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Abstract. This paperpresenta mathematicaproof of convergenceof a multi-
objectie artificial immunesystemalgorithm (basedon clonal selectiontheory).
An specificalgorithm(previously reportedn thespecializediterature)is adopted
asabasisfor themathematicamodelpresentedherein.Theproofis basednthe
useof Markov chains.

1 Intr oduction

Despitethe considerableamountof researchelatedto artificialimmunesystemsn the
lastfew years[3, 10], thereis still little work relatedto issuesasimportantasmathe-
maticalmodelling(seefor example[13,11]). Otheraspectssuchascornvergencehave
beenpracticallydisregardedn the currentspecializediterature.

Problemswith several(maybeconflicting) objectivestendto arisenaturallyin most
domains.Theseproblemsare called “multiobjective” or “vector” optimization prob-
lems,andhave beenstudiedin OperationsResearctwherea numberof solutiontech-
nigueshave beenproposed9]. It wasuntil relatively recentlythatresearcherbecame
awareof the potentialof population-basetieuristicssuchasartificial immunesystems
in this area[6, 1]. The main motivationfor usingpopulation-basetieuristics(suchas
artificial immunesystems)n solving multiobjective optimizationproblemsis because
suchapopulationmakespossibleto dealsimultaneouslyvith asetof possiblesolutions



(theso-calledbopulation)whichallows usto find severalmemberof the Paretooptimal
setin asinglerun of thealgorithm,insteadf having to performaseriesof separateuns
asin thecaseof thetraditionalmathematicaprogrammingechnique$9]. Additionally,
population-basetleuristicsarelesssusceptibldgo the shapeor continuity of the Pareto
front (e.g.,they caneasilydealwith discontinuousindconcae Paretofronts),whereas
thesetwo issuesarearealconcerrfor mathematicaprogrammingechniqueg5, 1].

Thispaperdealswith corvergenceanalysisof anartificialimmunesystemalgorithm
usedfor multiobjective optimization.

The remainderof this paperis organizedas follows. Section2 briefly describes
the generalmultiobjective optimizationproblemand introducesthe basicdefinitions
adoptedn this paper In Section3, we briefly describethe specificalgorithmadopted
for developingour mathematicainodelof corvergenceThen,in Sectiond, we present
ourmainresults A mathematicaproofof suchresultsis presenteih Sections. Finally,
our conclusionsandsomepossiblepathsfor futureresearctarepresentedn Section6.

2 The multiobjecti ve optimization problem

To comparevectorsin IR? we will usethe standardParetoorder definedasfollows.
If w = (ui,us,...,uq) andv = (vy,vs,...,vyq) arevectorsin R¢, then

u=sv <= u; <vy;Vie{l,...,d}

Thisrelationis a partial order. We alsowrite u < v <= u < v andu # v.

Let X beasetandF : X —s IR? agivenvectorfunctionwith components
fi: X — IRRforeachi € {1,...,d}.

The multiobjective optimizationproblem(MOP) we are concernedvith is to find
z* € X suchthat

F(z*) = min F(z) = ggg[fl(w), ooy fn(@)], 1)

wherethe minimumis understoodn the senseof the Paretoordet

Definition 1:
A pointz* € X is calleda Pareto optimal solutionfor the MOP (1) if thereis no
z € X suchthatF(z) < F(z*).
Theset
P* ={z € X : xisaParetooptimalsolution}

is calledthe Pareto optimal set andits imageunderF, i.e.

F(P*) == {F(z) : z €P*},

is the Paretofront.

As we areconcernedvith the artificial immunesystemalgorithmin which the ele-
mentsarerepresentetly a stringof lengthl with 0 or 1 in eachentry. In theremainder
of thepapewe will replaceX with thefinite setiB!, whereB = {0, 1}.



3 The Artificial Immune SystemAlgorithm

For our mathematicamodel,we will considerthe artificial immunesystem(basedon
clonalselectiontheory[4]) for multiobjective optimizationproposedn [2]. Fromhere
on, we will referto this approactusingthe samenameadoptedby the authorsof this
algorithm: “Multi-objective Immune SystemAlgorithm” (MISA for short). Next, we
will focusourdiscussioronly ontheaspectshataremostrelevantfor its mathematical
modelling.For a detaileddiscussioron this algorithm,readershouldreferto [2].

