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A Pareto-Based Genetic Algorithm
Search Approach to Handle
Damped Natural Frequency
Constraints in Turbo Generator
Rotor System Design
The detailed design of a turbo generator rotor system is highly constrained by feasible
regions for the damped natural frequencies of the system. A major problem for the de-
signer is to find a solution that fulfills the design criterion for the damped natural fre-
quencies. The bearings and some geometrical variables of the rotor are used as the
primary design variables in order to achieve a feasible design. This paper presents an
alternative approach to search for feasible designs. The design problem is formulated as
an optimization problem and a genetic algorithm (GA) is used to search for feasible
designs. Then, the problem is extended to include another objective (i.e., multiobjective
optimization) to show the potential of using the optimization formulation and a Pareto-
based GA in this rotordynamic application. The results show that the presented approach
is promising as an engineering design tool. �DOI: 10.1115/1.1760529�

Introduction
The detailed design stage of a turbo generator rotor system is an

iterative process involving several conflicting objectives and con-
straints. One attractive approach is to look upon this design pro-
cess as a multiobjective optimization problem, �1�. The generator
rotor system design is highly constrained by feasible regions for
the damped natural frequencies �complex eigenvalues�. Therefore
one of the most important tasks for the designer is to find designs
that fulfill these constraints. Previous works in rotordynamic op-
timization applications with eigenvalue constraints are done by
Chen and Wang �2� and Lee and Choi �3�. Multiple objectives
with eigenvalue constraints have been studied by Shiau and
Chang �4� and Shiau, Kuo, and Hwang �5�. In �2–5� other opti-
mization methods than a genetic algorithm �GA� were used. In �6�
Choi and Yang use a GA to lower the first natural frequency in a
rotor-bearing system and in �7� they discuss the immune-genetic
algorithm �IGA� for multiobjective rotor-bearing problems. In �8�
Choi and Yang apply this to a problem with two bearings. In
�2–7� constraints for maximum three eigenvalues were used and
the damping of the modes were not taken into account.

The objective functions involved in the detailed rotor system
design are expected to have complex shapes. Depending on the
chosen design variables, the objective functions may even be dis-
continuous. During the past two decades GAs have successfully
been used for optimization of difficult problems. The interest of
application of GAs in the area of rotordynamics has recently
started, �6–8�. GAs are, however, yet only applicable on problems
with computationally cheap objective function evaluations. Foun-
dations of GA are found in Goldberg �9� and a comprehensive
survey with engineering applications is given by Gen and Cheng
�10�. In �11� Andersson gives a survey of different methods for
multiobjective problems. GAs are well suited for multiobjective
problems since the search is done from a set of solutions. A com-
mon goal for multiobjective GAs is to evolve the Pareto optimal

tradeoff surface for the objectives, �1�. To achieve a robust algo-
rithm a Pareto-based ranking scheme is preferable since it is in-
sensitive to the shape of the Pareto optimal front, �12�.

A drawback of GAs has been the lack of robust methods to
incorporate constraints in the search algorithms. A frequently used
approach is to add a penalty term to the objective value, �13,14�.
Another interesting way to handle a constrained problem is to
transform the constraints into objectives. The problem is then a
multiobjective unconstrained problem. This approach is addressed
as one method by Coello in �15�, Michalewicz in �16�, and Fon-
seca and Fleming in �17�.

In this paper this approach is applied to the damped natural
frequency constraints. The constraints are mapped on a scalar
function and formulated as a design objective. Not only the fre-
quencies, but also the damping ratio for each mode is taken into
account. Furthermore, there is no restriction in the number of
modes involved in the search. First a real-number encoded GA is
applied to search for a feasible solution. Once a feasible solution
is found, a second objective is included and a Pareto-based GA,
�12�, is applied to extend the search, i.e. multiobjective optimiza-
tion. A Pareto-based GA has not been used earlier in optimization
of rotor-bearing systems. The used rotordynamic system model is
kept relatively simple in this study. The bearings are here de-
scribed by linear, isotropic coefficients without cross coupling ef-
fects. In a real situation, a more complex model of the rotor sys-
tem is needed.

