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Abstract. The hypervolume has become very popular in current multi-
objective optimization research. Because of its highly desirable features,
it has been used not only as a quality measure for comparing final re-
sults of multi-objective evolutionary algorithms (MOEAs), but also as a
selection operator (it is, for example, very suitable for many-objective op-
timization problems). However, it has one serious drawback: computing
the exact hypervolume is highly costly. The best known algorithms to
compute the hypervolume are polynomial in the number of points, but
their cost grows exponentially with the number of objectives. This paper
proposes a novel approach which, through the use of Graphics Processing
Units (GPU), computes in a faster way the hypervolume contribution of
a point. We develop a highly parallel implementation of our approach and
demonstrate its performance when using it within the S-Metric Selection
Evolutionary Multi-Objective Algorithm (SMS-EMOA). Our results indi-
cate that our proposed approach is able to achieve a significant speed up
(of up to 883x) with respect to its sequential counterpart, which allows
us to use SMS-EMOA with exact hypervolume calculations, in problems
having up to 9 objective functions.


1 Introduction


Several recent studies have shown that Pareto-based multi-objective evolution-
ary algorithms (MOEAs) do not perform properly when dealing with problems
having more than three objectives (the so-called many-objective optimization
problems) [12]. This has motivated the development of new selection schemes
from which the use of quality assessment indicators is one of the most promis-
ing choices. The idea when using this sort of scheme is to maximize a quality
assessment indicator that provides a good ordering among sets that represent
Pareto approximations. From the many indicators currently available, the hyper-
volume has been the most popular choice, mainly because it is the only unary
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quality indicator that is known to be Pareto compliant [20]. The nice mathe-
matical properties of the hypervolume has motivated the development of several
hypervolume-based MOEAs (see for example [2, 19]). However, these approaches
have a very high computational cost which normally becomes unaffordable for
problems having five or more objectives. Although there exist proposals to esti-
mate the hypervolume contribution using sampling (see for example [7]), these
approaches are known to have a poor performance with respect to those that
use exact hypervolume calculations [13]. Here, we propose a parallel approach,
which is implemented in graphics processing units (GPUs), and is coupled to a
hypervolume-based MOEA: the S-Metric Selection Evolutionary Multi-Objective
Algorithm (SMS-EMOA).


The remainder of this paper is organized as follows. Section 2 provides an
introduction to the hypervolume, including a short review of the main algorithms
that have been proposed to compute it. Our proposed approach is described in
Section 3. The experimental results are presented in Section 4, including the
methodology and a short discussion of our main findings. Finally, conclusions
and some possible paths for future research are provided in Section 5.


2 About the Hypervolume


The hypervolume indicator has become widely used in recent years [18]. This
indicator encapsulates in a single unary value a measure of the spread of the
solutions along the Pareto front, as well as the distance of the approximation
set from the true Pareto optimal front. Whenever one approximation completely
dominates another approximation, the hypervolume of the former will be greater
than the hypervolume of the latter. Also, the hypervolume is maximized if, and
only if, the set of solutions contains all Pareto optimal points. The hypervol-
ume is defined as the n-dimensional space that is contained by an n-dimensional
set of points. When applied to multi-objective optimization, the n-dimensional
objective values for solutions are treated as points for the computation of such
space. That is, the hypervolume is obtained by computing the volume (in ob-
jective function space) of the non-dominated set of solutions Q that minimize
a MOP. For every solution i ∈ Q, a hypercube vi is generated with a reference
point W and the solution i as its diagonal corner of the hypercube.


S = V ol


 |Q|⋃
i=1


vi


 (1)


The hypervolume has important advantages over other set measures [18]:


– It is sensitive to any type of improvements, i.e., whenever an approximation
set A dominates another approximation set B, then the hypervolume has a
strictly better quality value for the former than for the latter set.


– As a result from the first property, the hypervolume measure guarantees that
any approximation set A that achieves the maximally possible quality value
for a particular problem contains all Pareto-optimal objective vectors.
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– The ranking of the solutions that it generates is invariant to the linear scaling
of the objective functions.


In spite of its nice features, the use of the hypervolume is limited by its high
computational cost. Hypervolume computation has been proven to be #P -hard
(analogous to NP -hard for counting problems) in the number of objectives [3].
As a result, hypervolume algorithms have been used primarily for performance
assessment.