MISA is a techniquein which thereis a populationthat evolves asfollows. The
populationis divided in two parts,a primary setanda secondaryset;the primary set
containsthe “best” individuals (or elements)of the population.The transitionof one
populationto anotheris madeby meansof a mutationrule anda reorderingoperation.
First, several copiesof the elementf the primary setaremade;then,a “small” muta-
tion (usinga parameteor probability p,,) is appliedto thesecopies while a mutation
with the parametep,, is appliedto the secondarset. Theseparametersre positive
andlessthan1/2, i.e.

Pms>pm € (0,1/2). 2

We modelthis algorithmwith a Markov chain{X} : k£ > 0}, with statespace
S = B™,whereB = {0,1}. HenceS is thesetof all possiblevectorsof n individuals
eachonerepresentedly a stringof lengthl with 0 or 1 in eachentry.

In our model,we omittedthe clonationstage andmutationis applieddirectly to the
elementof the primary set.Notethatif we useclonesthe probability of passingrom
a stateto anotheris increasedThus,our omissionis not relevantto the model,sinceit
doesnot affectour proof.

Thechainstransitionprobabilityis givenby

Pij = P(Xj41 = j | X =1).

We alsowrite
P(Z,A) = P(Xk_H e A | X = 7,)

Thusthetransitionmatrix is of theform

P = (P,) = RM, ®

whereR and M arethetransitionmatricesof reorderingandmutation,respectiely.
Note thatthesematricesare stochasticj.e. R;; > 0, M;; > 0 for all 4, j, andfor

eachie S
> Ri,=1and > M =1 (4)
sES SES

Supposehattheprimarysethasn, individuals,sothatthesecondargethasn —n,
individuals.Leti € S beastate(population).Thenwe canexpress; as

T = (11,92, »0ny bngtls---»in),

whereeachi, is astringof lengthl of O’'sand1l’s.



3.1 The Mutation Probability

In orderto calculatethe mutationprobability from the statei to statej we usethatthe
individual i, is transformednto theindividual j, applyinguniform mutation(i.e. each
entranceof i, is transformednto the correspondingneof j, with probability p,,, or
pm), asin thefollowing scheme.

]_ EEC (] n1+1... n
il Ji [ [ Jin)
mutation --- | ol

i ] finlldnges - [ia)

Thus,for eachindividualiin the primary setof the population.the mutationproba-
bility canbecomputedas

pHlieds) (1 — p V-HGeds) yg e {1, ),

whereH (is, j5) is the Hammingdistancebetweeni; andj,. For the secondansetwe
have o o
pHGedo) (1 — p )i Hs0de) s e {ny +1,...,n}.

Hencethe mutationprobabilityfrom i to j is:

sz - Hpg(zsv.js)(]_ _pm)l_H(zsa]s) H pg(lsa]s)(l — pm)l_H(zsa]s) (5)
s=1 s=ni+1

3.2 Useof Elitism

We saythatwe areusingelitismin analgorithm,in particularin MISA, if we usean
extra set, calledthe elite set(or secondarypopulation,asin [2]), in which we put the
“best” elementgnondominateclementsof the statein our case)of the primary set.
This elite setusuallydoesnot participatein the evolution, sinceit is usedonly to store
thenondominatedlementdfoundalongtheprocess.

After eachtransitionwe have to applyanelitismopefation thatacceptsa new state
if thereis anelemenin theprimaryor secondargetthatimprovessomeelementn the
elite set.

If we areusing elitism, the representatiornf the stateschangego the following
form:

2: (ie;i) = (lia ;if«;ily"' ainlainl—i-la"' ;ln)

wherei§, - - - , it arethemember®f theelite setof thestate s is thenumberof elements
in the elite setandwe assumehatthe cardinalityof P* is greatetthanr. In additionwe
assumehatr < n.



Notethatin generaks, - - - ,i¢ arenotnecessarilghe “best” elementsof the state,
but afterapplyingtheelitism operationon ¢, they arethe “best” elementf the states.

Let P bethetransitionmatrix associateavith the new states.

Notethatif all the elementsn the elite setof a stateare Paretooptimal thenary
statethat containsan elementin the elite setthatis not a Paretooptimal will not be
acceptedi.e.

if {iia' o aif‘} C P* and{jfa' o ajﬁ} ¢ P* thenp@'j =0 (6)

4 Main results

Before statingour main results,we introducethe definition of corvergenceof an al-
gorithm, wherewe usethe following notation.If V' = (v1,v2,...,v,) iS avector we
denoteby {V'} thesetof entriesof V, i.e.

