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Abstract: This paper presentsa new multi-objecti ve evolu-
tionary algorithm based on differ ential evolution. The pro-
posedapproach adopts a secondarypopulation in order to re-
tain the nondominated solutions found during the evolution-
ary process.Additionally , the approach also incorporates the
conceptof � -dominanceto get a good distrib ution of the solu-
tions retained. The main goal of this work was to keep the
fast convergenceexhibited by Differ ential Evolution in global
optimization when extending this heuristic to multi-objecti ve
optimization. We adopted standard test functions and perfor-
mancemeasures reported in the specializedliteratur e to vali-
date our proposal. Our results are compared with respectto
another multi-objecti veevolutionary algorithm basedon differ -
ential evolution (ParetoDiffer ential Evolution) and with respect
to two approachesthat are representativeof the state-of-the-art
in the area: the NSGA-II and � -MOEA.

I. Intr oduction

Most real world problemsinvolve the simultaneousopti-
mizationof two or more(often conflicting)objectives. The
solutionof suchproblems(called“multi-objective”) is differ-
entfrom thatof asingle-objectiveoptimizationproblem.The
maindifferenceis thatmulti-objectiveoptimizationproblems
normally have not one but a setof solutionswhich are all
equallygood.
In thepast,a wide varietyof evolutionaryalgorithms(EA’s)
have beenusedto solve multi-objective optimizationprob-
lems[5]. However, from theseveral typesof EAs available,
few researchershave attemptedto extendDifferentialEvo-
lution (DE) [25] to solve multi-objective optimizationprob-
lems. DE hasbeenvery successfulin the solutionof a va-
riety of continuous(single-objective)optimizationproblems
in which it hasshown a greatrobustnessanda very fastcon-
vergence.Thesearepreciselythe characteristicsof DE that

make it attractive to extendit to solve multi-objective opti-
mizationproblems.
In this paper, we proposea new multi-objective evolution-
ary algorithmbasedon differentialevolution. Our approach
usesanexternalarchive in which therelaxedform of Pareto
dominanceknown as � -dominanceis adopted.Wealsoadopt
a hybrid selectionschemein which a randomandan elitist
schemeareinterleaved. Additionally, a constraint-handling
techniqueis alsoprovided for our approach.The proposed
mechanismsareableto overcomesomeof thelimitationsof
differentialevolution whendealingwith multi-objective op-
timization problems(suchlimitations aremainly relatedto
the lossof diversityproducedby thehigh selectionpressure
of thedifferentialevolutionalgorithm).
The remainderof this paperis organizedas follows. Sec-
tion II provides some basic definitions related to multi-
objective optimization. SectionIII provides a brief intro-
ductionto differentialevolution. In SectionIV, we provide
a quick review of the most relevant previous relatedwork,
including a moredetaileddescriptionof ParetoDifferential
Evolution (PDE),againstwhich we comparedresults. Sec-
tion V describesour proposedapproach.Our comparisonof
resultsis provided in SectionVI. Finally, SectionVII con-
tainsour conclusionsandsomepossiblepathsfor future re-
search.

II. Definitions

Somebasicdefinitionsrelatedto this work are introduced
next.

A. Multi-objective optimization problem (MOP)

The multi-objective optimizationproblemcan be formally
definedastheproblemof finding:
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	 ����
������ ������������������ whichsatisfiesthem inequalitycon-
straints: �
����� �"!$#&%('�)*�,+
����������-
the . equalityconstraints:/ � � � �"!0�1%('�)*�,+
��������� .
andoptimizesthevectorfunction:2 � � � �"!3� 2 � � � �"!3��������� 254 � � �"!
In otherwords,we aim to determinefrom amongthe set 6
of all numberswhich satisfytheconstraintsthosethatyield
the optimum valuesfor all the 7 -objective functions. The
constraintsdefinethe feasibleregion 6 andany point

� � in
thefeasibleregion is calleda feasiblesolution.

B. Pareto Dominance

Pareto dominance is formally definedasfollows:
A vector

� 8 � � 8 � ��������� 8 4 ! is said to dominate
� 9 �� 9 � ��������� 9 4 ! if and only if

� 8
is partially less than

� 9
, i.e.,: )0; � +<��������� 7 !3� 8 � # 9 �>=@? )A; � +
��������� 7 !CB 8 �ED 8 �

In words, this definition saysthat a solutiondominatesan-
otherone,only if it’s strictly betterin at leastoneobjective,
andnot worsein any of them. So,whenwe arecomparing
two differentsolutionsA & B, thereare3 possibilities:F A dominatesBF A is dominatedby BF A andB arenondominated

C. Pareto Optimality

Theformaldefinitionof Pareto optimality is providednext:
A solution

�  �>G&; 6 (where 6 is the feasible region) is said
to be Pareto optimal if and only if there is no

�  �>H&; 6 for
which

9 � 2 � �IH5!J� � 9 � ��������� 9 4 ! dominates
8 � 2 � �IGK!J�� 8 � ��������� 8 4 ! , where 7 is thenumberof objectives.

In words, this definition saysthat
� � G is Paretooptimal if

thereexistsnofeasiblevector
�  � H whichwoulddecreasesome

criterionwithout causinga simultaneousincreasein at least
oneothercriterion(assumingminimization).
Unfortunately, this doesnot provide usa singlesolution(in
decisionvariablespace),but a setof solutionscalledPareto
Optimal Set. The vectorsthat correspondto the solutions
includedin theParetooptimalsetarecallednondominated.

D. Pareto Front

When all nondominatedsolutionsare plotted in objective
space,the nondominatedvectorsarecollectively known as
thePareto Front. Formally:
For agivenMOP

� 2 � �I! andParetooptimalset L � , thePareto
front

�NM L ��! is definedas:M L � BO�QP � 2 �,	 2 � � �I!���������� 2 4 � ��! ��R �S; L �UT

III. Differ ential Evolution

DifferentialEvolution [25, 26] is a relatively recentheuris-
tic designedto optimizeproblemsovercontinuousdomains.
In DE, eachdecisionvariableis representedin the chromo-
someby a real number. As in any otherevolutionaryalgo-
rithm, the initial populationof DE is randomlygenerated,
and then evaluated. After that, the selectionprocesstakes
place. During the selectionstage,threeparentsarechosen
and they generatea single offspring which competeswith
a parentto determinewho passesto the following genera-
tion. DE generatesa singleoffspring(insteadof two asthe
geneticalgorithm) by addingthe weighteddifferencevec-
tor betweentwo parentsto a third parent. In the context of
single-objectiveoptimization,if theresultingvectoryieldsa
lower objective functionvaluethana predeterminedpopula-
tion member, thenewly generatedvectorreplacesthevector
with respectto which it wascompared.In addition,thebest
parametervector VXWZY�[]\]^ _ is evaluatedfor everygeneratioǹ
in orderto keeptrackof theprogressthatis madeduringthe
minimizationprocess.Formally, theprocessis describedas
follows:
For eachvector

���  � � ^ _ '�)J�a%(��+
�cbd�������3�fe � +
� , a trial vector� 9
generatedaccordingto:� 9 � �g�(�  �Ih � ^ _ji Mlk<���g�m�  �>h � ^ _ � �g�m�  �>hfn ^ _ !

with o � � o � � o n ;p	 %m�fe � + � , integer an mutually different,
and

Mrq % .
Theintegerso � � o � and o n arechosenrandomlyfrom thein-
terval [0, e � + ] andaredifferentfrom ) . M is a real and
constantfactorwhich controlsthe amplificationof the dif-
ferentialvariation

� ���(�  �Ih � ^ _ � �g�m�  �>hfn ^ _ ! . Figure1 showsa two di-
mensionalexamplethatillustratesthedifferentvectorswhich
play a role in DE.

