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Abstract. This paperpresentsa mathematicalproof of convergenceof a multi-
objective artificial immunesystemalgorithm(basedon clonalselectiontheory).
An specificalgorithm(previouslyreportedin thespecializedliterature)is adopted
asabasisfor themathematicalmodelpresentedherein.Theproof is basedonthe
useof Markov chains.

1 Intr oduction

Despitetheconsiderableamountof researchrelatedto artificial immunesystemsin the
last few years[3, 10], thereis still little work relatedto issuesasimportantasmathe-
maticalmodelling(seefor example[13,11]). Otheraspects,suchasconvergence,have
beenpracticallydisregardedin thecurrentspecializedliterature.

Problemswith several(maybeconflicting)objectivestendto arisenaturallyin most
domains.Theseproblemsare called “multiobjective” or “vector” optimizationprob-
lems,andhave beenstudiedin OperationsResearchwherea numberof solutiontech-
niqueshave beenproposed[9]. It wasuntil relatively recentlythatresearchersbecame
awareof thepotentialof population-basedheuristicssuchasartificial immunesystems
in this area[6,1]. Themainmotivation for usingpopulation-basedheuristics(suchas
artificial immunesystems)in solvingmultiobjective optimizationproblemsis because
suchapopulationmakespossibleto dealsimultaneouslywith asetof possiblesolutions



(theso-calledpopulation)whichallowsusto findseveralmembersof theParetooptimal
setin asinglerunof thealgorithm,insteadof having to performaseriesof separateruns
asin thecaseof thetraditionalmathematicalprogrammingtechniques[9]. Additionally,
population-basedheuristicsarelesssusceptibleto theshapeor continuityof thePareto
front (e.g.,they caneasilydealwith discontinuousandconcaveParetofronts),whereas
thesetwo issuesarea realconcernfor mathematicalprogrammingtechniques[5,1].

Thispaperdealswith convergenceanalysisof anartificial immunesystemalgorithm
usedfor multiobjectiveoptimization.

The remainderof this paperis organizedas follows. Section2 briefly describes
the generalmultiobjective optimizationproblemand introducesthe basicdefinitions
adoptedin this paper. In Section3, we briefly describethespecificalgorithmadopted
for developingourmathematicalmodelof convergence.Then,in Section4, wepresent
ourmainresults.A mathematicalproofof suchresultsis presentedin Section5.Finally,
ourconclusionsandsomepossiblepathsfor futureresearcharepresentedin Section6.

2 The multiobjecti ve optimization problem

To comparevectorsin 
 �
� we will usethestandardParetoorderdefinedasfollows.
If ������� ��� � ����������� � � � and �����! ���  �"���������  � � arevectorsin 
 �
� , then�$#%�'&)( �+*-,� �*/.10325476 ���������98/:7�

This relationis a partial order. We alsowrite �<;%�'&)( �<#=� and �?>�$� �
Let @ be a setand ACBD@ E+F 
 �G� a given vector function with componentsH *-B"@ E+F 
 � for each0I2J4K6 ���������98/: .
The multiobjective optimizationproblem(MOP) we areconcernedwith is to findL+M 2N@ suchthat AO� L M � �QP1RTSU�V"W AO� L � �XP)RTSU"V"WZY H � � L � �������[� H�\ � L �^] � (1)

wheretheminimumis understoodin thesenseof theParetoorder.

Definition 1:
A point L M 2_@ is calleda Paretooptimalsolutionfor theMOP (1) if thereis noL 2`@ suchthat AO� L � ;$AO� LaM � .
Theset b M �c4 L 2N@dB L is aParetooptimalsolution:

is calledtheParetooptimalset, andits imageunder A , i.e.AO� b M � Be�f4[AO� L � B L 2 b M :D�
is theParetofront.

As we areconcernedwith theartificial immunesystemalgorithmin which theele-
mentsarerepresentedby a stringof length g with 0 or 1 in eachentry. In theremainder
of thepaperwe will replace@ with thefinite set 
 hji , where
 hk�?4ml � 6 : .