Many algorithms have been created to compute hypervolume, each of which
has a different worst-case complexity. Next, we introduce the main algorithms
that have been proposed for this sake, and we briefly discuss their time com-
plexities.


2.1 Inclusion-Exclusion Algorithm


The Inclusion-Exclusion hypervolume algorithm [17] is perhaps the easiest me-
thod for calculating the hypervolume. It works by the inclusion-exclusion prin-
ciple in the following way: the algorithm adds volumes of rectangular polytopes
(n-dimensional rectangular volumes) dominated by each point individually, then
subtracts the volumes dominated by intersections of pairs of points; after that,
it adds back in volumes dominated by intersections of three points, and so on.
Unfortunately, while simple, this method has a time complexity of O(n2m) that
makes it infeasible on all but the smallest sets.


2.2 LebMeasure Hypervolume Algorithm


The LebMeasure algorithm was proposed by Fleischer [8]. He realized that for
any space covered by a set of non-dominated points, one can always identify a
rectangular polytope that does not intersect with any other region, so that this
region can be lopped off. Then, the hypervolume contributions of these lopped
off regions can be easily computed. The hypervolume of the space dominated
by these polytopes is then added to a hypervolume accumulator and new points
are spawned to reflect the removal of such region. This process can then be
repeated until the remaining polytopes no longer dominate any region of space.
LebMeasure was initially thought to have polynomial time performance, however
it was later demonstrated empirically to exhibit exponential time complexity
in the number of objectives and later was proved that the lower bound for
LebMeasure’s worst case complexity is O(2n−1). Thus, it is also exponential in
the number of objectives [15].


2.3 HSO Hypervolume Algorithm


Another hypervolume calculation algorithm is HSO (Hypervolume by Slicing
Objectives) [16]. It manages a front by processing one objective at a time and
slicing it along the chosen objective. This is known as a dimension-sweep al-
gorithm. HSO is given with a front that is pre-sorted with respect to the first
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objective. Point values in this objective are used to create cross-sectional slices
along this objective. When sweeping along an objective, each point in the list is
visited in turn. A list of points is maintained which is sorted in the (n − 1)th-
objective, containing points that have been processed so far, i.e., the points
contributing to the current slice. At each slice, there is an n−1-objective hyper-
volume, its hypervolume is calculated recursively and multiplied by the depth
of the slice, i.e., the difference between the current point value and the next
point value. The point is then added to the n− 1-objective slice, after removing
any points that it dominates. This process is repeated until every point in the
list has been visited. While et al. [16] proved that HSO’s computational cost is
exponential in the number of objectives with a lower bound of O(mn−1), so it
still performs poorly for data sets with high dimensionality.


2.4 The FPL Hypervolume Algorithm


The FPL hypervolume algorithm [10] is another dimension-sweep algorithm
which improves upon HSO. It adds a new linked data structure which reduces the
work required to maintain the fronts built iteratively by HSO. Dominated points
must be retained, as points must be reinserted in the reverse order of their dele-
tion. Therefore, dominated points are marked instead of deleted and are skipped
over in lower objectives. This data structure improves performance by minimiz-
ing the number of comparisons necessary to maintain the sorting within the
n − 1-dimensional slices. It reuses previous calculations when a smaller dimen-
sional slice has already been calculated. Also, hypervolumes are stored along
with the current coordinate in the current objective. As these values become
staled, bound values which keep track of reusable hypervolumes are updated
whenever points are deleted or reinserted. The worst-case complexity of FPL is
O(mn−2 logm). Although all previous described exact hypervolume algorithms
and recent ones have led to improved feasibility or better worst-case time com-
plexities, hypervolume calculation remains #P -hard and exponential in the num-
ber of objectives [3].