Figure. 1: Two dimensionalexampleof an objective func-
tion showing its contourlinesandtheprocessfor generating
offspring.

In orderto increasethediversityof theparametervectors,the
following vectoris adopted:� 8 � � 8 � � 8 � ��������� 8 � ! �
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with: 8(s �ut 9vs � if
� �j;w	 %m��+ � !x#zy|{ or } �z) ;� � s ^ _ � otherwise.

where ) ,} = 1, 2, ����� , ~ ; and y|{ is a user-definedcrossover
ratein therange[0, 1]. In otherwords,a certainsequenceof
thevectorelementsof

� 8
areidenticalto theelementsof

� 9
,

andat leastoneof the elementsof
� 8

acquiresthe original
valuesof

���  � � ^ _ .
In order to decidewhetherthe new vector

� 8
shall become

a populationmemberat generatioǹli + , it is comparedto���  � � ^ _ . If
� 8

yieldsa lowerobjectivefunctionvaluethan
���  � � ^ _ ,

thenit replacesit (i.e.,
���  � � ^ _ � � 8

). Otherwise,theold value���  � � ^ _ is retained.

IV. PreviousRelatedWork

Currently, therearerelatively few papersthatproposeways
of extendingDE to handlemultiple objectives. The most
representativeof themarebriefly discussednext:

A. Pareto-based Differential Evolution Approach

The Pareto-BasedDifferential Evolution was proposedin
[18]. In this algorithm, Differential Evolution is extended
to multi-objective optimizationby incorporatinga nondom-
inatedsortingandrankingselectionprocedureproposedby
Deb et al. [8, 10]. Oncethe new candidateis obtainedus-
ing DE operators,the new populationis combinedwith the
existing parentspopulationand then the bestmembersof
the combinedpopulation(parentsplus offspring) are cho-
sen. This algorithm is not comparedwith respectto any
other approachand is testedon 10 different unconstrained
problemsperforming250,000evaluations.Theauthorsindi-
catethat theapproachhasdifficultiesto convergeto thetrue
Paretofront in two problems(Kursawe’s test function [16]
andZDT4 [32]).

B. Multi-Objective Differential Evolution (MODE)

MODE wasproposedin [31]. This algorithmusesa variant
of theoriginalDE, in which thebestindividual is adoptedto
createtheoffspring. A Pareto-basedapproachis introduced
to implementthe selectionof the bestindividual. If a solu-
tion is dominated,a setof nondominatedindividualscanbe
identifiedandthe“best” turnsout to beany individual (ran-
domly picked)from thisset.Also, theauthorsadopt( �Xi�� )
selection,Paretorankingandcrowding distancein orderto
produceandmaintainwell-distributedsolutions. MODE is
usedto solve five high dimensionalityunconstrainedprob-
lemswith 250,000evaluationsandtheresultsarecompared
only to thoseobtainedby SPEA[33].

C. Differential Evolution for Multi-Objective Optimization

It was proposedin [3]. This algorithm usesthe single-
objectiveDifferentialEvolutionstrategy with anaggregating

function to solve bi-objective problems. A single optimal
solutionis obtainedafter e iterationsusingboth a Penalty
Function Method (to handletheconstraints)andtheWeigh-
ing Factor Method (to provide the importanceof eachob-
jective from the user’s perspective) [7] to optimizea single
value.Theauthorspresentresultsfor two bi-objectiveprob-
lems andcomparethemwith respectto a simple GA. The
authorsindicatethattheDE algorithmprovidestheexactop-
timum with a lowernumberof evaluationsthantheGA.

D. Vector Evaluated Differential Evolution for Multi-
Objective Optimization (VEDE)

VEDE wasproposedin [20]. It is aparallel,multi-population
Differential Evolution algorithm, which is inspiredby the
VectorEvaluatedGeneticAlgorithm (VEGA) [22] approach.
A number � of subpopulationsare consideredin a ring
topology. Eachpopulationis evaluatedusingoneof theob-
jective functionsof the problem,and thereis an exchange
of information amongthe populationsthrough the migra-
tion of the bestindividuals. VEDE is validatedusing four
bi-objective unconstrainedproblemsand was comparedto
VEGA. Theauthorsindicatethattheproposedapproachout-
performedVEGA in all cases.

E. Nondominated Sorting Differential Evolution (NSDE)

This approachwasproposedin [12]. It is a simplemodifi-
cation of the NSGA-II [10]. The only differencebetween
this approachand the NSGA-II is in the methodfor gen-
erating new individuals. The NSGA-II usesa real-coded
crossoverandmutationoperator, but in theNSDE,theseop-
eratorswerereplacedwith theoperatorsof DifferentialEvo-
lution. New candidatesaregeneratedusingtheDE/current-
to-rand/1strategy. NSDE is usedto solve rotatedproblems
with a certaindegreeof rotationon eachplane. The results
of theNSDEoutperformedthoseproducedby theNSGA-II.

F. Generalized Differential Evolution (GDE)

This approachwasproposedin [15]. GDE extendsthe se-
lection operationof the basicDE algorithmfor constrained
multi-objectiveoptimization.Thebasicideain thisselection
ruleis thatthetrial vectoris requiredto dominatetheoldpop-
ulationmemberusedasareferenceeitherin constraintviola-
tion spaceor in objective functionspace.If bothvectorsare
feasibleandnondominatedwith respectto eachother, theone
residingin a lesscrowdedregion is chosento becomepart
of the populationof the next generation.GDE is validated
usingfive bi-objective unconstrainedproblems.Resultsare
comparedwith respectto theNSGA-II andSPEA[33]. The
authorsreportthat theperformanceof GDE is similar to the
NSGA-II, but they claimthattheirapproachrequiresa lower
CPU time. GDE is ableto outperformSPEAin all the test
functionsadopted.
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G. Differential Evolution for Multi-Objective Optimization
(DEMO)

DEMO wasproposedin [21]. This algorithmcombinesthe
advantagesof DE with themechanismsof Pareto-basedrank-
ing andcrowding distancesorting. DEMO only maintains
onepopulationandit is extendedwhennewly createdcan-
didatestake part immediatelyin the creationof the subse-
quentcandidates.This enablesa fastconvergencetowards
the true Paretofront, while the useof nondominatedsort-
ing andcrowding distance(derivedfrom theNSGA-II [10])
of the extendedpopulationpromotesthe uniform spreadof
solutions. DEMO is comparedin five high-dimensionality
unconstrainedproblemsoutperformingin someproblemsto
theNSGA-II, PDEA[1], PAES[14], SPEA[33] andMODE
[31].

H. Pareto Differential Evolution (PDE)

PDE was proposedin [2]. Also, it is important to men-
tion that thereis anotherversionof this approach(calledthe
Self-Adaptive ParetoDifferentialEvolution) in which self-
adaptive crossover andmutationoperatorsareadopted[1].
ThePDEalgorithmwaschosenfor comparison,so it is de-
scribednext in moredetail:

1. Theinitial populationis initializedaccordingto aGaus-
sianDistribution e � %m���d��%(��+��
! .

2. ThesteplengthparameterF, is generatedfrom a Gaus-
sianDistribution e � %m��+�! .

3. Reproductionis undertakenonly amongnondominated
solutionsateachgeneration.

4. Theboundaryconstraintsarepreservedeitherby revers-
ing the sign if the variableis lessthan0 or by succes-
sively subtracting1 if it is greaterthan1 until thevari-
ableis within its boundaries.