3 The Artificial Immune SystemAlgorithm

For our mathematicalmodel,we will considertheartificial immunesystem(basedon
clonalselectiontheory[4]) for multiobjectiveoptimizationproposedin [2]. Fromhere
on, we will refer to this approachusingthesamenameadoptedby theauthorsof this
algorithm: “Multi-objective ImmuneSystemAlgorithm” (MISA for short).Next, we
will focusourdiscussiononly on theaspectsthataremostrelevantfor its mathematical
modelling.For a detaileddiscussionon this algorithm,readersshouldreferto [2].

MISA is a techniquein which thereis a populationthat evolvesas follows. The
populationis divided in two parts,a primary setanda secondaryset;the primary set
containsthe “best” individuals(or elements)of the population.The transitionof one
populationto anotheris madeby meansof a mutationrule anda reorderingoperation.
First,severalcopiesof theelementsof theprimarysetaremade;then,a “small” muta-
tion (usinga parameteror probability npo ) is appliedto thesecopies,while a mutation
with the parameterqro is appliedto the secondaryset.Theseparametersarepositive
andlessthan 6ms�t , i.e. npo � qKo�2u�vl � 6ms�t � � (2)

We model this algorithm with a Markov chain 4[@Ow<Byxcz{l : , with statespace| �}
 h \ i , where
 hk�~4ml � 6 : . Hence
|

is thesetof all possiblevectorsof � individuals
eachonerepresentedby astringof length g with 0 or 1 in eachentry.

In ourmodel,weomittedtheclonationstage,andmutationis applieddirectly to the
elementsof theprimaryset.Notethat if we useclonestheprobabilityof passingfrom
a stateto anotheris increased.Thus,our omissionis not relevantto themodel,sinceit
doesnot affectour proof.

Thechain’s transitionprobabilityis givenby� *�� �X
 � �!@ w�� � �%�1��@ w �}0 � �
We alsowrite � ��0 ��� � �X
 � �!@�w�� � 2 � ��@Ow
�<0 � �
Thusthetransitionmatrix is of theform� �c� � *e� � �}�
� � (3)

where � and � arethetransitionmatricesof reorderingandmutation,respectively.
Note that thesematricesarestochastic,i.e. � *e� z�l , � *e� z�l for all 0 � � , andfor

each0I2 | ���V7� �Z* � ��6 and

���V7� �_* � �?6 � (4)

Supposethattheprimarysethas� � individuals,sothatthesecondarysethas�ZE)� �
individuals.Let 032 | beastate(population).Thenwe canexpress0 as0-�c��0 � � 0 � ��������� 0 \K� � 0 \7� � � ��������� 0 \ � �
whereeach0 � is a stringof length g of 0’sand1’s.



3.1 The Mutation Probability

In orderto calculatethemutationprobability from thestate0 to state� we usethat the
individual 0 � is transformedinto theindividual � � applyinguniform mutation(i.e. each
entranceof 0 � is transformedinto the correspondingoneof � � with probability n�o orqKo ), asin thefollowing scheme. 6�������� � � �D� 6G�����O�0 0 � ����� 0 \ � 0 \ � � � ����� 0 \

mutation �$������� � �������� � � ����� � \ � � \ � � � ����� � \
Thus,for eachindividual in theprimarysetof thepopulation,themutationproba-

bility canbecomputedasnp��� *T� � �^���o ��6�ENn o � i�� ��� *T� � �^��� .a 
254K6 ��������� � � :K�
where ¡¢�!0 � � � � � is theHammingdistancebetween0 � and � � . For thesecondarysetwe
have q ��� * � � � � �o ��6£EuqKo � i�� ��� * � � � � � .¤ G2J4[� �¥� 6 ��������� � :7�

Hencethemutationprobabilityfrom 0 to � is:�_*e�y� \7�¦�^§ � n �y� * � � � � �o ��6£ENn�o � i!� �y� * � � � � � \¦�^§ \ � � � q �y� * � � � � �o ��6£Euqro � i�� �y� * � � � � � (5)

3.2 Useof Elitism

We saythatwe areusingelitism in an algorithm,in particularin MISA, if we usean
extra set,calledthe elite set(or secondarypopulation,asin [2]), in which we put the
“best” elements(nondominatedelementsof the statein our case)of the primary set.
This elite setusuallydoesnot participatein theevolution,sinceit is usedonly to store
thenondominatedelementsfoundalongtheprocess.