{V} = {vl,v2,...,vn}.

Definition 2:
Let {X} : k > 0} betheMarkov chainassociatedo analgorithm.We saythatthe
algorithmcorvermesif

P({X;} CP*)—=1ask— o0

In the caseof usingelitism, we replaceX;, by X§, wich is the elite setof the state
(i.e.if X =idthenX; =i°)

Theorem1:
Let P bethetransitionmatrixof MISA. Then,P hasastationarydistribution7 such
that

k
|PF — || < (1 — gnipml <"—"1)l) Vk=1,2,.... 7)

m Pm

Moreover, = hasall its entriespositive.

In spiteof this convergenceresult,the corvergenceof MISA to the Paretooptimal
setcannotbeguaranteed.

In fact, from Theoreml andusingthe factthat« hasall entriespositive we will
immediatelydeducehefollowing fact.

Corollary 1:
MISA doesnot corverge.

To ensurecorvergenceof MISA we needto useelitism.

Theorem 2:
Theelitist versionof MISA doescorverge.



5 Proofof theresults
We first recallsomestandardiefinitionsandresults.

Definition 3:
A nonngative matrix P is saidto be primitive if thereexistsak > 0 suchthatthe
entriesof P* areall positive.

Definition 4:

A Markov chain{X;, : £ > 0} with transitionmatrix P, it is saidto satisfya
minorizationconditionif thereis a pair (3, 1) consistingof a positive real numberj
andaprobabilitydistribution i on S, andsuchthat

P(i, A) > Bu(A) Vi€ S,YAC S.

The following resultgives an upperboundon the corvergencerate of a Markov
chainthatsatisfiesa minorizationcondition.

Lemma 1:

CosideraMarkov chain{X}, : k£ > 0} with transitionmatrix P andsupposehatit
satisfiesaminorizationcondition(3, 1). ThenP hasauniquestationarydistribution .
Moreoverfor ary initial distribution we have

[P —x||<(1-8)F VE=1,2,....
Proof seefor example[7, pp.56,57]

We will usethe next resultto show the existenceof the stationarydistribution in
Theoreml.

Lemma2:

Let P beastochastigrimitive matrix. Then,ask — oo, P* corvergesto astochas-
tic matrix P> = 1'p>, wherel’ is acolumnvectorof 1'sandp™ = p®limj_,, P* =
p° P> haspositive entriesandit is unique,independentlyf theinitial distribution p°.
Proof [8, p. 123]

Thenext lemmawill allow usto useeitherLemmal or Lemma2.

Lemma 3:
Let P bethetransitionmatrix of MISA. Then

min P;; = plilpn=m)l 5 0 Vi, j € S, (8)
i,jES

andthereforeP is primitive. Moreover, P satisfiesa minorizationcondition (3, u)
with Al
B=2mpt ! pw(d) = oy, VACS ©)



where|A| is thecardinalityof A.

Proof
By (2) we have
1 1
pm<_<1_pm7 pm<_<1_pm-
2 2
Thus,from (5),
n1
Mz] — Hpg(zsah)(l _ l H(is,js) H pH('S:Js 1-— )I*H(iSij)
s=ni+1
> Hpm H ph,
s=ni+1
—pZ:’ (p—nut

Ontheotherhand,by (3) and(4)

Pz] = Z RisMsj
seS
> ptpln Ny " Ry,
seS
_p:bnllp(n—nl)l > 0,

To verify (8), seethat P;; attainsthe minimumin (8) if < has0 in all entriesand j
haslin all entries.

Now we will show thatthe pair (8, 1) givenby (9) is a minorizationconditionfor
P.Indeedfrom (8) we have

A=) P> oo

jeA jeA
— |A| pmlp%,—nl)l
_ Al ot nat (nenant
2nl 27L 71 pWTlL ni
=B u(A)
andthedesiredconclusionfollows. [ ]

Proof of Theorem 1

By Lemma3, P is primitive. Thus,by Lemmaz2, P hasa stationarnydistribution 7 with
all entriespositive. Finally, usingLemmal andthe minorizationin (9), we get(7). W



Beforeproving Theorem2 we give somepreliminarydefinitionsandresults.