5. Offspring areplacedinto the populationif they domi-
natethemainparent.

Thealgorithmworksasfollows.An initial populationis gen-
eratedat randomfrom a Gaussiandistribution. All domi-
natedsolutionsare removed from the population. The re-
mainingnondominatedsolutionsareretainedfor reproduc-
tion. If thenumberof nondominatedsolutionsexceedssome
threshold,a distancemetric relation ( � � ��! , as definedin
equation1) is usedto remove thoseparentswhich arevery
closeto eachother. Threeparentsareselectedat random.A
child is generatedfrom the threeparentsandis placedinto
thepopulationif it dominatesthefirst selectedparent;other-
wisea new selectionprocesstakesplace.
A maximumnumberof nondominatedsolutionsin eachgen-
erationwassetto 50. If this maximumis exceeded,thefol-
lowing nearestneighbordistancefunctionis adopted:

� � �I!A� � -@) ~A� � � � � �0i -@) ~A� � � � s � !b (1)

where������ � ��z� s .
That is, the nearestneighbordistanceis the averageEu-
clideandistancebetweenthe two closestpoints. The non-
dominatedsolutionwith thesmallestneighbordistanceis re-
moved from the populationuntil the total numberof non-
dominatedsolutionsis reducedto 50.
After analyzingthe diversealgorithmsavailablein the spe-
cialized literature,we identifiedParetorankingandcrowd-
ing distanceastwo of themostcommonandeffectivemech-
anismsadopted. We also found that most of the previous
approachesweretestedin unconstrainedtestproblemswith
only two objectivesandthat little attentionwaspaid to the
importanceof the selectioncriteria (which are a key issue
to regulatethe high selectionpressureof differentialevolu-
tion) and that noneof theseprevious proposalsadopted� -
dominance[17] to generatea set of well-spreadsolutions.
Thesewerethemainmotivationsfor ouralgorithmicdesign,
which is presentedin thenext section.

V. Our ProposedAlgorithm

Thepseudocodeof our proposedapproach(called � -MyDE)
is shown in Algorithm 1. Our approachkeepstwo popula-
tions: the main population(which is usedto selectthe par-
ents) and a secondary(external) population, in which we
adopt the conceptof � -dominanceto retain the nondomi-
natedsolutionsfound andto distribute themin an uniform
way. The conceptof � -dominancedoesnot allow two solu-
tionswith a differencelessthan � � in the ) -th objective to be
nondominatedwith respectto eachother, therebyallowing a
goodspreadof solutions.� -MyDE usesrealnumbersrepresentation,whereeachchro-
mosomeis a vector of real numbers(eachnumbercorre-
spondsto adecisionvariableof theproblem).Wealsoincor-
poratea constraint-handlingmechanismthatallows infeasi-
ble solutionsto interveneduring recombination.This helps
to solve in a more efficient way highly constrainedmulti-
objectiveoptimizationproblems.
At the beginning of the evolutionaryprocess,our approach
randomly initializes all the individuals of the population.
Each decisionvariable is normalizedwithin its allowable
bounds.Theexpressionthatwe adoptis thefollowing:� � � LI

� i&� � %m��+v! k
� LS
� �

LI
� !

where: } �Q%(��+<�fbd�������3� 9 � +<� ( 9 = total numberof decision
variables),LI

s
andLS

s
aretheupperandlowerboundsof the

variable} , respectively. � � %m��+v! generatesa randomnumber
between0 and1 with a uniformdistribution.
Our approachhastwo selectionmechanismsthat are acti-
vatedbasedon thetotal numberof generationsanda param-
eter called ����� � ; (0.2 - 1), which regulatesthe selection
pressure.For example,if �v��� � = 0.6 andthetotal numberof
generationsis `����3� �rb
%
% , this meansthatduring thefirst
120generations(60% of `����3� ), a randomselectionwill be
adopted,andduringthelast80generationsanelitist selection
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Algorithm 1 ProposedAlgorithm: � - MyDE
1: Initialize vectorsof thepopulationL
2: Evaluatethecostof eachvector
3: for )*��% to ` do
4: repeat
5: Selectthreedistinctvectorsrandomly
6: PerformcrossoverusingDE scheme
7: Performmutation
8: Evaluateobjectivevalues
9: if offspringis betterthanmainparentthen

10: replacemainparentin thepopulation
11: end if
12: until populationis completed
13: Identify nondominatedsolutionsin thepopulation
14: Add nondominatedsolutionsinto secondarypopula-

tion
15: end for

will beadopted.

Typeof Selection�ut Random� � �v~ D � �v��� �A� `����3� !
Elitist � otherwise

where:� �v~ = generationnumber` ���3� = total numberof generations

In bothselections(randomandelitist), a singleparentis se-
lectedasareference.Thisparentis usedto comparetheoff-
springgeneratedby threedifferentparents.This mechanism
guaranteesthat all the parentsof the main populationwill
bereferenceparentsfor only onetime duringthegenerating
process.Both typesof selectionaredescribednext:

1. Random Selection.-3 differentparentsare randomly
selectedfrom theprimarypopulation.

2. Elitist Selection.-3 differentparentsareselectedfrom
thesecondarypopulationsuchthatthey maintainaclose
distance

2 � Y�� h amongthem. In Figure2, we illustrate
the

2 � Y�� h parameter. If no parentexist which fulfills
this condition,we randomlyselectanotherparentfrom
thesecondarypopulation.

2 � Y�� h���� �������� ��¡ � V � ^ ���3� � V � ^ � � � ! �b �����
where:M � e = numberof objective functionsV � ^ ���3� = upperboundof ) �&¢ / objective function of
thesecondarypopulationV � ^ � � � = lower boundof ) �&¢ / objective function of
thesecondarypopulation

Figure. 2: Parameter
2 � Y�� h for a bi-objective optimization

problem

In Figure 3, we illustrate (for a bi-objective problem) the
maindifferencebetweentherandomandtheelitist selection
oncethemainparenthasbeenselected,andit is requiredto
selecttwo moreparents.The candidatesolutionsarethose
insidethedottedcircle.
Recombinationin our approachis performed using the
following procedure. For each parent vector

� . � '�)£�%m��+
�cbd�������3� L � + ( L = population),the offspring vector

� /
is generatedas:/ s �pt . h � ^ s i M�kK� . h � ^ s � . hfn ^ s !�� if � D .I¤ hc¥ [�[ ¥�H Y h5'. h Y�¦�^ s � otherwise�
where: } �§%(��+
�cbd�������3� 9K¨ o � +
� (

9�¨ o = numberof vari-
ablesfor eachsolutionvector), �©; � � %m��+�! , . h � � . h � � . hfn ;	 %m� L � + � , areintegersandmutuallydifferent.

Mªq % . The
integers o � � o � and o n aretheindexesof theselectedparents
randomlychosenfrom the interval [0, e -1] and o�� 2 is the
index of the referenceparent.

M
is a constantfactor(a real

number)which controlsthe amplificationof the differential
variation . h � ^ s � . hfn ^ s . Theoptimal valueof

M
for mostof

thefunctionslieswithin therangefrom 0.4to 1.0 [26].
Dif ferentialEvolution doesn’t usean specificmutationop-
erator, sincesuchoperatoris embeddedwithin its recom-
binationoperator. However, in multi-objective optimization
problems,wefoundit necessaryto provideanadditionalmu-
tation operatorto allow a betterexploration of the search
space(mainly in constrainedproblems). We adopteduni-
form mutationfor thatsake:

/ s � t LI
s i«� � %(��+�! kK� LS

s �
LI
s ! � � if � D . � G \¬�c\ � ¥ � '. s � otherwise�

where:} �1%(��+
�cbd�������3� 9 � +
� ( 9 = numberof variables).LI
s

andLS
s

are the lower an upperboundsfor the variable } ,
respectively.
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Figure.3: Graphicalillustrationof (1) randomselection(right) and(2) elitist selection(left)

Onceachild hasbeengenerated,it is comparedwith respect
to the referenceparent,againstwhich it competesto deter-
minewho passesto thefollowing generation.
It is importantto mentionthat in our approach,we normal-
ize the constraintsso that their valuerangesbetween0 and
1. This normalizationis transparentfor user(the algorithm
doesthis without requiringany input from the user). This
normalizationmechanismis describednext:
For eachconstraintC

�
, two different variablesCS and CI

storeits upperandlower value. Therefore,whenever a con-
straintis required,thefollowing expressionis adopted:e­y � � C

� �
CI
�

CS
� �

CI
�

The rulesof comparisonbetweena child andits parentare
thefollowing:

Version for unconstrained problems

* if parent dominates child, theparentis chosen

* if child dominates parent, thechild is chosen

* if both are nondominated with respect to each other, per-
form a

2 � ) . (0.5)to determinewhopassesto thefollow-
ing generation.