2.5 Hypervolume within MOEAs


The most common way to use the hypervolume as a selection method in MOEAs
is through the measure of how much an individual contributes to the hypervol-
ume value of the whole set it belongs to. Then, the solutions that contribute the
least to the hypervolume of a front are discarded. The contributing hypervolume
of an individual a which belongs to a population P can then be stated in the
following way:


Ca = S(P, yref )− S(P\{a}, yref ) (2)


Nowadays, there exist several MOEAs that incorporate the hypervolume in
their selection mechanism [19, 2]. However, these approaches have a high compu-
tational overload and this creates the necessity of develop alternative strategies
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to deal with this problem. Because of this, approximation approaches have also
been proposed (e.g., [7] which uses Monte Carlo sampling to approximate expen-
sive hypervolume calculations). Another example is an approach by Bringmann
and Friedrich [3] that has a polynomially bounded error and shows promise.
These types of methods are faster when the samples are small. However these
approaches do not guarantee a bound on the error and most of them deteriorate
their behavior as the number of objetives of the problem increases. In fact, in
some cases the number of samples needed to produce a good approximation is
too large, turning these approaches impractical for many-objective optimization.


3 Proposed Approach


The main idea of our proposed approach is to use all the available hardware re-
sources to calculate the exact contributing hypervolume in a more efficient way,
in order to alleviate the high computational overload that current hypervolume-
based MOEAs present. Since the computation of the exact hypervolume involves
a high computational complexity, in this work we try to circumvent this problem
by developing a faster way of computing the exact contributing hypervolume,
instead of the hypervolume itself. We propose a way of saving unnecessary hyper-
volume points computations and a model that is efficient and highly paralleliz-
able. For the descriptions provided next, we assume that we are dealing with sets
of non-dominated solutions. Next, we describe our proposed approach, which is
implemented in CUDA-C.1 For the bi-objective case, we take the points of the
non-dominated front and sort them in ascending order according to the values
of the first objective function f1. We get then, at the same time, a sequence that
is additionally sorted in descending order concerning the f2 values, because the
points are mutually non-dominated. Given a sorted front SF = {p1, . . . , p|SF |}
the contributing hypervolume of a point CPi


is given by:


CPi
= ∆f1 ∗∆f2 = (pi+1,1 − pi,1) ∗ (pi,2 − pi−1,2) (3)


The graphical representation of this computation can be seen in Figure 2.
The parallelization of this two-dimensional approach is done in the following
way: using the SIMD2 model, we work in each thread of the GPU with the com-
putation of the contribution of a point. First, a sorting procedure is performed.
For this purpose, we used the so called bitonic sort [1], which is a parallel sort-
ing algorithm, originally created for sorting networks. Once the non-dominated
front is sorted in ascending order, according to the values of the first objective,


1 The GPU platform and API developed by Nvidia called CUDA [14] (Computer
Unified Device Architecture), which is the one adopted in this work, is based on
the CUDA-C language, which is an extension to C that allows development of GPU
routines called kernels. Each kernel defines instructions that are executed on the
GPU by many threads at the same time.


2 SIMD (Single Instruction Multiple Data) is a computer architecture which can han-
dle only one instruction but applies it to many data streams simultaneously [9].
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the ith thread computes the Cpi , so that a set of threads T H can obtain CP .
We consider the case where there might exist more non-dominated points in
a set than threads in the GPU and the assignment of the number of threads
created in the GPU is done with that in mind. This procedure is presented in
Algorithm 1 which shows the architecture of the kernel used for the GPU imple-
mentation. The communication between host (CPU) and device (GPU) is done
in a synchronous way, since we first need to send the whole set of non-dominated
solutions to the device’s global memory in order to compute the whole set con-
tributions CP ; once the CP set is ready, it is sent back to the host.


Input: A non-dominated set P with ‖P‖ = k, where Pi = (pi,1, pi,2) and a reference point
R = (r1, r2)


Output: A hypervolumen contribution set CP


Assign an Id for each thread ;
Assign the number of threads created in the GPU to Dimblock;
CP ← 0;
if Id = 0 then


Add the reference point R to P;
end
k ← k + 1;
Sort in ascending order the set P in the first objective. i← Id + 1;
while i < k do
CPi
← (pi+1,1 − pi,1) ∗ (pi,2 − pi−1,2);


i← i + Dimblock;


end
return CP ;


Algorithm 1: Computation of the hypervolumen contribution set P for
two dimensions in a GPU.


