration of the prablemsassociatedvith the current
apprachto multi-objectivity in NN regressionis providedin
Figurel(a)andl(b).
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Fig. 1. (a) Two-dimensioml error surfacel. (b) Two-dimensional
errorsurface2.

Considerthe situationwheretwo error measuresre used
thatlie in therange[0,1]. Giventhatthe practitione wishes
to minimise errors, the typical apprachin linear sumback
propagationis to minimise the compsite errore ¢, in the D
errormeasue case(wherethe erras areto be minimised)this
is calculatechsfollows:

D
Ec =wW1€1 + w22+ ...+ WDED, E w; =1,

i=1

(1)

whereVi 0 < w; < 1.

In the two dimensioral caseillustratedin Figuresl(a)and
1(b), wherethe practiticner gives equalweightingto bother
rors,andbotherraslie within thesamerange, thisis calculated

as:

ec = 0.5e1 + 0.5¢e5. (2)

This apprach implicitly assumeshat the interactionbe-
tweenthetwo errortermsis symmaéric. ConsiderFiguresl(a)
and1(b): Figurel(a)illustratesthe situationdescribedwhere
theminimum erra surfacedefinedby the problemis shovn as
theParetofront FF. Onits extremest canbeseerthattheerra
combirations(0.0, 1.0) and (1.0, 0.0) are possible which de-
fine the axial symmetrichypea-bourdariesof the front. In ap-
plying eq.2 thecompaiteerra curve CCis geneated.As the
illustrationshaws, if thetraining proessof the mockl reaches
theerrorfront (thetrueParetofront), themocdel returredwill be
attheminimumof thecompsitecurve,anddefinedby (el,e2).
In the caseof Figure1(a), this modelcanbe seento have the
error properties(0.5Q0 0.32) Figure1(b) illustratesthe same
situation,with identicalhyper-bowndariesbut a slightly differ-
entdegreeof corvexity of thefront £'F'. In this casethemodel
returredis definedby theerrorproperties(0.42,0.22) Thetwo
modelsaresignificantlydifferent,andin bothcasesdueto the
shapeof the Paretoerrorfronts (andcontiary to the desiresof
the user),the error propertiesof the mocels retumed are not
equal. Although the feasiblerange of botherrormeasuresre
the sametheinteractionof the errors,asdemorstratedby the
shapeof their true Paretofronts, resultsin the retun of mod
els,thatthoudh Paretooptimalin themseles,donotrepesent
the prefeeencesof the practitiorer. An even worsesituation
arisesif the true Paretofront is concae and not corvex. In
this casecompaite errorweightedsummatiorwill only retun
thosemodelson the extremesof the Paretofront, asillustrated
in Figure2.
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Fig. 2. Exampletheeffect of compositeweightingwhenthefront is
concae with respecto theorigin. (a) lllustratesa concave front.
(b) Variouscompositecurveswith differenterrorweighting. Table
shavs the optimalmodelsin relationto the compaite cunes.

In Figure2(a)thetradeoff betweertwo errossis definedby
the concae Paretofront F'F', with Figure 2(b) illustrating a
numter of possiblecomposite error curves constructedising
eg. 1. Thecompmsiteweights,andprapertiesof the mockl(s)



which minimisethesecomppsiteerrois areshavn in the Table
belov to 2(b). Thisillustratesthe casethat,irrespetive of the
valuesusedfor w, andw, in theconstructio of the composite
cunes, the modelretunedwill alwaysbethe onethatstrictly
minimiseseithererrorl or error2.

Theconstraims andpropertiesof Paretooptimality, whichis
anintegral part of all recentMOEAs [12], [13], [14], iS now
formally defined

1. PARETO OPTIMALITY

Paretooptimality andnon-domirancewill now be formally
introduced.

The multi-objective optimisationprablem seekgo simulta-
neotsly extremise D objecties:

yi = fi (X),

whereeachobjective depenisuponavectorx of n paraneters
or decisionvariables.