Version for constrained problems

* if parent is infeasible and child is infeasible, the solution
thatis closestto thefeasibleregion is selected.

* if parent is feasible and child is infeasible, thechild is cho-
senif andonly if thechild is at leastatadistanceof %(��+
of thefeasibleregionanda

2 � ) . (0.5) returnstrue.Oth-
erwise,thefatheris chosen.

* if parent is infeasible and child is feasible, the parentis
chosenif andonly if the parentis at leastat a distance
of %(��+ of thefeasibleregionanda

2 � ) . (0.5)returnstrue.
Otherwise,thechild is chosen.

* if parent is feasible and child is feasible, Paretodominance
is verifiedbetweenthem.

Note that the schemepreviously describedallows somein-
feasiblesolutionsto interveneduringtherecombinationpro-
cess.We foundthatthis sortof schemeis particularlyuseful
whendealingwith highly constrainedproblems.It hasbeen
previously shown that maintaininginfeasiblesolutionsthat
lie in thefrontierbetweenthefeasibleandinfeasibleregions,
helpsto obtainbettersolutionsin highly constrainedprob-
lems (particularly when dealing with equality constraints)
[19, 23].
For producinga well-distributedsetof nondominatedsolu-
tions, we adopteda relaxed form of dominancecalled � -
dominance, which is definedasfollows[17]:
Let

2
,
� ;�® � , then

�2
is saidto � -dominate

��
for some� q

0, denotedas
2j¯�° �

, if andonly if for all )x;±P 1, . . . , m T .� + � � ! k 2 � # � �
As indicatedbefore,our proposedapproachusesan exter-
nal archive (alsocalledsecondarypopulation). In order to
includea solutioninto this archive, it is comparedwith re-
spectto eachmemberalreadycontainedin thearchiveusing� -dominance.Thisprocedurehasbeenusedin anothermulti-
objectiveevolutionaryalgorithmcalled� -MOEA proposedin
[9]. Theprocedureis describednext.
Everysolutionin thearchive is assignedanidentificationar-
ray (B � �N² � � ² � ��������� ²|³ ! � , where � is thetotal number
of objectives)asfollows:² s � 2 !x�pt ��´�� 2 s � 2 � � �s !�µ � sc¶ !3� for minimizing

2 s
;��·�� 2 s � 2 � � �s !�µ � sc¸ !3� for maximizing
2 s

.

where:
2 � � �s

is the minimumpossiblevalueof the } -th ob-
jective and � s is theallowabletolerancein the } -th objective
[17]. The identificationarray divides the whole objective
spaceinto hyper-boxes,eachhaving � s size in the } -th ob-
jective. With the identificationarrayscalculatedfor theoff-
spring ¹ � andeacharchive member̈ , we usetheprocedure
illustratedin Figure4 anddescribednext:
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1. If the identificationarray
² � of any archive member̈

dominatesthatof theoffspring ¹ � , thenit meansthatthe
offspringis � -dominatedby thisarchivememberandso
the offspring is not accepted. This is case(a) in Fig-
ure4.

2. If
² ¤]º of theoffspringdominatesthe

² � of any archive
member

¨
, the archive member is deleted and the

offspringis accepted. This is case(b) in Figure4.

If neither of the above two cases occur, then it
means that the offspring is � -nondominatedwith
respectto the archive contents. Thereare two further
possibilitiesin this case:

(a) If the offspringsharesthe sameB vectorwith an
archive member(meaningthat they belongto the
samehyper-box), then they are first checked for
the usualnondomination.If the offspring domi-
natesthearchive memberor theoffspringis non-
dominatedwith respectto thearchivememberbut
is closerto theB vector(in termsof theEuclidian
distance)than the archive member, then the off-
springis retained. This is case(c) in Figure4.

(b) In theeventof anoffspringnotsharingthesameB
vectorwith any archive member, the offspring is
accepted. This is case(d) in Figure4.

Usingtheaboveprocedure,we canguaranteethegeneration
of awell-distributedsetof nondominatedsolutions.Also, the
valueof � adoptedregulatesthesizeof theexternalarchive.
Thus,thereis noneedto pre-fixanupperlimit on thesizeof
thearchiveasdonein mosttraditionalmulti-objectiveevolu-
tionaryalgorithms.
Oneof thedifficultiesof this approachis thechoiceof the � -
vector, asit dictatesthecardinalityof theobtainednondom-
inatedset. If a large valueof � � is chosen,fewer solutions
will be obtained,and vice versa. However, this difficulty
canalsobecomeanadvantageif consideredfrom adecision-
maker’s point of view. Particularly, for high dimensionality
problems(with many objectives),thereusuallyexist a large
numberof Pareto-optimalsolutions.By choosinganappro-
priate � -vector, thedecision-makercanspecifytheminimum
differencehe would like to achieve in eachobjective. This
would allow him to obtaina handfulof Pareto-optimalso-
lutions with certain(minimum desirable)trade-offs among
them.

VI. Comparison of Results

In orderto validateourproposedapproach,weadoptedstan-
dard test functionsand metricsreportedin the specialized
literature.Thespecificmetricsaredescribednext.

1.- Err or Ratio (ER) [28] The error ratio metric re-
flectsthenumberof membersof L M 4 � ¥�» � (theapprox-
imationof theParetofront obtainedby theapproachto

bevalidated)thatarein L M \ h�G Y (thetrueParetofront of
theproblem,normallyobtainedby enumeration).This
metricis mathematicallyrepresentedby:

¼ {Q½J� � �� � � � �~ (2)

where
� ~ ! is thenumberof vectorsin L M 4 � ¥�» � and

� � �¾t % if vector )c� : )¿� � +
��������� ~ !$; L M \ hfG Y �+ otherwise
(3)

For example,ER= 0 indicatesthateveryvectorreported
by thealgorithmin L M 4 � ¥�» � is actuallyin L M \ hfG Y ; ER
= 1 indicatesthatnoneof theelementsof L M 4 � ¥�» � are
in L M \ h�G Y .
2.- GenerationalDistance(GD) [29, 30] This met-
ric is a value representingin the averagehow “f ar”L M 4 � ¥�» � is from L M \ hfG Y andis definedas:

`�� � � � ���� �ÁÀUÂ � !dÃÄ~
where~ is thenumberof vectorsin L M 4 � ¥�» � , . = 2,andÀ � is theEuclideandistance(in objectivefunctionspace)
betweeneachvectorandthenearestmemberof L M \ h�G Y .
A resultof 0 indicatesL M \ hfG Y � L M 4 � ¥�» � ; any other
valueindicatesL M 4 � ¥�» � deviatesfrom L M \ hfG Y .
3.- Spacing(S) [24] Here,onedesiresto measurethe
spread(distribution) of vectorsthroughout L M 4 � ¥�» � .
Thismetricis mathematicallyrepresentedby:

Å � ÆÇÇÈ +~ � + �É � � ��ÊdËÀ � À �]Ì �
where~ is thenumberof vectorsin L M 4 � ¥�» � , and À � �-@) ~ s � R 2 �� � ��I! � 2 s� � ���! R i R 2 �� � ���! � 2 s� � ���! R ! , )c� } �
+<��������� ~
is the meanof all À � . A value of 0 indicatesthat all
membersof L M 4 � ¥�» � areequidistantlyspaced.

