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Abstract. In this paper, we studytheuseof particleswarmoptimization(PSO)
for a classof non-stationaryenvironments.The dynamicproblemsstudiedin
this work arerestrictedto oneof thepossibletypesof changesthat canbepro-
ducedover the fitnesslandscape.We proposea hybrid PSOapproach(called
HPSOdyn), which usesa dynamic macromutationoperatorwhoseaim is to
maintaindiversity. In orderto validateourproposedapproach,weadoptedthetest
casegeneratorproposedby Morrison& De Jong[1], which allows thecreation
of differenttypesof dynamicenvironmentswith a varyingdegreeof complexity.
Themaingoalof thisresearchwasto determinetheadvantagesanddisadvantages
of usingPSOin non-stationaryenvironments.As partof our study, we werein-
terestedin analyzingtheability of PSOfor trackinganoptimumthatchangesits
locationover time, aswell as the behavior of the algorithmin the presenceof
high dimensionalityandmultimodality.

1 Introduction

Many real-world optimizationproblemsarenon-stationary. Suchproblemsarisewhen
eithertheresources(constraints)or theoptimizationcriteriachange(or both),andthey
arecommonin engineering,productionplanningandeconomics[2]. In thelastdecade,
heuristicsthat canadaptto changeshave attracteda lot of interest,particularly those
that operateon a populationof solutions.From theseheuristics,mostof the research
hasconcentratedon evolutionaryalgorithms[3, 4], andseveralpromisingresultshave
beenobtainedwithin the last few years.Anotherpopulation-basedtechniquethat has
recentlybeenadoptedfor dealingwith non-stationaryenvironmentsis particleswarm
optimization[5, 6], which is preciselythe approachadoptedin the work reportedin
thispaper. An algorithmcapableof dealingwith non-stationaryenvironmentsnormally
considerstwo main aspects[4]: the detectionof the changeand the reactionof the
algorithmto suchchange,suchthat the (moving) optimumcanbe tracked asclosely
aspossible.Thereis somepreviousresearchon theuseof particleswarmoptimization



for dynamicoptimizationthatinvolvesthesetwo aspectspreviouslydiscussed.Carlisle
& Dozier [7] useda sentry particle that is evaluatedat eachiteration,comparingthe
previousfitnessvaluewith thenew one(if they differ, this meansthattheenvironment
haschanged).Hu & Eberhart[8] proposedthe re-evaluationof two �����
	�� particlesin
orderto detectthemovementof thelocationof theoptimum.Severalauthorshavealso
proposedapproachesin which the main emphasisis the reactionof the algorithmto
changesin the environment(seefor example[9–11]). In this paper, we will focuson
this secondaspect.Despitethe encouragingresultsreportedin the paperspreviously
indicated,all of theseauthorsfocus their work on unimodalfitnesslandscapes[10,
11]. This is ratherunrealisticif weconsiderthecomplexity of real-world problemsthat
frequentlypresenthigh multimodality. This is preciselythe issuethat we addressin
this paper. Aiming to providea framework for performingfurthercomparativestudies,
we decidedto adoptthe test casegeneratororiginally developedby Morrison & De
Jong[1], which sharesseveral similaritieswith the proposalof Branke [4]. This test
casegeneratorsallowsusto definenon-stationaryenvironmentsof differentdegreesof
complexity bothregardingthemorphologyof thefitnesslandscapesaswell asregarding
thetypeof changesthatcanbeproducedandtheir severity.

2 Classical PSO Model

ThePSOmodel(now considered“classical”)wasoriginally proposedby JamesKenne-
dy andRussellEberhartin 1995[12], andhashadseveralfurtherextensionsin thenext
few years[5]. ThePSOmodelis inspiredontheactingof communitiesthatpresentboth
anindividualanda socialbehavior, from which themainsocio-cognitive ideasmaybe
appliedto thedevelopmentof efficientalgorithmsthatsolveoptimizationproblems(this
is the so-called“swarm intelligence”[5]). Although PSOis consideredby its authors
asan evolutionaryalgorithm,it doesnot incorporatethe traditionalgeneticoperators
(crossoverandmutation)thatevolutionaryalgorithmsnormallyadopt.Instead,in PSO
eachparticleadjustsits flight over thesearchspacebasedon its own flight experience
andthatof its neighbors(i.e., theotherparticlesof its swarm).Eachparticlerepresents
a possiblesolutionto theproblemat handandis treatedasa point in a  -dimensional
searchspace.A particleis characterizedby its positionandits currentvelocity. Further-
more,a particlehasa memorywhereit storesthebestpositionthat it hasfoundsofar.
Particlesadjusttheirflight trajectoriesusingthefollowing equations[13]:

����� ������������� ����� � �� � �"!$#%��� �'&)(*��� �,+-�.� � �/ � �"!$#102� �'&)(*��� �2+ (1)

(%��� �3��(%��� ���4����� � (2)

where � is the inertia factor, whosegoal is to control the impactof thehistoryof the
velocitiesof a particle over the currentvelocity, by influencingthe local andglobal
explorationabilities of the algorithm. ����� � is the velocity of the particle 5 in the 6 -th
dimension,� � and � � areweightsappliedto theinfluenceof thebestpositionfoundso
far by particle 5 andby the bestparticlein the swarm � .  � and  � arerandomvalues
(with a uniform distribution) within the interval 7 8:9<;>= . After the velocity is updated,
the new positionof the particle 5 in its 6 th dimensionis recomputed.This processis



repeatedfor eachdimensionof the particle 5 and for all the particlesin the swarm.
KennedyandEberhart[14] proposeddifferentneighborhoodtechniquesto be consid-
eredwhenupdatingthevelocityof aparticle.In thispaper, weadoptedthemostsimple
neighborhoodschemeavailable,which only includestheclosestneighborsin termsof
theindicesof theparticles.Underthis scheme,theequationto updatethevelocity of a
particlebecomes:

����� �?�@���/����� ���.� � �/ � �A!B#*��� �C&)(*��� �D+E��� � �� � �A!B#1F�� �G&"(%��� �,+ (3)

where #1FH� � representsto the bestparticle in the neighborhood.The formula usedto
updatea particleremainsthesameasbefore.

3 Hybrid PSO Model

Recently, therehave beenseveral proposalsof PSOapproacheshybridizedwith evo-
lutionary algorithms’conceptsandoperators[15,16]. The proposalpresentedin this
paperhasas its basisthe equationsto updatethe particlesandvelocitiesdefinedby
equations(2) and(3). Additionally, we usea dynamicmacromutationoperatorthat is
describednext.
Mutation: Eachcoordinateof theparticleis independentlymutatedwith a probability#%IGJ � . Thecoordinatevalueis replacedby anothervaluewhich is randomlygenerated
within the allowable range.The mutationprobability is dynamicallyadjustedtaking
valueswithin the interval 7 #%I �LK 9 #%ICMON = during the executionof the algorithm.Thus,#%IGJ � is definedasfollows:

# I�J � � !$# ICMON &/# I �PK%+��"! 5�QSRUT  ,�WVYX-& 5�RUT  2Z J,[\[ � K �-]_^W`a5�QSRUT  ,�YVWXb+
5�QSRUT  2�WVWX

�c# I �LK (4)

wherethevalues#*I �PK and#%ICMON arethelowerandupperboundsof thevariationinterval
of the probability, 5�QSRUT  ,�YVWX indicatesthe numberof iterationsbetweenchangesand
5�RUT  Z J2[\[ � K � correspondsto thecurrentflight cycle of theparticles.Eachtime a change
takesplacein theenvironment,thevalueof #*IGJ � is initialized to #*ICMON andtheendof
theinterval of #*IGJ � is setto #*I �PK .

Oncethe swarm and the velocitiesare initialized (lines 1–2), the swarm is eval-
uatedwith the basefunction dEe . Then, the memoryof the particles( f �?VY 2g h TDi<R
i )
is initialized (line 4). After that, the algorithm entersthe flight loop (line 6) which
is executedduring a numberof cycles that is determinedin termsof the numberof
changesto beperformedandin termsof the interval betweensuchchanges.Then,on
line 7, we computethe value for # IGJ � (accordingto equation(4)) and the function
occurred changes determinesif a changeis requiredwithin thecurrentflight cy-
cle.In orderto dothis,wecheckif thecurrentcyclenumberis amultipleof thenumber
of cyclesbetweenchanges.Thechangesin theenvironmentareproducedatconstantin-
tervals.If theenvironmentmustchange,thedynamicalstatisticsarereported,thefunc-
tion is modifiedandboththe f �?VY ,g andthe f �?VY 2g h TDi<R
i arere-evaluatedwith the
new fitnessfunction(lines9 to 12).Thesere-evaluationsarenecessarysincethecurrent
fitnessesof theparticlesdo not correspondto thenew function.Oncethetwo swarms