For the case of problems with three or more objetives we propose a model in
which we try to save unnecessary hypervolume points computations by finding
which points in the non-dominated front are not needed for the computation of
the contributing hypervolume of an individual. Having a set of non-dominated
solutions of µ individuals, the contributing hypervolume of each of the individ-
uals in the whole set can be expressed in the following way:


∀Pi ∈ P, CPi = S(P, yref )− S(P\{Pi}, yref ) (4)


This means that we will need to compute the hypervolume µ+1 times. Here,
we try to discard the points that are unnecessary for computing the hypervol-
ume contribution of a point, in order to compute volumes of subsets with less
dimensions, thus reducing the cost. So, instead of computing each hypervolume
contribution CPi


with the aforementioned formulation 4, we are able to calculate
this contribution CPi in the following way:


CPi
=


n∏
k=0


(|Pi[k]− yref [k]|)− V ol


 ⋃
y∈P′i


{y′|y ≺ y′ ≺ yref}


 (5)
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where P ′i is a set of points shifted to be delimited by the non-dominated
point Pi. So, we can reformulate the contributing hypervolume as the volume
delimited by Pi and a reference point yref , which we will call V ol(Pi), less the
volume of the set P ′i, which is a subset of V ol(Pi), that we will call V ol(P ′i), also
with the same reference point. This idea is presented in Figure 1, where we show
a graphical representation of the way in which the hypervolume contribution of
a point is computed. The P ′i set contains the points that we want to find for each
non-dominated solution Pi of a set P, so that we can compute the hypervolume
contribution CPi


of a point Pi as: CPi
= V ol(Pi)− V ol(P ′i).


∆f2


∆f1


∏3
k=0 (b[k]− yref [k])− vol (P ′, yref) = Cb


∆f3


f2


f3


f1


yref = (0, 0, 0)


b
c′


e′


e


a


a′


d′


d


c′a′


d′


e′


b
b


c


Fig. 1. Computation of the hypervolume contribution of a point b which belongs to
a set P = {a, b, c, d, e} of non-dominated solutions with the use of a set of points
P ′ = {a′, c′, d′, e′} delimited by Pi.


This is possible since it is always the case that V ol(P ′i) ≤ V ol(Pi), because
P ′i ⊂ P. So, what we want is to cut the volume given by the set of non-dominated
solutions P and the reference point yref , in order to compute the volume V ol(P ′i)
of reduced sets of points P ′i, i = 1, 2, . . . , |P |. This is less costly than the way
the original aforementioned approach works, for obtaining each individual’s con-
tribution. This new P ′ set of points, created from a specific non-dominated
solution Pi of a set, might have dominated solutions, so it is necessary to find
only the non-dominated solutions of this new set before performing the hyper-
volume computation of this. The kernel procedure for the computation of the
shifted set of points Pi’, delimited by a point Pi of the non-dominated set, is
shown in Algorithm 2.
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Input: A non-dominated set P ⊆ Rd with ‖P‖ = k, where Pi = (pi,1, · · · , pi,k) and the
current index is i for the point Pi


Output: A set P′


Assign an Id for each thread ;
Assign the number of threads created in the GPU to Dimblock;
Size← d ∗ k;
i← I;
// Restrict all points which are in the box delimited by Pi


while i < Size do
l← i/d;
m← i%d;
if P[I][m] > P[l][m] then
P′[l][m]← P[l][m];


end
i← i + Dimblock;


end
// Filter out all points which are covered by others points
i← Id;
for i < k do


if ∃P′j ∈ P
′|P′j � P


′
i then


Remove P′i of P′;
end
i← i + Dimblock;


end


Sort in ascending order the set P′ in the first objective.
return P′;


Algorithm 2: Computation of a set P ′i for a point Pi.


So, with this idea, we can develop a parallelization of this approach. The
model is implemented in two kinds of parallelism: using data-level parallelism3


and transaction-level parallelism4 through the use of streams5. Each stream in
the whole procedure is responsible for the kernel execution, and for sending a
set P ′i of reduced points solutions from the GPU to the CPU, as well as of the
computation of the hypervolume contribution CPi


of a point Pi, all of which is
done in a parallel way. The number of streams adopted depends of each GPU’s
architecture and on the number of available streams. We perform a dynamic task
assignation to the streams so that the overhead generated is minimal. Figure 3
shows the way the assignation policy is done. The use of streams allows us to
have an asynchronous communication between the CPU the GPU, since while
a streami performs the CP2


computation, another streamj executes the kernel
with its set of parameters and, at the same time, another streaml downloads
data from the GPU.