Definition 5:

Let X beasin Definition 1. We saythat X is completdf for eachz € X \ P* there
existsz* € P* suchthat F'(z*) < F(z).

Forinstancaf X isfinite, thenX is complete.

Leti,j € S betwo arbitrarystateswe saythati leadsto j, andwrite i — 7, if
thereexistsanintegerk > 1 suchthath.’j- > 0. If ¢ doesnotleadto j we write i /4 j.

We call a statei inessentialif thereexists a statej suchthati — j butj 4 4.
Otherwisethe state; is calledessential

We denotethesetof essentiabtatedy E andthesetof inessentiastatedy I. Note
that

S=FEUI

We saythat P is in canonicalformif it canbewritten as

_ (PO
= (20,
Obsene that P canput in this form by reorderingthe statesthatis, the essential
statesat the beginning andthe inessentiaktatesat the end. In this caseP; is the ma-
trix associatedvith thetransitionsbetweeressentiaktates R with transitionsbetween

inessentiato essentiaktatesand @) with transitionsbetweeninessentiaktates Also
notethat P* hasa Q* in thepositionof Q in P, i.e.

k_ (PF O
P* = (Rk Qk ’
and Ry, is amatrix thatdepend®f P, Q andR.
Now we presensomefactsthatwill beessentialn the proof of Theorem2.

Lemma4:

Let P beastochastianatrix,andlet Q bethesubmatrixof P associateavith transi-
tionsbetweerinessentiatatesThen,ask — oo, Q% — 0 elementwisegeometrically
fast.

Proof Seefor instance[12, p.120]. [ |
As aconsequencef Lemma4 we have thefollowing.

Corollary 2:
If {X : k> 0} isaMarkov chain,then

P(X,el)—0 ask — oo,
independenthof theinitial distribution.

Proof



For ary initial distribution vectorpy, let po(I) bethe subvectorwhich corresponds
to theinessentiaktatesThen,by Lemma4,

P(X €1) =po(I)'Q*1 = 0 ask — oo. n

Proof of Theorem 2

By Corollary 2, it sufiicesto shaw thatthe statesthatcontainelementdn the elite set
thatarenot Paretooptimal areinessentiaktatesTo this end,first notethat X = IB' is
completebecausét is finite.

Now supposehatthereis astate; = (i¢;) in which the elite setcontainelements
ig,,-- -, 13, thatarenotParetooptimal. Then,as X is completethereareelementssay
Jes- ..,jslc € P*, thatdominateis , ..., 45, , respectiely.

Take j = (j¢;4) suchthatall Paretooptlmal pointsof ¢ arein j¢ andreplacethe

otherelementsf i with thecorrespondingy , .. ., js, . Thusall theelementsn ;¢ are
Paretooptimal.
Now let
Jj= (jfa' .- aj;faigla-- -aigl)
———r
n—r

By Lemma3 we have i — j. Hence,with positive probability we can passfrom
(i°,1) to (i%, j), andthenwe apply the elitist operationto passfrom (i°, j) to (j, j).
Thisimpliesthati — j. Ontheotherhand,using(6) j # . Therefore; is anessential
state.

Finally, from Corollary2 we have

P{X;}CcP)=PX,€E)=1-P(X,€I)—>1-0=1 ask — cc.

This completeghe proof of Theorem2. [ |

6 Conclusionsand Future Work

We have presenteé proof of cornvergencefor the multiobjective artificial immunesys-
temalgorithmpresentedh [2] andcalledMISA by its authorsThetheoreticaknalysis
of the approachindicatesthat the useof elitism (which is representedh the form of
anelite setin the caseof multiobjective optimization)is necessaryo guaranteeorver-
genceTotheauthors’bestknowledge thisis thefirst timethatthis sortof mathematical
proof of corvergencds presentedor a multiobjective artificial immunesystem.

As partof ourfuturework, we planto extendour theoreticalnalysisto othertypes
of artificial immune systems[3]. We are also interestedin defininga more general
framework for proving corvergenceof heuristicsthat operatewith baseon a mutation
operatorSucha frameavork would allow to prove corvergenceof afamily of heuristics
thatcomplywith a certain(minimum) setof requirementsratherthanhaving to devise
a specificproof for eachof them.
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