4.- Two Setcoverage(CS) [32] This metric can be
termedrelative coveragecomparisonof two sets. CS
is definedasthemappingof theorderpair

� V­Í � V­Í Í ! to
theinterval [0,1] asfollows:

y Å � V Í � V Í Í !A� R P ¨ Í Í ; VSÍ Í ' ? ¨ Í ; V­Í B ¨XÎ«¨ Í Í T RR V Í Í R
ConsiderV­Í � V­Í ÍEÏQV­Í astwo setsof decisionvectors.
If all points in X’ dominateor are equalto all points
in X”, thenby definition CS = 1. CS = 0 implies the
opposite. Observe that it is not a distancemeasureof
how closethesesetsareasthatis a differentmetric.
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Figure.4: Fourcasesof insertinga child into theexternalarchive
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Parameter
°
-MyDE NSGA-II PDE

°
-MOEA

P 100 100 100 100
NP 100(aprox) 100 100 100(aprox)_ÑÐ�Ò�Ó 50 ó 250 50 ó 250 50 ó 250 50 ó 250Ô<Õ

0.95 0.8 nr 1.0Ô Ð 1/N 1/N nr 1/N
F 0.5 nr N(0, 1) nr

where: � = variablenumberÖ
= objectivenumber� h = not required_ÑÐ�Ò�Ó = 50 for unconstrainedproblems_ÑÐ�Ò�Ó = 250for constrainedproblems

Table 1: Parametersusedby thealgorithmscompared.

Our resultsarecomparedwith respectto thosegeneratedby
anothermulti-objectiveevolutionaryalgorithmbasedonDif-
ferential Evolution: PDE [2]. Additionally, we also com-
paredresultswith respectto two approachesrepresentative
of the state-of-the-artin the area: the NSGA-II [10] and � -
MOEA (this wasthefirst multi-objective evolutionaryalgo-
rithm to incorporatetheconceptof � -dominance).Theseap-
proachesarebriefly describednext.

NSGA-II NondominatedSorting Genetic Algorithm - II
(NSGA- II) wasproposedin [8, 10]. TheNSGA-II uses
a
� �×iz� ! selection( � parentsarecombinedwith its �

offspringandrankedbasedonParetodominance).Also,
it adoptsa crowding comparisonoperatorwhich keeps
diversity without requiring any additional parameters
from theuser. TheNSGA-II is oneof themostcompet-
itive multi-objective evolutionary algorithmsavailable
todayandit’softenusedasareferenceto determinethe
performanceof new approaches.� -MOEA This approachwas proposedin [9]. It usesthe
conceptof � -dominanceintroducedin [17] and it has
beenfoundtobeaverycompetitivemulti-objectiveevo-
lutionaryalgorithm.

PDE ParetoDifferentialEvolution (PDE) wasproposedin
[2], andisoneof themostrepresentativemulti-objective
extensionsof differentialevolution. This approachwas
describedin SectionIV-H.

The parametersettingsadoptedfor all the algorithmscom-
paredare summarizedin Table 1. In Table 1, L refersto
the populationat eachgeneration,̀����3� is the total num-
ber of generations(or iterations) to be performed. Note
that all the algorithmsperform the samenumberof objec-
tive functionevaluations:5,000for unconstrainedproblems
and25,000for constrainedproblems. e L is thesizeof the
secondarypopulation.Notehoweverthatneitherof � -MyDE
or � -MOEA adoptthis parameter, sincethesizeof their sec-
ondarypopulationsis controlledby the valueof � . M is a
parameterapplicableonly to differentialevolution. L ¤ andL � arethecrossoverandmutationrates,respectively.
Next, we show the plot of all the nondominatedsolutions
generatedby thedifferentalgorithmsin eachof thetestfunc-
tions. In all cases,we generatedthe L M \ h�G Y of theproblems

usingexhaustiveenumerationsothatwecouldmakeagraph-
ical comparisonof the quality of the solutionsproducedby
ourapproach.
For eachexample,two tablesareshown:

1. The first onecorrespondsto the statisticalresultsfrom
applyingtheperformancemetricsover the twenty runs
performedby eachof thealgorithms.

2. The secondone is the Set Coverage(SC) metric, ap-
plied to the union of 20 runsof eachalgorithmto ob-
tain 4 different files (one by eachalgorithm). These
four files were comparedusing CS. We first com-
putedCS

� ¨ � � +
� ¨ � � b
!S�ÙØ ¨dÚ �¬� Ò�Û�Ü ÃgÝ Ò�Û�Ü]Þ and then CS� ¨ � � bm� ¨ � � +v!$�,Ø ¨dÚ �¬� Ò�Û�Ü]Þ Ý Ò�Û�Ü Ã . In thedominated row, a
valuecloseto % meansthatthealgorithmoutperformed
theothers;analogously, in thedominates column avalue
closeto + indicatesa superiorperformance.

MOP1. Proposedby Kursawe[16].

Minimize: �2 � ���!A� � 2 � � ��I!�� 2 � � ���!�!
where:2 � � ��I!ß� ��à �É � � �âá � +�% �<ã à ¡�ä �fåNæ � Þº�ç � Þº è Ã3é2 � � ��I!ß� �É ��� � � R � � R � i �Eê�ë ì � � W� !�!
with: ¨ � %m� íÚ � î~ � î
and: � �â#�� � ��� � ��� n #��
Our first problemhasseveral disconnectedandasym-
metricalareasin solutionspace.Its L M \ hfG Y consistsof
threedisconnectedParetocurves[4].

TheParetofront generatedby eachof thealgorithmsare
shown in Figure5. Thestatisticalresultsobtainedfrom
applyingtheperformancemetricsareshown in Table2.

Graphically, wecanseethat � -MyDE and � -MOEA both
cover all of L M \ h�G Y . The NSGA-II doesnot reachthe
edgesof the front. Regardingthe Spacingmetric, we
canseethatall thealgorithmswereableto obtainwell-
distributedsolutions.

Numerically, theperformancemetricsadoptedindicate
that � -MyDE is thealgorithmthatobtainedthebestre-
sultsregardingError Ratio andGenerationalDistance.
RegardingSpacing,theNSGA-II slightly outperformed
theotherapproaches.
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Figure.5: Paretofront generatedby � -MyDE (top - left), NSGA-II (top - right), PDE(bottom-left)and � -MOEA (bottom-
right) for MOP1.