The overall procedure works in the following way: First, a set of streams is
created in the host to perform concurrent operations with the GPU. Then, the
set of non-dominated solutions P and the reference point yref are sent to the


3 In data-level parallelism, instructions from a single stream operate concurrently on
several data.


4 In a transaction-level parallelism, multiple threads/processes from different transac-
tions can be executed concurrently.


5 A stream is a sequence of commands, possibly issued by different host threads, that
are executed in a certain order.
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b)a)


Cpi = S(P , yref)− S(P\{pi}, yref)


S(P\{pi}, yref)S(P , yref)


c)


pi−1


yref


f1


f2


pi
pi+1


pi−1


pi−1


pi+1


∆f1


yref


f1


f2


pi+1


pi


yref


f1


f2


pi


∆f2


Fig. 2. Contributing hypervolume
computation of a point.
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GPU with 4 Streams


CP1


CP2


CP5


CP4


CP7


CP6


CP0


CPk−2


CPk−3 CPk


Block Stream


CPU calculates CP6


CP3
CPU downloads the set P ′


GPU calculates the set P ′


CPk−1


Fig. 3. Task assignation to Streams.


GPU. Next, each kernel, executed by an specific stream, finds the set P ′i for a
point Pi. Once the set is computed, P ′i is sent to the host in order to compute
the hypervolume contribution CPi


of such point. Each hypervolume is computed
making use of the FPL Hypervolume Algorithm, which is the fastest existent
algorithm for the hypervolume computation. The procedure goes on until all the
contributions of each point in the non-dominated set had been computed. The
pseudocode of the whole procedure is shown in Algorithm 3.


In order to apply our approach, we adopted SMS-EMOA [2], since it fits
perfectly with our parallel approach. SMS-EMOA is a steady state evolution-
ary algorithm in which each newly created solution is ranked and a solution is
removed from the worst ranked front in order to maintain the population size.
The solution that contributes the least to the hypervolume of the worst ranked
front is then discarded (see [2] for details).


4 Experimental results


For purposes of this study, we adopted MOPs from two benchmarks: the Deb-
Thiele-Laumanns-Zitzler (DTLZ) test suite [6] (DTLZ2, DTLZ3 and DTLZ4)
and the Walking-Fish-Group (WFG) test suite [11] (WFG1, WFG2 and WFG3).
We compare our proposed approach with respect to a sequential version of SMS-
EMOA which uses the FPL algorithm. In our experiments, we used from 2 to 9
objectives. Our proposed approach is called S-Metric GPU Selection Evolution-
ary Multi-Objective Algorithm (SMGPUS-EMOA).


4.1 Methodology


For our comparative study, we decided to adopt several performance measures
as described next.
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Input: A non-dominated set P ⊆ Rd with ‖P‖ = k, where Pi = (pi,1, · · · , pi,k)
and a reference point R = (r1, · · · , rk)


Output: The set of hypervolumen contributions CP of the non-dominated set P
Create s for asynchronous managing of the data ;
Assign an Id for each stream of the GPU;
CP ← 0;
if IdStream = 0 then


Send the non-dominated set P to the GPU;
Send the reference point R to the GPU;


end
Wait until all the data are sent to the GPU by the CPU;
IdSig ← 0; // Where IdSig is a shared memory for streams


// Start of the transaction parallelism


for each stream of the GPU in parallel manner do
while IdSig < k do


i← IdSig;
if i < NumStreams then


i← IdStream;
end
// Start of the data parallelism


Launch the kernel P ′
i computation <<<


NumSMs/NumStreams, SizeBlock >>> (P, i, k, d);
Copy the set P ′


i to the CPU ;
Calculate the V ol(Pi);
Calculate the V ol(P ′);
CPi ← V ol(Pi)− V ol(P ′


i);


end
// Wait until the shared resource is available


while IdStream is not increased do
if IdSig is available then


IdSig ← IdSig + 1
end


end


end
return CP ;


Algorithm 3: Computation of the hypervolumen contribution set P for
three or more dimensions in a GPU.
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One of the most important actions in parallel computing is to actually mea-
sure how much faster a parallel algorithm runs with respect to the best sequential
one. This measure is known as speedup. For a problem of size n, the expression
for speedup is:


Sp =
Ts(n, 1)


T (n, p)
(6)


where Ts(n, 1) is the time of the best sequential algorithm and T (n, p) is the
time of the parallel algorithm with p processors, both solving the same problem.