After eachtransitionwe have to applyanelitismoperation thatacceptsa new state
if thereis anelementin theprimaryor secondarysetthatimprovessomeelementin the
elite set.

If we areusing elitism, the representationof the stateschangesto the following
form: ¨0¥����0^©[ª90 � ����0^©� � ����� � 0�©« ª�0 � � ����� � 0 \7� � 0 \7� � � � ����� � 0 \ �
where0 © � � ����� � 0 ©« arethemembersof theelitesetof thestate,¬ is thenumberof elements
in theelitesetandweassumethatthecardinalityof

b M is greaterthan ¬ . In additionwe
assumethat ¬­,=� .



Notethatin general0 © � � ����� � 0 ©« arenotnecessarilythe“best” elementsof thestatë0 ,
but afterapplyingtheelitism operationon 0 © , they arethe“best” elementsof thestates.

Let

¨�
bethetransitionmatrix associatedwith thenew states.

Note that if all the elementsin the elite setof a stateareParetooptimal thenany
statethat containsan elementin the elite set that is not a Paretooptimal will not be
accepted,i.e.

if 4�0 © � � ����� � 0 ©« :
® b M and 4�� ©� � ����� � � ©« : >® b M then

¨� *�� �Xl (6)

4 Main results

Beforestatingour main results,we introducethe definition of convergenceof an al-
gorithm,wherewe usethe following notation.If ¯°�±�! ���  �7���������  \ � is a vector, we
denoteby 4m¯ : thesetof entriesof ¯ , i.e.4m¯ : �~4� ���  �7���������  \ :7�
Definition 2:

Let 4�@ w B²x�z}l : betheMarkov chainassociatedto analgorithm.We saythatthe
algorithmconvergesif 
 � �^4�@�w :
® b M � F³6 as xOFµ´

In thecaseof usingelitism, we replace@�w by @ ©w , wich is theelite setof thestate
(i.e. if @�wG�}0 then @ ©w �<0 © )
Theorem1:

Let
�

bethetransitionmatrixof MISA. Then,
�

hasastationarydistribution ¶ such
that �T� � w Eu¶3�·�¸,º¹"6£E_t \ i n \ � io q � \ � \ � � io » w .ax1�c6 � t ��������� (7)

Moreover, ¶ hasall its entriespositive.

In spiteof this convergenceresult,theconvergenceof MISA to theParetooptimal
setcannotbeguaranteed.

In fact, from Theorem1 andusingthe fact that ¶ hasall entriespositive we will
immediatelydeducethefollowing fact.

Corollary 1:
MISA doesnot converge.

To ensureconvergenceof MISA weneedto useelitism.

Theorem2:
Theelitist versionof MISA doesconverge.



5 Proof of the results

We first recallsomestandarddefinitionsandresults.

Definition 3:
A nonnegativematrix

�
is saidto beprimitive if thereexistsa x�¼Ql suchthat the

entriesof
� w areall positive.

Definition 4:
A Markov chain 4[@ w B½x�z¾l : with transitionmatrix

�
, it is said to satisfy a

minorizationcondition if thereis a pair �!¿ ��À � consistingof a positive real number ¿
andaprobabilitydistribution À on

|
, andsuchthat� ��0 ��� � z%¿ À � � � .p0D2 | � . �?Á | �

The following result givesan upperboundon the convergencerate of a Markov
chainthatsatisfiesaminorizationcondition.