Withoutlossof geneality it is assumedhattheseobjedives
(referedto asmode erross in this study)areto be minimised,
assuchtheprodem canbestatedas:

Minimise y = f(X) = (fl (X),f2 (X)7"'7fD (X))7 (4)
e(x) = (e1 (x),e2(X),...,em (x)) (5)

wherex = (x1,X2,...,Xp)andy = (y1,¥9,---, ¥ p)-

Whenfacedwith only a single erra measurean optimal
solution (regressionmockl) is onewhich minimisesthe errar
giventhemockl constraims. However, whenthereis morethan
onenon<ommesurableerrortermto beminimised it is clear
thatsolutionsexist for which perfamanceon oneerra canrot
be improved withou sacrificingperfamanceon at leastone
other Suchsolutionsaresaidto beParetooptimal[19] andthe
setof all Paretooptimal solutionsare saidto form the Pareto
front.

The notion of domirancemay be usedto make Paretoop-
timality more precise. A decisionvectoru (vecta of model
paraneters)is said to strictly domindge anothe v (dended
u < v)if

i=1,....D 3)

subjectto

fi(n) < fi(v)

fiw) < fi(v)
Lessstringernly, u weaklydomindesv (derotedu < v) if
fi(a) < fi(v)

A setof M decisiorvectos {w;} is saidto beanon-dominaed
set(anestimateof the Paretofront) if no memberof the setis
domiratedby ary othermemtier:

Vi=1,...,D and

for somei. (6)

Vi=1,...,D 7)

Wi7<Wj V’I:,j:].,...,M (8)

IV. ANALOGY WITH THE CAPM MODEL

An illustration of the interactio of multiple objectvesin a
prodem, wherea setof modelsis desiredfor collective use
(as opposedto compaison) canbe shovn by analay to the
CAPM from finance[20]. The CAPM describegherelation
shipbetweerrisk andreturnin anoptimumportfdio of stocks,
whererisk is to be minimisedandreturnmaximsed,andcan
therefae alsobe appliedto populationsof forecastmodels.

Return

Sm
Risk

Fig.3. TheCAPM.

In Figure3, thefront F'F' represets the Paretooptimal port-
folios (calledefficient portfdios in CAPM), or forecasimodels
in the analay, with examges of othersub-gtimal portfdios
(mockls)lying beneath?' F’ alsomarked Line SS is thesecu-
rity marketline, with point R f, wherethe securitymarketline
intersectghey-axis,representinghelevel of ‘risk free’ retumn
available in the marlket placeto the individual (i.e. through
borrowing/lerding through the bankng system). The secu-
rity marketline is tangentiato theefficient portfdio front, the
point whereit touches the front at a beingthe optimal mar
ket portfolio. In the simpleillustration shavn in Figure 3, by
investing in the market portfdio at poirt a (by tradingusing
the forecat model at poirt a) and lending or borrowing at
therisk freerate Rf, it is possibleto opeate on the security
marlket line, gainng a higher rate of returnfor ary level of
risk thanthat possibleby investingin an efficient portfdio of
stocks.More comgex interactiors canalsobemodéed within
the CAPM framework. For exanple wheretherearetwo dif-
ferentzero-riskratesin the marlet; that available to the user
when borrowing, and that available from governnent bords
(risk-freeinvesting). In this situationtherearetwo tangatial
lines geneated,with a ‘kinked’ SecurityMarket Line itself a
combirationof thetwo andthefront itself betweerthetwo tan-
gents.In addtion, given thatdifferentindividuals/institutions
may expeliencediffering Rfs (dueto differing costsof bor-
rowing and lending available depenlenton size and circum
stance)thetangetial pointsthemseles (andtherefoe specific
modelsof interest)will vary acrassindividuals.



V. DATA AND ERROR MEASURES

In this studytwo error measursto be optimisedare ‘Risk’
(minimised)and‘Return’ (maximiseq.