In order to measure the uniformity of the solutions produced by a MOEA,
we adopted spacing [4]. This indicator is computed using:


S =


√√√√ 1


|Q|


|Q|∑
i=1


(di − d)2 (7)


where di = mink∈Q
∧


k 6=i


∑m
j=1 |f ij −fkj | and d is the mean value of the above


distance measure d =
∑|Q|


i=1
di


|Q| .


Low values of this indicator reflect a good (uniform) distribution of solutions.


We also analyze its convergence rate with respect to that of the sequential
version of SMS-EMOA. For this purpose, we adopted the hypervolume. The
reference points used for each of the problems are shown in Table 1. The aim of
this study is to identify which of the MOEAs being compared is able to reach
the results in a faster way. So, we decided to run each of the MOEAs being
analyzed, until reaching a maximum number of function evaluations. At that
point, we applied the performance measures previously indicated.


It is worth noting that the sequential version of SMS-EMOA may be unable to
achieve the desired number of function evaluations in a reasonable computational
time. For that reason, we used an additional stopping criterion: if an algorithm
hasn’t reached the desired number of objective function evaluations after 8000
minutes, then we stop it. We performed 25 independent runs for each algorithm,
problem instance and (given) number of objective functions. The number of
objectives used for each problem is shown in Table 2


Problem Reference points


DTLZ1 (1, 1, 1, . . . , 1)


DTLZ2-4 (2, 2, 2, . . . , 2)


WFG1-3 (3, 5, 7, . . . , 2m + 1)


Table 1. Reference points used for the hypervolume indicator.
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4.2 Parameterization


The parameters of each MOEA used in our study were chosen in such a way
that we could do a fair comparison among them. Thus, for both approaches we
used the same parameter values since they are similar in everything but the
way the hypervolume contribution is computed. The distribution indexes for the
SBX and polynomial-based mutation operators [5], used by SMS-EMOA were
set as: ηc = 20 and ηm = 20, respectively. The crossover probability is pc = 0.9
and the mutation probability is pm = 1/L, where L is the number of decision
variables. The internal population size and the maximum number of function
evaluations for each problem is defined as indicated in Table 2. For the case of
our SMGPUS-EMOA, the number of threads used within the GPU was set in
the next way: for problems with two objective functions, 1024 threads were used,
with just one stream in the whole process. For the case of three up to 9 objective
functions, 1024 threads and seven streams were used. The main characteristics of
the hardware used for the experiments are the following: An Intel Core i7-3930k
CPU running at 3.20 GHz, with 8GB of RAM 1600 MHz DDR3. Our GPU was
a Geforce GTX 680, and we ran our experiments in Fedora 18 (64-bit version).


Problem Objectives Population size Generations Function evaluations


DTLZ1
2 to 4 and 8 100 250 25000


5 to 7 95 263 24985
9 90 277 24930


DTLZ2
2 to 8 100 150 15000


9 90 166 14940


DTLZ3, WFG1 and WFG3.
2 to 6 100 750 75000


7 and 8 95 789 74955
9 90 830 74700


DTLZ4 and WFG2
2 to 7 100 500 50000


8 110 454 49940
9 90 555 49950


Table 2. Parameterization values


4.3 Results


Table 3 shows the mean of the spacing and hypervolume values obtained for
each final result obtained by the two versions of SMS-EMOA used in our study.
Additionally, we show the average time, in minutes, needed to perform the maxi-
mum number of function evaluations in each case. When no value is shown in the
table for any of the algorithms, this means that it was not able to perform the
maximum number of function evaluations after 8000 minutes. The results show
that our proposed approach SMGPUS-EMOA is considerably faster and that it
achieves a speedup of up to 883x with respect to the sequential algorithm (this
speed up is achieved in WFG2). We are also able to obtain the same results as
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the sequential version, which verifies that our parallel implementation is working
as expected.6


5 Conclusions and Future Work


We have proposed a new approach for computing the hypervolume contribution
of a point. The core idea of our proposed algorithm is to exploit the paralleliza-
tion provided by the use of GPUs, combined with a novel implementation that
allows us to save unnecesary computations.7 The proposed algorithm was incor-
porated within SMS-EMOA, and was tested in several well-known test problems
having up to 9 objectives. Our results indicate that our proposed approach is
able to achieve a speed up of up to 883x with respect to the sequential version
of SMS-EMOA, using the FPL algorithm.