Lemma 1:
Cosidera Markov chain 4�@ w BKxNz<l : with transitionmatrix

�
andsupposethatit

satisfiesaminorizationcondition �!¿ �9À � . Then
�

hasauniquestationarydistribution ¶ .
Moreover for any initial distributionwe have�T� � w Eu¶3�·�r,?��6£Eu¿ � w .ax1��6 � t ���������
Proof seefor example[7, pp.56,57]

We will usethe next result to show the existenceof the stationarydistribution in
Theorem1.

Lemma 2:
Let
�

beastochasticprimitivematrix.Then,as xOFµ´ ,
� w convergesto astochas-

tic matrix
�jÂ �cÃKÄ n Â , where Ã Ä is acolumnvectorof 1’sandn Â ��n�Å¤Æ·RTP w�Ç Â � w �n/Å �jÂ haspositiveentriesandit is unique,independentlyof theinitial distribution n/Å .

Proof [8, p. 123]

Thenext lemmawill allow usto useeitherLemma1 or Lemma2.

Lemma 3:
Let
�

bethetransitionmatrix of MISA. ThenP)RTS* � � V7� � *e� �¢n \ � io q � \ � \ � � io ¼$l_.+0 � �12 | � (8)

andtherefore
�

is primitive.Moreover,
�

satisfiesa minorizationcondition ��¿ ��À �
with ¿5�Xt \ i n \ � io q � \ � \ � � io �ÈÀ � � � � � � �t \ i � . �~® | (9)



where � � � is thecardinalityof � .
Proof

By (2) wehave n ocÉ 6t É 6£E`n o � q ocÉ 6t É 6£Euq o �
Thus,from (5),

�_*��½� \ �¦�^§ � n ��� *T� � �^�9�o ��6£ENn�o � i�� ��� *T� � �^�9� \¦�^§ \ � � � q ��� *T� � �^�9�o ��6£EuqKo � i!� �y� *T� � �����
¼ \ �¦�^§ � n i o

\¦�^§ \ � � � q i o�¢n \ � io q � \ � \ � � io
Ontheotherhand,by (3) and(4)� *e� � ���V7� � * � � � �z5n \7� io q � \ � \7� � io ���V7� �Z* ��_n \ � io q � \ � \ � � io ¼Êl �
To verify (8), seethat

� *e� attainstheminimumin (8) if 0 has0 in all entriesand �
has1 in all entries.

Now we will show that thepair ��¿ ��À � givenby (9) is a minorizationconditionfor�
. Indeed,from (8) wehave� ��0 ��� � � �� V"Ë � *e�jz

�
� V"Ë n \7� io q � \ � \7� � io��� � ��n \7� io q�� \ � \7� � io� � � �t \ i t \ i n \ � io q � \ � \ � � io�$¿ À � � �

andthedesiredconclusionfollows.

Proof of Theorem1

By Lemma3,
�

is primitive.Thus,by Lemma2,
�

hasastationarydistribution ¶ with
all entriespositive.Finally, usingLemma1 andtheminorizationin (9), we get(7).



Beforeproving Theorem2 wegivesomepreliminarydefinitionsandresults.

Definition 5:
Let @ beasin Definition 1. Wesaythat @ is completeif for eachL 2�@QÌ b M there

exists LaM 2 b M suchthat AO� LaM � #%AO� L � .
For instanceif @ is finite, then @ is complete.
Let 0 � ��2 | be two arbitrarystates,we saythat 0 leadsto � , andwrite 0GFÍ� , if

thereexistsaninteger x�z~6 suchthat
� w*�� ¼=l . If 0 doesnot leadto � we write 0�>FÎ� .

We call a state 0 inessentialif thereexists a state� suchthat 0OFÏ� but ��>FÐ0 .
Otherwisethestate0 is calledessential.