In the first section a description of the design problem is given.
Factorial experiments are then conducted in section two in order
to get some knowledge of the behavior of the damped natural
frequencies. In section three a single objective optimization is
performed for the new function describing the degree of feasibil-
ity with respect to the damped natural frequency constraints. The
optimization is also extended to include minimum rotor length as
a design objective in the last section. The length of the rotor is
related to costs and may, as well as the dynamical objectives,
be an important objective at the system level in generator
applications.

Contributed by the Structures and Dynamics Division of THE AMERICAN SOCI-
ETY OF MECHANICAL ENGINEERS for publication in the ASME JOURNAL OF EN-
GINEERING FOR GAS TURBINES AND POWER. Manuscript received by the S&D
Division October 2002; final revision received December 2003. Associate Editor:
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Generator Rotor System Design
The first stage in the generator design process is a basic design

where the overall dimensions are specified with respect to electri-
cal, thermal, and mechanical considerations. The next step is the
detailed design of the rotor system and the stator. These activities
are carried out in parallel. The detailed design of the rotor system
also includes choice of bearing types, bearing designs and support
structure �pedestal� designs. In �18� Rajan et al. state that ‘‘The
design of a rotor-bearing system is an iterative process in which
the parameters that influence the design are modified until the
desired design objectives are achieved.’’ The detailed design pro-
cess of a turbo generator rotor system is no exception from this
statement. The cause of these iterations is that several blurred
objectives and constraints exist for the design. One of the most
important among these is the design criterion for the damped natu-
ral frequency constraints. A damped natural frequency analysis of
the rotor-bearing system is today a computationally cheap analysis
which gives much information about the system. Fundamentals of
stability and damped critical speeds are given by Lund in �19�.

The model of the rotor-bearing system is a discrete model
implemented in ARDAS. ARDAS is an in-house code specially
developed for rotordynamic analyses based on the transfer matrix
method and a substructure method. The complexity of the model
is chosen such that it should capture the most important effects
found in a real system. A schematic sketch of the model with
geometry and bearing parameters is found in Fig. 1. Nominal
values of the design parameters are given in Table 1.

The bearings are for simplicity assumed to be isotropic and
described by linearized coefficients for stiffness and damping. The
retaining rings in Sections 4 and 6 are modeled as ring masses

(m4 and m6) ridgidly attached to the rotor. An additional mass
(m5) is uniformly applied to Section 5 to model the weak copper
conductors. The exciter at the end of Section 10 is also modeled as
a ring mass (m10) rigidly attached to the rotor.

In this case, the damped natural frequency constraints are com-
posed by three infeasible regions.

1. A stability margin, �̄1 , is required for the lower modes
which are passed during acceleration to the operational
speed.

2. No modes are allowed within a range around the operational
speed, n̄dr . If there exist modes in this range they should be
highly damped, �̄2 .

3. The third region is similar to the second but the range is
around the double rotational speed. The required damping
for modes in this region is �̄3 .

The cause of the third infeasible region is that modes close to
the double rotational speed will be excited by gravity since the
real rotor have anisotropic bending stiffness. The infeasible re-
gions for the damped natural frequencies are indicated by the
colored rectangular areas in Fig. 2.

Generally there are two different possibilities to handle infea-
sible damped natural frequencies. The first is to make design
changes which shifts the frequencies into feasible regions. The
second method is to increase the damping for the infeasible
damped natural frequencies. A serious problem is, however, to see
the effect of design changes on all the damped natural frequencies
simultaneously.

The chosen numerical values of the damped natural frequency

Fig. 1 Schematic sketch of rotor-bearing model

Table 1 Nominal values of design parameters. The length of the section i is Li . Di is outer diameter and di is inner diameter for
section i.