Metric - Algorithm average best worst St. Dev.
ER e-MyDE 0.15792013 0.0654206 0.23301 0.04288708

NSGA-II 0.4575 0.31 0.64 0.0907208
PDE 0.5085 0.25 0.64 0.0958219°

-MOEA 0.2820835 0.16326 1 0.17783033
GD e-MyDE 0.00327069 0.00288871 0.00374484 0.00025872

NSGA-II 0.00416653 0.00308047 0.0061631 0.00086198
PDE 0.00467552 0.00366814 0.00667008 0.000966°

-MOEA 0.09699642 0.00304755 1.87613 0.41876465
S e-MyDE 0.09448982 0.0548549 0.109133 0.01243547

NSGA-II 0.06180859 0.047978 0.11722 0.01663756
PDE 0.10522477 0.0687954 0.145438 0.0224935°

-MOEA 0.10113374 0.0564897 0.126934 0.01358711
SC

°
-MyDE NSGA-II PDE

°
-MOEA Dominates°

-MyDE 0.824752 0.825743 0.615924 0.755473
NSGA-II 0.234375 0.633663 0.375063 0.414367

PDE 0.238511 0.676733 0.408112 0.441118°
-MOEA 0.323529 0.712871 0.729703 0.588701

They aredominated 0.26547167 0.73811867 0.729703 0.46636633

Table 2: ErrorRatio(ER),GenerationalDistance(GD), Spacing(S)andSetCoverage(SC)for MOP1.Thebestperformance
measurevaluesareshown in boldface.
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WhenanalyzingSetCoverage(SC),we canseethat � -
MyDE hadthebestresults,becauseis theonethatdom-
inatedmoresolutionsof theotheralgorithmswhile be-
ing lessdominatedby the others. Thus, we can con-
cludethatour � -MyDE is thebestoverall performerfor
this testfunction.

MOP2. Proposedby Deb[6].

Minimize: �2 � ���!A� � 2 � � ��I!�� 2 � � ���!�!
where: 2 � � ��I!ï� � �2 � � ��I!ï� ��� � � !� �
with:��� � � !A��b � � à ã Ó Þ�ð
ñ�ò Þñ�ò ñNñNó å Þ � %m� í � à ã Ó Þ3ð
ñ�ò ôñ�ò ó å Þ
and: %m� +õ#«� � ��� � #l+
Our secondproblemhasa convex L M \ h�G Y , and L \ hfG Y is
disconnected.Note that this problemhasa local front
to which analgorithmcanbeeasilyattracted.

The Paretofront generatedby all the algorithmscom-
paredareshown in Figure6 andstatisticalresultsof the
performancemetricsadoptedareshown in Table3.

Graphically, wecanseethatall thealgorithmsgetclose
to L M \ h�G Y and producea well-distributed set of solu-
tions. Note however, that PDE was unableto reachL M \ h�G Y in severalof its runs.

Regardingthe performancemetricsadopted,� -MyDE
wastheapproachtheproducedthebestresultswith re-
spectto Error Ratio, GenerationalDistanceandSpac-
ing.

With respecttoSetCoverage(SC), � -MyDE hasthebest
results,becauseis the one that dominatesmore solu-
tions of the otheralgorithmsandis lessdominatedby
others.So,we canconcludethat our � -MyDE wasthe
bestoverallperformerin this testfunction.

MOP3. Proposedby Kita [13]

Maximize: �2 � �I!x� � 2 � � �Ñ��öm!�� 2 � � �Ñ��öm!�!
where: 2 � � ����öm!÷� � � � i ö��2 � � ����öm!÷� +b � i ö i +

subjectto: % ø +ù � i ö � +vîb �% ø +b � i ö � +��b �% ø �U� i ö � î<%
and: %ú#«�Ñ��ö
Our third problemhasa disconnected,concave L M \ hfG Y
and LÑ\ hfG Y is also disconnected. Note however, thatL�\ h�G Y is in the boundarybetweenthe feasibleand the
infeasibleregion.

The Paretofront generatedby all the algorithmscom-
paredareshown in Figure7 and the statisticalresults
obtainedfrom applying the performancemetrics are
shown in Table4.

Graphically, wecanseethatall algorithmsgetclosetheL M \ h�G Y . However, only � -MyDE coversall the Pareto
front while obtainingawell-distributedsetof solutions.

Regardingtheperformancemetrics,wecanseethatour� -MyDE obtainedthebestresultswith respectto Error
RatioandGenerationalDistance,and � -MOEA wasthe
bestwith respectto Spacing.

With respectto Set Coverage(SC), � -MyDE had the
bestresults. Thus,we canconcludethat our approach
wasthebestoverallperformerin this testfunction.

MOP4. Proposedby Tamaki[27]

Maximize:�2 � �I!A� � 2 � � ����ö���û�!3� 2 � � �Ñ��ö��fûK!�� 2 n � �Ñ��ö���û�!�!
where: 2 � � �Ñ��ö���û<!÷� �Ñ�2 � � �Ñ��ö���û<!÷� ö��2 n � �Ñ��ö���û<!÷� û
subjectto: % D � � i ö � i û �
and: % # �Ñ��ö��fûü#�+
Our fourth problem has a connectedL M \ hfG Y with a
curved surface. Its L�\ h�G Y is alsoconnectedandforms
a curved surface. It is a 3-objective problemthat has
beenusedbeforeby severalresearchers.

The Paretofront generatedby all the algorithmscom-
paredareshown in Figure8 and the statisticalresults
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Figure.6: Paretofront generatedby � -MyDE (top - left), NSGA-II (top - right), PDE(bottom-left)and � -MOEA (bottom-
right) for MOP2.

Metric - Algorithm average best worst desv. Est́andar
ER e-MyDE 0.005804 0 0.02 0.00788824

NSGA-II 0.42 0 1 0.49375042
PDE 0.85 0 1 0.36634755°

-MOEA 0.454029 0 1 0.50551394
GD e-MyDE 0.00728447 0.00184096 0.0506528 0.01420113

NSGA-II 0.07853142 0.00288569 0.205945 0.09408827
PDE 0.16741538 0.00204314 0.20732 0.05819178°

-MOEA 0.03319034 0.00116984 0.0783318 0.03670135
S e-MyDE 0.08512233 0.0319032 0.5076 0.1420395

NSGA-II 0.03992726 0.0296285 0.0562794 0.00955353
PDE 0.05213913 0.0284482 0.0851937 0.01131328°

-MOEA 0.07010082 0.0471254 0.0947282 0.02001717
SC

°
-MyDE NSGA-II PDE

°
-MOEA Dominates

e-MyDE 0.556931 0.952475 0.648549 0.7193183
NSGA-II 0.0413223 0.94604 0.592814 0.5267254

PDE 0.00729217 0.411881 0.516352 0.3118417°
-MOEA 0.0291687 0.439109 0.90247 0.4569159

They aredominated 0.02592772 0.469307 0.93366167 0.585905

Table 3: ErrorRatio(ER),GenerationalDistance(GD), Spacing(S)andSetCoverage(SC)for MOP2.
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Figure.7: Paretofront generatedby � -MyDE (top - left), NSGA-II (top - right), PDE(bottom-left)and � -MOEA (bottom-
right) for MOP3.

Metric - Algorithm average best worst St. Dev.
ER e-MyDE 0.01640604 0 0.0550459 0.01635306

NSGA-II 0.316 0.19 0.53 0.09394287
PDE 0.8395 0.35 1 0.21211901°

-MOEA 0.2500851 0.15625 0.333333 0.04454198
GD e-MyDE 0.00491203 0.0014577 0.0464165 0.0097998

NSGA-II 0.01470336 0.00136745 0.0902511 0.02729836
PDE 0.00576845 0.0003873 0.032941 0.00769517°

-MOEA 0.00631189 0.00220538 0.0476246 0.0104118
S e-MyDE 0.07363313 0.0394301 0.492726 0.09905315

NSGA-II 0.0925237 0.00705687 0.56773 0.1688492
PDE 0.01728939 3.6065E-05 0.2736 0.06115304°

-MOEA 0.07712804 0.0458646 0.492715 0.09907925
SC

°
-MyDE NSGA-II PDE

°
-MOEA Dominates

e-MyDE 0.806436 0.928498 0.879053 0.871329
NSGA-II 0.0427757 0.666667 0.62069 0.443377

PDE 0.00522814 0.0965347 0.0761709 0.059311°
-MOEA 0.039924 0.55099 0.951132 0.514015

They aredominated 0.02930928 0.48465357 0.84876567 0.52530463

Table 4: ErrorRatio(ER),GenerationalDistance(GD), Spacing(S)andSetCoverage(SC)for MOP3.
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Figure.8: Paretofront generatedby � -MyDE (top - left), NSGA-II (top - right), PDE(bottom-left)and � -MOEA (bottom-
right) for MOP4.