Wedenotethesetof essentialstatesby Ñ andthesetof inessentialstatesby 
 . Note
that | �XÑ}Ò`
 �

We saythat
�

is in canonicalform if it canbewrittenas� �{Ó � � l�{ÔJÕ �
Observe that

�
canput in this form by reorderingthe states,that is, the essential

statesat the beginningandthe inessentialstatesat the end.In this case
� � is the ma-

trix associatedwith thetransitionsbetweenessentialstates,� with transitionsbetween
inessentialto essentialstates,and Ô with transitionsbetweeninessentialstates.Also
notethat

� w hasa Ô w in thepositionof Ô in
�

, i.e.� w �{Ó � w� l� w Ô w Õ �
and � w is a matrix thatdependsof

� � � Ô and � .
Now wepresentsomefactsthatwill beessentialin theproof of Theorem2.

Lemma 4:
Let
�

beastochasticmatrix,andlet Ô bethesubmatrixof
�

associatedwith transi-
tionsbetweeninessentialstates.Then,as x�FC´ , Ô w FÖl elementwisegeometrically
fast.

Proof See,for instance,[12, p.120].
As aconsequenceof Lemma4 wehave thefollowing.

Corollary 2:
If 4�@�w×B7x`z%l : is a Markov chain,then
 � �!@ w 2N
 � FØl as xOFµ´ �
independentlyof theinitial distribution.

Proof



For any initial distribution vector n Å , let n Å �Ù
 � bethesubvectorwhich corresponds
to theinessentialstates.Then,by Lemma4,
 � ��@Ow­2�
 � �_n Å ��
 � Ä Ô w Ã1FØl as xOFµ´ �
Proof of Theorem2

By Corollary2, it sufficesto show that thestatesthatcontainelementsin theelite set
thatarenot Paretooptimalareinessentialstates.To this end,first notethat @Ú�?
 hji is
completebecauseit is finite.

Now supposethat thereis a statë03�È��0 © ª90 � in which theelite setcontainelements0 ©� � ��������� 0 ©��Û thatarenotParetooptimal.Then,as @ is complete,thereareelements,say� ©� � ��������� � ©��Û 2 b M , thatdominate0 ©� � ��������� 0 ©��Û , respectively.

Take

¨���°�T� © ªv� � suchthatall Paretooptimalpointsof 0 © arein � © andreplacethe
otherelementsof 0 © with thecorresponding� ©� � ��������� � ©��Û . Thusall theelementsin � © are
Paretooptimal.

Now let �­�c�T� ©� ��������� � ©« � 0 ©� � ��������� 0 ©� �Ü Ý�Þ ß\ � « �
By Lemma3 we have 0jFà� . Hence,with positive probability we canpassfrom�!0 © � 0 � to �!0 © � � � , andthenwe apply the elitist operationto passfrom �!0 © � � � to �·� © � � � .

This impliesthat

¨0¥F ¨� . On theotherhand,using(6)

¨��>F ¨ 0 . Thereforë0 is anessential
state.

Finally, from Corollary2 we have
 � ��4�@ ©w :j® b M � �X
 � �!@ w 2�Ñ � �c6£E�
 � �!@ w 2�
 � F³6£Eulj��6 as xOFµ´ �
Thiscompletestheproof of Theorem2.

6 Conclusionsand Future Work

We havepresentedaproofof convergencefor themultiobjectiveartificial immunesys-
temalgorithmpresentedin [2] andcalledMISA by its authors.Thetheoreticalanalysis
of the approachindicatesthat the useof elitism (which is representedin the form of
anelitesetin thecaseof multiobjectiveoptimization)is necessaryto guaranteeconver-
gence.To theauthors’bestknowledge,thisis thefirst timethatthissortof mathematical
proof of convergenceis presentedfor a multiobjectiveartificial immunesystem.

As partof our futurework, weplanto extendour theoreticalanalysisto othertypes
of artificial immunesystems[3]. We are also interestedin defining a more general
framework for proving convergenceof heuristicsthatoperatewith baseon a mutation
operator. Sucha framework wouldallow to proveconvergenceof a family of heuristics
thatcomplywith a certain(minimum)setof requirements,ratherthanhaving to devise
a specificproof for eachof them.
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