Bearing Parameters
k1 c1 k2 c2 k3 c3

2.0•109 N/m 8.0•106 Ns/m 2.0•109 N/m 8.0•106 Ns/m 1.8•108 N/m 9.0•105 Ns/m
Geometrical parameters

Section i Li Di di Additional mass

1 490 mm 425 mm 0 ¯
2 540 mm 340 mm 0 ¯
3 310 mm 425 mm 0 ¯
4 1800 mm 590 mm 0 m4�1670 kg, r4�445 mm, l4�300 mm
5 4300 mm 890 mm 0 m5�1.11 kg/mm, r5�500 mm
6 2100 mm 590 mm 110 mm m6�1670 kg, r6�445 mm, l6�300 mm
7 310 mm 425 mm 110 mm ¯
8 540 mm 340 mm 110 mm ¯
9 350 mm 425 mm 110 mm ¯

10 490 mm 245 mm 110 mm m10�825 kg, r10�225 mm
11 1200 mm 245 mm 110 mm ¯
12 190 mm 180 mm 110 mm ¯
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constraints for a 50 Hz generator �operating speed 3000 rpm� used
in this paper are based on experience and given in Table 2.

The resulting damped natural frequencies �marked ‘‘�’’� with
frequency less than 7500 rpm and damping less than 20% for the
nominal design are plotted in Fig. 3. The corresponding eigen-
modes are given in Fig. 4.

With this design, the task for the designer would be to increase
the damping for the first two modes and change the frequency for
mode 3 and 4.

Factorial Experiments
Factorial experiments are performed in order to study the pa-

rameters effect on the damped natural frequencies. Since no single
response variable exist it is not possible to perform a factor effect
estimation. The purpose with the factorial experiments rather is to
attain some knowledge of the objective space for the damped
natural frequencies. The parameters that possibly can be changed
at this stage of the design process are chosen as factors. The
factors with corresponding levels are given in Table 3.

The high and low levels of the bearing factors are set to the
vertical and horizontal properties of two existing cylindrical jour-
nal bearings. The low level of the geometrical factors are set to
their nominal values and the high levels are set with respect to
practical limitations.

Since the computational cost is not of major concern full fac-
torial experiments are performed. In the first experiment the bear-
ing factors effect on the damped natural frequencies are studied.
The geometrical factors are kept at their nominal levels �low�. An
intermediate level is also introduced only to get a more dense
distribution of the damped natural frequencies in the frequency-
damping plane. The results for the 36 full factorial experiment are
found in Fig. 5. The effect of changes in all factors is tested in a
second 211 experiment and the result is found in Fig. 6.

From Fig. 5 it is clear that changes in the bearings mainly
affects the damping ratio, when the geometry factors are constant.
Figure 6 indicates that a single damped natural frequency can be
placed in a feasible region. However, no design is found which
simultaneously fulfills the design criterion for all the damped
natural frequencies. The design indicated by rings in Fig. 5 and

Fig. 6 is the best design found with respect to a function defined in
the next section about optimization. Still remains the important
question whether feasible designs exit if all the factors are chosen
as design variables. This is the main issue for the next section.

Optimization
The damped natural frequency constraints may be expressed by

a number of inequality constraints for the modal damping. The
number of constraints as well as the damping level for each con-
straint is, however, dependent on the problem. A function (D(X))
is then formulated to describe the degree of feasibility of the
damped natural frequency constraints. The basic idea behind this
function is that it should decrease if the infeasible damped natural
frequencies are moved in the directions indicated by the arrows in
Fig. 7. With all damped natural frequencies outside the shaded
region, which corresponds to a feasible design, the function is
zero. Hence, D(X)�0. The function is explained in the Appendix.
The function is basically a sum of terms where each term de-
scribes an infeasible damped natural frequency. No weights are
used since no preference between the damped natural frequencies
is done. Each term can take a value within the range �0,1� depend-
ing on the actual position within the infeasible area. The damped
natural frequency constraints are fulfilled for a design that satisfies
D(X)�0. The search for feasible designs with respect to the
damped natural frequency constraints is now the problem of mini-
mizing D(X).