Metric - Algorithm average best worst St. Dev.
ER e-MyDE 0.53778185 0.478261 0.592593 0.03600738

NSGA-II 0 0 0 0
PDE 0.93140125 0.814815 1 0.0536189°

-MOEA 0.249779 0.142857 0.345794 0.05573555
GD e-MyDE 0.00087087 0.00077159 0.00103772 7.1952E-05

NSGA-II 0.00035469 0.00023439 0.00050671 7.5268E-05
PDE 0.00804467 0.00586278 0.011823 0.00163697°

-MOEA 0.00074238 0.00056286 0.00105992 0.0001399
S e-MyDE 0.04267574 0.0381671 0.0493826 0.0031751

NSGA-II 4.8229E-05 1.4082E-06 0.00021099 5.7565E-05
PDE 0.09345934 0.0654136 0.14195 0.02128756°

-MOEA 0.04332862 0.0371789 0.0519563 0.00372295
SC

°
-MyDE NSGA-II PDE

°
-MOEA Dominates

e-MyDE 0 0.735154 0.0704441 0.268532
NSGA-II 0.00579822 0.118765 0.0010209 0.041861

PDE 0.0204871 0 0.0117407 0.010742°
-MOEA 0.175106 0 0.732779 0.302628

They aredominated 0.06713044 0 0.52889933 0.02773523

Table 5: ErrorRatio(ER),GenerationalDistance(GD), Spacing(S)andSetCoverage(SC)for MOP4.
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obtainedfrom applying the performancemetrics are
shown in Table5.

Graphically, we canseethat almostall the algorithms
areableto reachthe true Paretofront of this problem.
However, the NSGA-II only covers a portion of the
Paretosurface,whereastheotherscovermostof it.

Regarding the performance metrics adopted, the
NSGA-II obtainedthebestresultswith respectto Error
Ratio,GenerationalDistanceandSpacing.

With respectto setcoverage(SC), � -MOEA is thewin-
ner, closelyfollowedby our � -MyDE. Although based
on theperformancemetricsis difficult to assesswho is
thewinner in this case,graphically, it is clearthatboth� -MOEA and � -MyDE had a betterperformancethan
thetwo otherapproaches.

MOP5. Proposedby Golinski [11].

Theobjectiveof Golinski’sSpeedReducerproblem(see
Figure9) is to find theminimumof a gearbox volume2

(and,hence,its minimumweight), subjectto several
constraints.The problemis illustratedin Figure9 and
therearesevendesignvariables,� � to �Iý , which repre-
sent:

� � width of thegearface,cm� � teethmodule,cm� n numberof pinion teeth�(þ shaft1 lengthbetweenbearings,cm�>ÿ shaft2 lengthbetweenbearings,cm��� diameterof shaft1, cm�>ý diameterof shaft2, cm

Mathematically, theproblemis specifiedasfollows:

Minimize: ������	��
��
����� ��	��������� ��	���

where:

� � � �����
 ��� ��� ��!�� � � �� �#"�� " "�" "�� �$&%(' !�� )�" "�! � $+* ! "�� � )�"�!,�
* ' � ��� ��)���� �- % � �. �/�0� % �1� !,������� $- % � $ . �
% ��� ��� ��!2����34� �- % �	5�� �. �

��� � �����

6 � . 375�8 9 ó9 Þ 94: � � %;' � < ) =
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Figure.9: ProblemMOP5

and:

�?> '� �A@ � �� @ � $ * 'B � �
�?> '� �A@ � �� @ � �$ * '" )��,� � �
�?> � $$� �&@ � $ @ � 3- * '' � ) " �
�?> � $5� �&@ � $ @ � 3 . * '' � ) " ��?> � �&@ � $C* ! ���
�?> � �� � * ' B �
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The Paretofront generatedby all the algorithmscom-
paredare shown in Figure 10 and the statistical re-
sults obtainedfrom applying the performancemetrics
areshown in Table6.

Graphically, wecanseethatall thealgorithmswereable
to convergeeitheron thetrueParetofront or very close
to it, but they haddifficultieswith thenearlyhorizontal
part of the front. Our � -MyDE wasthe only approach
ableto cover this nearlyhorizontalportionof thefront.

Regardingtheperformancemetrics,we canseethatthe
NSGA-II obtainedthe bestresultswith respectto Er-
ror Ratio andSpacing,and � -MyDE wasthe bestwith
respectto generationaldistance.
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Figure.10: Paretofront generatedby � -MyDE (top - left), NSGA-II (top - right), PDE(bottom-left)and � -MOEA (bottom-
right) for MOP5.

Metric - Algorithm average best worst St. Dev.
ER e-MyDE 1 1 1 0

NSGA-II 0.7825 0.06 1 0.27466487
PDE 1 1 1 0°

-MOEA 1 1 1 0
GD e-MyDE 0.8778645 0.794507 0.971234 0.04478237

NSGA-II 10.3952045 1.04607 32.8294 11.7194163
PDE 9.71233435 0.952927 34.7247 9.4525265°

-MOEA 0.8952482 0.825196 0.984609 0.04333157
S e-MyDE 54.6245215 2.46762 110.915 29.5975387

NSGA-II 6.631766 3.20602 14.1835 3.79596756
PDE 6.8780055 1.92143 13.9599 3.8825971°

-MOEA 52.8384655 1.75852 228.307 90.2445227
SC

°
-MyDE NSGA-II PDE

°
-MOEA Dominates

e-MyDE 0.599505 0.821287 0.135014 0.518602
NSGA-II 0.0226777 0.79703 0.00045 0.2733859

PDE 0.56389 0.578218 0.313231 0.485113°
-MOEA 0.953336 0.608911 0.935149 0.83246533

They aredominated 0.51330123 0.59554467 0.85115533 0.149565

Table 6: ErrorRatio(ER),GenerationalDistance(GD), Spacing(S)andSetCoverage(SC)for MOP5.
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RegardingSet Coverage(SC), � -MOEA had the best
results,followed by our � -MyDE. Again, in this case
is difficult to determinewho wasthe bestoverall per-
former, but graphically, � -MOEA and � -MyDE seemto
haveproducedthebestresults.

VII. Conclusionsand Future Work

We have introducedanapproachthatusesDifferentialEvo-
lution to solve both unconstrainedand constrainedmulti-
objectiveoptimizationproblems.Thehigh convergencerate
that characterizesthe Differential Evolution algorithm was
controlledusingtwo elitist selectionschemes.Our proposed
approachwasableto produceresultsthatarevery competi-
tive with respectto otherapproachesthatarerepresentative
of thestate-of-the-artin thearea(theNSGA-II, PDEand � -
MOEA).
Theconstraint-handlingschemeadoptedin ouralgorithmal-
lowedasuccessfulexplorationof thesearchspaceevenin the
presenceof problemswhoseoptimumlies in the boundary
betweenthe feasibleandinfeasibleregions. Finally, theuse
of � -dominanceintroducedthe capabilityof controlling the
convergenceof our approachwhile achieving a goodspread
of solutions.
As partof our futurework, we plan to experimentwith dif-
ferentvariationsof the � -dominancemechanism,aiming to
facilitatetheway of computingthe � values.It is alsoof our
interestto experimentwith differentmechanisms(e.g.,dif-
ferentmutationoperators)to control thehigh selectionpres-
sureof theDifferentialEvolutionalgorithm.