Thedepenlenttime seriesusedfor forecastingy, is aform
of theonedayreturnbetweertheopenprice of themarketand
thenext dayrealisedhigh,asshavnin eq.9.

~ (oot - ©)
Yt = 10,993z,

wherezy is the openlevel of themarketatdayt andz ! is the
markethigh atdayt.

The multiplication of the open valueby 0.9 is dueto the
tradingstratgy beingdepewlentonthevaluefalling duiing the
day by at least0.7% beforetradinginto the market is (poten
tially) triggerad (asdescriledin Algorithm 1). The‘Risk’ of a
forecast mockl is simply measure@sthe RootMeanSquare
Error (RMSE) of the mockl predidion of y; - asit is a direct
measuref theo (standardieviation) of the mocel predictin
from the actual. The ‘Return’ measue is calculatedusinga
simpletradingstratgy basedupan transactio costscalculated
at0.1%of price(asdefinedasareasonabléevelin [21]), there-
fore a minimum increasean price from buy to sell of 0.2%6 is
neededefae ary profitscanberealised.In addition thetrad-
ing stratgy is designedsuchthata tradewill only take place
if estimategrofitsbeyondtransactiorcostsof atradeinto and
out of the market equalappioximately 1.5% (the foreast of
¥s, Yy beirg > 1.017). The‘Return erra measue is formally
describedn Algorithm 1.

Algorithm 1 Tradirg stratey (‘Returri erra).

t, currenttime step(day)
7:,» themocel forecastatday.

c — Ty c i
9% = 59357 whete z{ is themarket closeon dayt.

e, Returnvalueattime ¢ (asapercentagof capitalatt — 1).

1. Sett := 1, first tradingday of train (or test)setinstance.

2. If (Geg1 > 1.017) A (2} /2§ < 0.993) shift capitalfrom
risk freedepait into marketatthe pointwherethe market
pricefalls to 99.3% of open(incuring transactiorcosts),
goto3, otherwisegoto4.

3. t:=t+ 1, Calculateprofit/ loss.

(@) if (y; > 1.017), sell when market reacheghe level
1017%of thatwhenenterede f* = 1.4983, goto2. Else:
(b) if (y; <1.017), sell at the end of day eft =
(gf —1) — (0.1 4+ 0.1¢§), goto2.

4. t ;= t+1, Calculatenomiral risk freeinterestaccruen
assetsgf** = 0.0016 (compundequivalert to 4% p.a.)
gotol.

Halt processwhenendof train (or test)setis reached

The measureshaws thatif the forecastof tomoriows high
is 1.6 higher or more than99.3% of todays openprice,and
the price during todayfalls to (or below) a level of 99.3% of
todays openprice,tradingwill occur(Algorithm 1). If this sit-
uationoccus, andtherealisedvalueof valueof y ;1 is greater

than1.017 thenwhenthemarketlevel reackesthepoint of be-
ing 1.7% above the price paid on entrarce, the assetswill be
sold andprdfits realised(after costsincurred). If however the
market level doesnot reacha level 1.7% above the price paid
onentranethentheassetaredisposeaf attheendof theday,
with the potenial for eitherprofit or loss. If z!/z¢ > 0.993,
or y;+1 < 1.017 thenno tradewill occurandthe capitalwill
lie in abankdepait accruingtheequivalentof 4% interestp.a.
(0.0016% a dayconpouncdedover 250tradingdays).

Fifteen explanatoryvariables were usedin the model,and
aredefinedasfollows:

1,...,10

Ut =Yi—2,---, Y111 (20
vzlq...,15 Zﬂt_l,...,gt_5 (11)

variabes1to 10containthelast10laggedrealisedvalues of y;
(2 weeksof trading, of coursey; 1 canrot beusedasit incor
poratesnformationthatwill notbeavailableatthestartof day
att — 1. Variablesl1to 15arerecurentvariabes. In addition
to the 15 input units, the network designusedincorporateda
singlehiddenlayerof 5 sigmoidal transferunits.