A first search with the design variables X
��k1 ,c1 ,k2 ,c2 ,k3 ,c3� is performed to find what possibly can be
achieved if only changes in the bearings are allowed. The next
search is performed with X��k1 ,c1 ,k2 ,c2 ,k3 ,c3 ,L3 ,
L7 ,L9 ,L10 ,L11] as design variables. The additional geometry
variables are chosen since these are the only geometry variables
that may be changed at the current stage of the design process.

Fig. 2 Damped natural frequency constraints for a generator
rotor system. The colored regions are infeasible regions for the
damped natural frequencies.

Table 2 Numerical values of damped natural frequency constraints

�̄1 �̄2 �̄3
n̄1 n̄dr n̄2 n̄3 n̄4

2.0% 15.0% 10.0% 2250 rpm 3000 rpm 3750 rpm 5400 rpm 6600 rpm

Fig. 3 Damped natural frequencies for nominal rotor-bearing
system design. The design criterion is marked by the lines.
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Due to the electrical requirements the other geometry variables
are fixed. The side constraints for each design variable are set to
the low and high factor levels found in Table 3.

The chosen search algorithm is a GA with real-number encod-
ing. The GA parameters are set to values that should result in a
stable algorithm for the global search. Fine-tuning of all param-
eters is necessary in order to achieve an efficient algorithm. For
definition of GA parameters and methods see Gen and Cheng
�10�. Roulette-wheel selection is used with linear ranking and the
selection pressure 1.9. Extended intermediate crossover is used to
produce new offsprings, �20�. The mutation probability is the
same in every generation and selected such that on average one
variable per individual is mutated. The used mutation operator is
explained in �20�. This operator produces a small mutation step
with high probability and large mutation step with low probability.
The maximum mutation step size is 10% of the range given by the
side constraints for the actual design variable. 90% of the popu-
lation is replaced in each generation. Hence the reinsertion
scheme is of elitist type. The code used is the GEATbx 3.30,
which is a toolbox for MATLAB written by Hartmut Pohlheim
�21�.

The search result is found in Fig. 8 and Fig. 9. The population
is run for a predefined number of generations hence no conver-
gence criterion is used.

Figure 8 shows that the best design found results in D(X)
�0.593. This is found in generation 169. Figure 9 shows that a
feasible design (D(X)�0) is found in the 65th generation for the
used design variables and side constraints.

It is now known that at least one feasible design exists for X
��k1 ,c1 ,k2 ,c2 ,k3 ,c3 ,L3 ,L7 ,L9 ,L10 ,L11� . An important ques-
tion to raise at this point is therefore if other feasible designs exist.
A natural continuation of the study would be to tune the search

Fig. 4 Eigenmodes for nominal rotor-bearing system design

Table 3 Factor levels

Bearing Factors
Factor Low level High level

k1 1.0•109 N/m 3.0•109 N/m
c1 2.0•106 Ns/m 14.0•106 Ns/m
k2 1.0•109 N/m 3.0•109 N/m
c2 2.0•106 Ns/m 14.0•106 Ns/m
k3 1.2•108 N/m 2.4•108 N/m
c3 4.0•105 Ns/m 14.0•105 Ns/m

Geometrical Factors
Factor Low level High level

L3 310 mm 910 mm
L7 310 mm 910 mm
L9 350 mm 650 mm
L10 490 mm 790 mm
L11 1200 mm 1500 mm

Fig. 5 Damped natural frequency results for 36 full factorial
experiment for bearing factors. The geometrical factors are
kept at their nominal values.
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algorithm so that the population evolves the whole set of feasible
designs. All feasible designs may, however, not be of interests
since other objectives also exist. One interesting objective is the
increase of rotor length which is necessary in order to achieve a
feasible design. The increase of rotor length from the nominal
value is formulated as

L�X��L3�L3,nom�L7�L7,nom�L9�L9,nom�L10�L10,nom�L11

�L11,nom . (1)

The nominal values for the lengths are indicated by ‘‘nom’’ as
extension of the index in Eq. �1�. These nominal values are the
same as the low levels of the factors in Table 3. Since an increased
rotor length is associated with additional costs, it is of interests to
keep the increase at a minimum. The search for interesting designs
is now the problem of minimizing D(X) and L(X).