Acknowledgments

The first author acknowledges support from CONACyT
througha scholarshipto pursuegraduatestudiesat theCom-
puterScienceSectionof the ElectricalEngineeringDepart-
mentatCINVESTAV-IPN. Thesecondauthoracknowledges
supportfrom CONACyT projectnumber45683.

References

[1] HusseinA. Abbass.TheSelf-AdaptiveParetoDifferen-
tial Evolution Algorithm. In Congresson Evolutionary
Computation(CEC’2002),volume 1, pages831–836,
Piscataway, New Jersey, May 2002.IEEEServiceCen-
ter.

[2] HusseinA. AbbassandRuhul Sarker. TheParetoDif-
ferentialEvolutionAlgorithm. InternationalJournalon
Artificial IntelligenceTools,11(4):531–552,2002.

[3] B.V. Babu and M. Mathew LeenusJehan.Differen-
tial Evolutionfor Multi-ObjectiveOptimization.In Pro-
ceedingsof the 2003Congresson EvolutionaryCom-
putation (CEC’2003), volume 4, pages2696–2703,
Canberra,Australia,December2003.IEEEPress.

[4] Carlos A. Coello Coello and Arturo Hernandez
Aguirre. Design of Combinational Logic Circuits
throughan Evolutionary Multiobjective Optimization
Approach.Artificial Intelligencefor Engineering,De-
sign,AnalysisandManufacture,16(1):39–53,January
2002.

[5] CarlosA. CoelloCoello,David A. VanVeldhuizen,and
GaryB. Lamont.EvolutionaryAlgorithmsfor Solving
Multi-Objective Problems.Kluwer AcademicPublish-
ers,New York, May 2002.ISBN 0-3064-6762-3.

[6] Kalyanmoy Deb. Multi-Objective GeneticAlgorithms:
ProblemDifficultiesandConstructionof TestProblems.
EvolutionaryComputation,7(3):205–230,Fall 1999.

[7] Kalyanmoy Deb. Multi-Objective Optimizationusing
EvolutionaryAlgorithms.JohnWiley & Sons,Chich-
ester, UK, 2001.ISBN 0-471-87339-X.

[8] Kalyanmoy Deb, Samir Agrawal, Amrit Pratab,and
T. Meyarivan. A Fast Elitist Non-DominatedSort-
ing GeneticAlgorithm for Multi-Objective Optimiza-
tion: NSGA-II. In Marc Schoenauer, Kalyanmoy Deb,
GünterRudolph,Xin Yao,EvelyneLutton,JuanJulian
Merelo,andHans-Paul Schwefel,editors,Proceedings
of the Parallel ProblemSolving from NatureVI Con-
ference,pages849–858,Paris,France,2000.Springer.
LectureNotesin ComputerScienceNo. 1917.

[9] Kalyanmoy Deb, Manikanth Mohan, and Shikhar
Mishra.TowardsaQuickComputationof Well- Spread
Pareto-OptimalSolutions.In CarlosM. Fonseca,Pe-
ter J. Fleming, Eckart Zitzler, Kalyanmoy Deb, and
Lothar Thiele, editors, Evolutionary Multi- Criterion
Optimization.SecondInternationalConference,EMO
2003, pages222–236, Faro, Portugal, April 2003.
Springer. LectureNotesin ComputerScience.Volume
2632.

[10] Kalyanmoy Deb, Amrit Pratap,SameerAgarwal, and
T. Meyarivan.A FastandElitist MultiobjectiveGenetic
Algorithm: NSGA-II. IEEETransactionsonEvolution-
ary Computation,6(2):182–197,April 2002.

[11] J. Golinski. Optimal synthesisproblems solved by
meansoj nonlinearprogrammingandrandommethods.
Journalof Mechanisms,5:287–309,1970.

[12] Antony W. Iorio and Xiaodong Li. Solving rotated
multi-objective optimizationproblemsusing differen-
tial evolution. In AI 2004:Advancesin Artificial Intel-
ligence,Proceedings,pages861–872.Springer- Verlag,
LectureNotesin Artificial IntelligenceVol. 3339,2004.

[13] Hajime Kita, Yasuyuki Yabumoto, Naoki Mori, and
Yoshikazu Nishikawa. Multi-Objective Optimization
by Meansof theThermodynamicalGeneticAlgorithm.



168 L.V. Santana-QuinteroandC.A. CoelloCoello

In Hans-MichaelVoigt, WernerEbeling,Ingo Rechen-
berg, andHans-Paul Schwefel,editors,Parallel Prob-
lem Solving from Nature-PPSNIV, LectureNotesin
ComputerScience,pages504–512,Berlin, Germany,
September1996.Springer-Verlag.

[14] JoshuaD. Knowles and David W. Corne. Approx-
imating the NondominatedFront Using the Pareto
Archived Evolution Strategy. Evolutionary Computa-
tion, 8(2):149–172,2000.

[15] SakuKukkonenandJouniLampinen.An Extensionof
GeneralizedDifferentialEvolution for Multi-objective
Optimization with Constraints.In Parallel Problem
Solving from Nature - PPSN VIII, pages752–761,
Birmingham, UK, September2004. Springer-Verlag.
LectureNotesin ComputerScienceVol. 3242.

[16] FrankKursawe. A Variantof Evolution Strategies for
VectorOptimization.In H. P. SchwefelandR.Männer,
editors, Parallel Problem Solving from Nature. 1st
Workshop,PPSNI, volume 496 of LectureNotes in
ComputerScienceVol. 496, pages193–197,Berlin,
Germany, October1991.Springer-Verlag.

[17] MarcoLaumanns,LotharThiele,Kalyanmoy Deb,and
EckartZitzler. CombiningConvergenceandDiversity
in Evolutionary Multi-objective Optimization.Evolu-
tionaryComputation,10(3):263–282,Fall 2002.

[18] NateriK. Madavan.MultiobjectiveOptimizationUsing
a ParetoDifferentialEvolution Approach.In Congress
on EvolutionaryComputation(CEC’2002),volume2,
pages1145–1150,Piscataway, New Jersey, May 2002.
IEEEServiceCenter.

[19] EfrenMezura-MontesandCarlosA. CoelloCoello.A
SimpleEvolution Strategy to Solve ConstrainedOpti-
mizationProblems.In Erick Cant́u-Paz,JamesA. Fos-
ter, Kalyanmoy Deb,LawrenceDavid Davis,Rajkumar
Roy, Una-May O’Reilly, Hans-Georg Beyer, Russell
Standish,GrahamKendall,Stewart Wilson,Mark Har-
man,JoachimWegener, DipankarDasgupta,Mitch A.
Potter, Alan C.Schultz,KathrynA. Dowsland,Natasha
Jonoska,and Julian Miller, editors, Proceedingsof
the Genetic and Evolutionary ComputationConfer-
ence(GECCO’2003),pages640–641,Heidelberg,Ger-
many, July 2003. Chicago, Illinois, SpringerVerlag.
LectureNotesin ComputerScienceVol. 2723.

[20] K.E. Parsopoulos,D.K. Taoulis, N.G. Pavlidis, V.P.
Plagianakos, and M.N. Vrahatis. Vector Evaluated
Differential Evolution for Multiobjective Optimiza-
tion. In 2004 Congresson Evolutionary Computation
(CEC’2004),volume1, pages204–211,Portland,Ore-
gon,USA, June2004.IEEEServiceCenter.

[21] Tea Robic and Bodgan Filipic. DEMO: Differential
Evolution for Multiobjective Optimization. In Carlos
A. Coello Coello, Arturo Herńandez Aguirre, and
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Nacional(CINVESTAV-IPN), in MéxicoCity.
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