The datausedin the mocel is the open,high, low andclose
of the Dow JoneslIndustrial Average (DJIA) over the 2500
trading day periad from 28/21986to 3/1/20®. In (the Ex-
perimenation) Section VI aslidingwindow is usedto cortain
the training andtestsetswhich aregenerged by first creatirg
therelevantexplanatoryvecta anddepemlentvaluepairs(em-
bedddmatrix), andthenpassinga window with thefirst 1000
pairsastraining dataandthe next 100pairsastestdataacrass
the seriesmoving thewindow forward by 100 pairs25times.
Asiillustratedin Figure 4 belaw, thismeandhatthe25testsets
containa total of 1500 tradingdays(appoximately 10 years)
from 12/2/1990to 3/1/2®0.
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Fig. 4. Figureillustratingthetestandtraining sets(top) in relationto
thetransformediatay; (bottom).



VI. EXPERIMENTSAND RESULTS

The expaimentsin this studyare desigred to demorstrate
thefeasibility of this new apprachto forecastingandtheben-
efit of producing a popuation of modelswhich lie on an esti-
mateof the Paretofront of the generéing process.As stated,
this allows the practitiorer to chosseamodelfrom aviableset
thatdescribes their errortrade-of preferencesafter training
andtherebre knowledge of the trainingerrorinteractias (in-
steadof the apprachof summatio, whereonly onemockl is
returred andwherethe practitione musthave a priori knowl-
edgeof the errorsurface) However, if the errorpropertiesdo
not hold true on thetestdata,this apprachis of nousein the
financialdomain.

To testthis threeprefaencesof threegereral practitiorers
aredefined(risk averse prdfit maximiserandmiddleway) and
therelevart mocklsfor eachof thesetype of investor selected
ateachof thetrainingwindows andthe performarce of therel-
evantmockl| evaluatedbnthefollowing testset. Therisk averse
mode practitioreris representedy thelowest'Risk’ (RMSE)
modé from the Paretomodel set being selectedat eachpe-
riod. The prdfit maximisingpractitiorer is representetby the
highest ‘Return’ mockl selectedat eachperiad andthe mid-
dle practitiorer (neither totally risk aversenortotally expeded
profit maximising beingrepresentetby the middle mockl in
theordeedmockl setat eachwindow periad.

The GeneticAlgorithm usedin the SPEAwasimplemerted
usingsingle-pant crosseer, the mutatorvariade was drawvn
from a zero-mean,symmetic, leptokutic distribution (kurto-
sis~ 10) geneatedby the prodict of two uniform distribu-
tionscoveringtherang€g0,1], anda Gaussiamistribution with
avariarce of 0.1 andzeromean. The probability of mutatian
was0.1andthe probability of crosswer 0.8. The searchpop
ulation cortained80 individuals, with an uncorstrainedelite
secondey popuation usedasa sourceof up to 20 individuals
eachgeneratio for the binary tournanent selectionphaseof
the SPEA (thealgorithns anddatastructuesusedto facilitate
this canbefoundin [22], [23]). Eachpopulation of networks
wastrainedfor 2000geneations,with thesearctpopulationin
eachinstanceseededvith the searchpopulation at the end of
the previoustrainingwindow (thevely first training window's
searctpopulationbeingrancomly geneated).

Theaverag€eRisk’ and'Return’for thethreepractitionesas
well asthe market returnandthe performarce of the rancdbm-
walk forecastof y; for the 25 testsetsare shovn in Tablel.
(Again, asy; is notknown at day ¢, the randbm walk model
takestheformy; = y;_»).