The most interesting design in this case is clearly a design that
satisfies D(X)�0 and minimizes L(X). Infeasible designs may
still contain important information and it is of interest to see the
tradeoff �Pareto optimal� curve for these objectives. This would be

especially important if economic objectives are included and other
types of design variables are used. This could for example be
bearing types, i.e., categorical variables.

A search for the Pareto optimal front between the both objec-
tives with X��k1 ,c1 ,k2 ,c2 ,k3 ,c3 ,L3 ,L7 ,L9 ,L10 ,L11� as design
variables is done. The used population size is 200 and 20% of the
population is replaced in each generation. The algorithm is there-
fore more of steady-state type. For definition of a steady state GA
see p. 108 in �22�. The high elitism is used since no valuable
genetic information about the Pareto optimal front should get lost.
The ranking scheme by Fleming and Fonseca �12� is used but
solutions with exactly the same values in one objective are ranked
equally if they are not dominated by other solutions. This makes it
possible to evolve several feasible designs. The sharing method
described by Gen and Cheng at p. 111 in �10� is used. The sharing

Fig. 6 Damped natural frequency results for 211 full factorial
experiment for all factors

Fig. 7 Directions for movements of infeasible damped natural
frequencies that results in a better design with respect to the
damped natural frequency constraints

Fig. 8 Search result for min„D„X…… as objective and X
Ä†k1 ,c1 ,k2 ,c2 ,k3 ,c3‡ as design variables. The population size
is 30.

Fig. 9 Search result for min„D„X…… as objective and X
Ä†k1 ,c1 ,k2 ,c2 ,k3 ,c3 ,L3 ,L7 ,L9 ,L10 ,L11‡ as design variables.
The population size is 60.
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is based on the distance between designs in the phenotype space
�design variable space�. All the design variables are linearly scaled
on the range �0,1�. The sharing parameters are set to the GEATbx
default values. In this particular case they become �share�1.02
and 	�1. It is however shown that it can be better to base the
sharing on the distance between pair wise designs in the objective
space, �23�. Sharing on the objective space attempts to achieve a
more uniform distribution of solutions at the global Pareto optimal
front. For more information on Pareto based GAs, see �1,12�.

The initial and 400th generation are given in Fig. 10. The pre-
viously best found design and feasible design for the single ob-
jective optimization problem min(D(X)) are also found in Fig. 10.
Twelve feasible designs (D(X)�0) are found in the 400th gen-
eration. The best found feasible design with respect to min(L(X))
results in L(X)�918 mm which is better than the previously
found feasible design that resulted in L(X)�1171 mm. The mul-
tiobjective approach results in a better design than the single ob-
jective approach.

Results and Conclusions
A new approach to search for feasible designs in a turbo gen-

erator rotor system has been shown. In this case a feasible design
is when the damped natural frequencies satisfies a design criterion
according to Fig. 2. In Table 4 the results from the two factorial
experiments and three optimizations are summarized. Each opti-
mization is evaluated against the objective function D(X) where
D(X)�0 corresponds to a feasible design. Two sets of factors or
design variables are evaluated namely; bearing properties
(k1 ,c1 ,k2 ,c2 ,k3 ,c3) and bearing properties together with some
lengths of the rotor (k1 ,c1 ,k2 ,c2 ,k3 ,c3 ,L3 ,L7 ,L9 ,L10 ,L11). In
the table, L(X) is the increased length of the rotor with respect to
the original design. It is normally an advantage if changes are only
made in the bearings since changes in the rotor geometry will
imply higher cost.