As part of our future work, we would like to incorporate our proposed ap-
proach into other hypervolume-based MOEAs (e.g., IBEA [19]). We would also
like to develop indicator-based MOEAs that combine the use of the hypervolume
with another (less computational intensive) indicator.
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SMS-EMOA SMGPUS-EMOA


Objectives Hypervolume Spacing Time (mins) Hypervolume Spacing Time (mins) Speed-up


DTLZ1


2 0.873238 0.001283 0.1784 0.873162 0.001457 0.1354 1.3186


3 0.973716 0.007665 0.6921 0.97325 0.009791 0.5578 1.2409


4 0.992412 0.017341 9.927 0.994162 0.016266 0.9542 10.404


5 0.998515 0.026013 146.5268 0.99851 0.02788 1.9638 74.6154


6 0.999553 0.038846 1954.4977 0.99958 0.034769 9.4954 205.8373


7 0.999841 0.050285 25632.8153 0.999876 0.041381 52.7094 486.3049


8 – – – 0.99993 0.059126 437.9792 –


9 – – – 0.99997 0.056958 1673.3501 –


DTLZ2


2 3.210879 0.007702 0.2784 3.210868 0.007602 0.1339 2.0806


3 7.426076 0.041653 1.6382 7.426069 0.040691 0.2926 5.5995


4 15.5753 0.067581 11.1038 15.575445 0.06661 0.673 16.5008


5 31.677782 0.084248 168.761 31.678164 0.086913 1.3908 121.3476


6 63.75333 0.133544 2420.9844 63.753512 0.135595 10.4016 232.7513


7 – – – 127.79839 0.181875 49.7891 –


8 – – – 255.837758 0.192845 525.0347 –


9 – – – 511.846819 0.168345 1713.133 –


DTLZ3


2 3.208826 0.007444 0.6189 3.20903 0.0076 0.4559 1.3577


3 7.420476 0.041679 1.8316 7.421543 0.041999 1.4572 1.257


4 15.574479 0.06765 27.1425 15.57325 0.067938 2.1452 12.6527


5 31.67833 0.088963 434.3908 31.678284 0.085466 4.2416 102.4135


6 63.740603 0.146409 6040.9012 63.74412 0.161621 23.9932 251.7766


7 – – – 127.788183 0.223037 133.1065 –


8 – – – 255.815976 0.192676 1021.2014 –


9 – – – 511.840859 0.180436 4437.1247 –


DTLZ4


2 2.87192 0.005499 0.5385 3.065692 0.006722 0.3511 1.5339


3 6.887928 0.026107 3.1228 7.145613 0.032301 2.5011 1.2486


4 14.99058 0.049317 35.218 15.406114 0.057918 3.4136 10.3172


5 30.189868 0.050782 520.502 30.787056 0.062325 5.6853 91.5528


6 62.447761 0.07819 7446.6796 63.368461 0.098488 26.3014 283.129


7 – – – 127.726866 0.177763 125.5394 –


8 – – – 255.731938 0.194006 1629.4346 –


9 – – – 511.694486 0.184917 4199.4646 –


WFG1


2 6.735278 0.006432 1.6154 6.611425 0.009437 0.6304 2.5626


3 66.595412 0.047712 7.3843 64.496605 0.049191 4.2319 1.745


4 550.509191 0.077903 108.9946 635.368636 0.070628 5.0127 21.7439


5 5811.563198 0.077009 2047.7594 5981.306146 0.075655 6.6857 306.2917


6 – – – 69980.43159 0.072144 28.7109 –


7 – – – 975295.6509 0.074721 154.8892 –


8 – – – 16252223 0.071669 992.7482 –
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8 – – – 27973328.67 0.240691 1288.5644 –
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Table 3. Experimental results
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