As canclearly be seenthe modelattributesover the train-
ing dataare consistenbover the testdataalso, althoudn with
a degree of noise. An exampleof this is illustratedin Fig-
ure 5, with the training Paretofront andestimatedestPareto
front plottedfor the first training andtestwindow. The mean
‘Risk’ of the centralmodels’,althoudn above that of the risk
aversemocelsonthetestsets,s notsignificantlyso. However
the centralmodels’ mean‘Returri is significantly higher, as
aretheprofitmaximiseramodelsReturni significantlyhigher

TABLE |
MEAN RISK AND RETURN OVER THE 25 TEST SETS FOR THE
EXTREME AND MID-WAY MODELS, RANDOM WALK MODEL AND
MARKET RETURN (STD DEVS IN PARENTHESIS).

Train Test
RMSE % Ret RMSE % Ret

Risk 0.0098 0.13a 0.0098 0.0907
Averse | (0.0018) | (0.0306)| (0.003¥B) | (0.0742)
Middle 0.009@8 0.22% 0.0093 0.1714
(0.001&) | (0.0569)| (0.003®) | (0.1317)

Prof. 0.009Z 0.294 0.0098 0.2233
Max. (0.00181) | (0.0797)| (0.003@) | (0.1780)

Market - 0.05@8 - 0.0619
- (0.0208) - (0.0717)

Rand 0.0138 0.128 0.012% 0.1175
Walk (0.0032) | (0.0364)| (0.0046L) | (0.0968)

RiskFree 0 0.0016 0 0.0016

thanboththe centralmodels’'‘Return’ andminimal risk mod
els ‘Return’. (Calculatedusingthe norparametic Wilcoxon
SignedRanksTest[24] atthe 2% level (1% in eachtail)).
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Risk (RMSE)
Fig. 5. EstimatedParetoerror surfaceon training setandthe noisy
errorsurfacerealisedon the testset(first window).

Thetakulatedresultsarefurther suppatedin a visualfash-
ion by the Profit plots over the 10 year periad for the vari-
ousmocels, which areshowvn in Figure6. It is of interestto
notethatall threeNN mocdkl typesoutperformthe marlet re-
turn, however the risk aversemodels(RMSE minimiser) dis-
play a lower return over the period than the simple randan
walk modelon the transforned data, once more undetining
the fact that mockls shouldbe trainedwith respecto the er-
ror prefeenceof theuser(modelstrainedstrictly to minimise
RMSEwill notnecessarilyeneratexcessprofits).

VIl. COMMENTSAND FURTHER WORK

In this studya novel apprachto the constructian of finan-
cial time seriesmodelshasbeenformedby analgy with the
CAPM from portfdio theoy. Approximate Paretofrontiers
have beengeneatedfor the DJIA index basedon NN model
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Fig. 6. Profitplotsfor the 10 yeartestperiodfor the extremeandmid
modelson the training Paretofront, the randomwalk modeland
themarket return(capitalinitialisedat 100).

risk andreturn. As a resultof this it hasalso beendemon
stratedthat risk andreturnare noncommesurablein model
paraneterspecificationandthatthis generaliseo testdata.
However therearestill mary furtherareaof researclin this
field. Both [16] andthis studydo not fully corfront the prob
lem of genealisation/ validation in the domainof Paretopop
ulationtraining The MOEA literature wasformedin ‘clean’
process domains. In noisy domairs such as financial fore-
castingwherethe generatig processitself is beingmodelled
the divergerce betweerthe estimatedParetosurfacefrom the
training data,andthe actualsurfacedefinedby the processit-
self meritsmuchfurther investigdion. In additionthereis no
reasorto assumehatthepopuldion of NN modelsdefiningthe
front shoud be homogeneusin their topdogies,indeed just
asit is acceptedhatnooneNN topdogy is optimd for anum
ber of differenttasks- soit may alsobe assumedhatno one
NN topdogy is sufiicient for representingdiverseandcompet-
ing errorrepresentationsf a singlenoisyprocess.These and
otherareasarethefocus of theauthors currentresearch
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