Table 4 shows that no feasible design was found in the factorial
experiment. However, if all design variables are included a fea-

Fig. 10 The initial and 400th generation in the objective space

Table 4 Summary of best designs with respect to min „D„X…… found in factorial experiments and single objective search. For the
multiobjective search the best design found is defined by D„X…Ä0 and min „L„X……. Factors or design variables within parentheses
are held constant in the actual experiment or optimization.

Factorial Experiments Optimization

Full 36 with
bearing
factors

Full 211 with
all factors

Single
objective with
bearing design

variables

Single
objective with

all design
variables

Multiobjective
with all design

variables

k1/109 (N/m) 1.0 1.0 1.0 1.4 1.0
c1/106 (Ns/m) 2.0 14.0 2.4 8.9 3.8
k2/109 (N/m) 1.0 1.0 1.0 1.0 1.0
c2/106 (Ns/m) 8.0 14.0 4.4 11.0 12.0
k3/108 (N/m) 1.2 1.2 1.2 1.7 2.4
c3/105 (Ns/m) 4.0 14.0 5.5 13.0 13.0

L3 (mm) �310� 910 �310� 727 770
L7 (mm) �310� 910 �310� 841 762
L9 (mm) �350� 350 �350� 371 351
L10 (mm) �490� 490 �490� 500 492
L11 (mm) �1200� 1200 �1200� 1392 1203

D(X) 0.686 0.0724 0.593 0 0
L(X) (mm) �0� 1200 �0� 1171 918
Objective
function

evaluations

729 2048 4566 3516 16,200
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sible design could be achieved in the single objective optimiza-
tion. By including the min(L(X)) objective another feasible de-
sign with shorter rotor length was found.

The results show that the method of using a Pareto-based GA
and multiobjective optimization with the damped natural fre-
quency constraints as one objective is interesting in this rotordy-
namic application. Normally the design of a turbo generator is
based on simple linear dynamical analyses. A serious problem for
the designer is, however, how to handle multiple conflicting ob-
jectives. With the knowledge of the Pareto optimal tradeoff sur-
face, for the objectives, the designer is better equipped to make a
rational choice for the final design.

The presented way to handle the damped natural frequency
constraints may also be applicable in other rotordynamic systems.
It is also shown that the search easily can be extended to include
more objectives. The computational effort will however increase
if the dimension of the objective space is increased. Mating re-
strictions may be needed in order to zoom in on the most impor-
tant ranges of the objectives. In this paper a linear and isotropic
bearing model is used without cross coupling effects. Therefore, a
better bearing-pedestal model is required in order to achieve re-
sults of more practical interests. The direction for the author’s
further research is therefore to investigate the possibility to in-
clude a bearing code in the search algorithm.
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Appendix
The function, D(X), describing the degree of feasibility with

respect to the damped natural frequency constraints is shown by
these rows of coding.

D(X)�0
for i�1 to N

if 0�ni
 n̄1 and � i� �̄1

D(X)�D(X)�( �̄1�� i)/ �̄1

elseif n̄1�ni
 n̄dr and � i� �̄2

D(X)�D(X)�(( �̄2�� i)(ni� n̄1))/( �̄2( n̄dr� n̄1))
elseif n̄dr�ni� n̄2 and � i� �̄2

D(X)�D(X)�(( �̄2�� i)( n̄2�ni))/( �̄2( n̄2� n̄dr))
elseif n̄3�ni
2 n̄dr and � i� �̄2

D(X)�D(X)�(( �̄3�� i)(ni� n̄3))/( �̄3(2 n̄dr� n̄3))
elseif 2 n̄dr�ni� n̄4 and � i� �̄3

D(X)�D(X)�(( �̄3�� i)( n̄4�ni))/( �̄3( n̄4�2 n̄dr))
end

end
N is the number of damped natural frequencies with frequency

less than n̄4 , see Fig. 2 for definition of the other variables. Only
infeasible damped natural frequencies will give a contribution to
D(X). The magnitude of an infeasible eigenvalues contribution to
D(X) depends on its location within the infeasible region.
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Linköping.
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