1. Initialize j�kmlon�p<q_r
2. Initialize jHs�t>uLvxw\yHz�ybtx{>r
3. Evaluatej�kml|n�pxq�}U~m��r
4. Copy j�kSlon�p<q�}
kml|n�pxq ��tx{\zU{>r
5. zE�4�
6. do
7. Calculatej������x��r
8. if jHvxw\w��Wp<p<tO� w\�Yn�����t<r
9. Reportdynamicstatisticsj�r
10. Changefunctionj�r
11. Evaluatej�kmlon�p<q�}U~m��r
12. Evaluatej�kmlon�p<q �\t<{\z�{,}�~m�br
13. Updatej�kmlon�pxq ��tx{\zU{>r if appropriate
14. Calculatej������x��r
15. end if
16. Mutatej�kml|n�pxq�r
17. UpdatejHs�t>uLvxw\yHz�y�tx{>r
18. Updatej�kml|n�pxq�r
19. Evaluatej�kmlon�pxq�}�~m��r
20. Updatej�kml|n�pxq ��tx{\zU{>r if appropriate
21. zE�"z1�A�
22.while j��*z�t>pxqay��:nDz�y�vx�*r

Fig. 1. Generaloutlineof theHPSOdyn Algorithm

have beenre-evaluated,we verify, for eachparticle,that f �?VY ,g h TDixR
i really contains
the bestparticlepositionsfor the new environment,asto maintainthe consistency of
the algorithm.By doing this, we do not losethe memoryof all theparticles,but only
thememoryof thosefor whichtheircurrentpositions(in f �?VY ,g ) arethebest[11]. We
recomputeagainthe transitionfunction for the probability of mutationthat will take
us from #*IGJ � to #%ICMON . Next, we proceedwith thenormalPSOprocessing,which im-
plies:mutatetheparticles,updatetheir velocities,updatethepositionsof theparticles,
evaluatethe particlesand,if applicable,modify their positionin f �?VY ,g h TDixR
i (lines
16–20).This processis doneasynchronously, sincethereis evidenceof theefficiency
of this typeof processingwhenworkingwith neighborhoodsin PSO[16,6].

4 DF1 Generator

In this sectionwe briefly describethe TestFunctionGeneratorproposedby Morrison
& De Jong[1]. Thisgeneratorusesamorphologythattheauthorsdenominate“field of
cones”.Suchconescanhave differentheightsandslopesandarerandomlydistributed
along the landscape.The static basefunction ( dEe ), for the two-dimensionalcase,is
definedas:

d�e !�( 9�� +|� ]_����L� � � K 7 � � &A� � �"� !�(�&)( � + � � ! � & � � + � = (5)



whereQ indicatesthenumberof conesin thelandscapeandeachconeis independently
specifiedby its coordinates( ( � 9
� � ) that belongto the interval 7 & ;�9x;x= , its height( � � )
and its slope( � � ). The conesindependentlydefinedare groupedusing the functiong/VY( . Eachtime thegeneratoris invoked,it randomlygeneratesamorphologywith the
characteristicsgiven.ThefunctionF canbedefinedfor any numberof dimensions.The
usercancreateawidevarietyof shapesfor thefitnesslandscapeby specifyingtherange
of allowablevaluesfor the height,slopeand locationof the cones.Furthermore,the
generatorallowsto re-writethevaluesrandomlygeneratedin orderto createlandscapes
with controlledcharacteristics.The severity of the changesis controlledthroughthe
logistic function:

¡ � � ¢�� ¡ ��£ � �"! ; & ¡ ��£ � + (6)

where¢ is aconstantdefinedwithin theinterval 7$;�9
¤�= and
¡ � is thevalueat theiteration

5 . Thus,the procedureto obtain the dynamicthat the userwantsis the following: 1)
choosethe numberof conesand2) determinewhat characteristicsthe userwishesto
change(height,location,slopeof oneor all the cones).The severity of the changeis
controlledby the valuesthat areassignedto the constant¢ , sincefrom this depends
thatthemovementis producedeitheratsmall,largeor chaoticsteps.For furtherdetails
on this generator, thereadershouldreferto [1].

5 Experimental Design

Thegoalof this researchwastwofold: first, we wantedto determineif theproposedal-
gorithmcouldtrackdown theoptimumonceachangehasoccurred.Second,wewanted
to analyzethe algorithm’s behavior uponscalingboth the numberof dimensionsand
thenumberof cones.Thus,weconsideredthatthescenariosproposedby Morrison[17]
provided the requiredconditionsto perform our study. Suchscenariosare described
next: 1) by theshapesof thefitnesslandscapeand2) by thedynamicsapplied.

Description of the structure of the static landscape

1. E1:2 dimensions,5 cones(2d-5c).
2. E2:2 dimensions,14 cones(2d-14c).
3. E3:5 dimensions,5 cones(5d-5c).
4. E4:10 dimensions,14 cones(10d-14c).

In all thescenarios,weassignedthemaximumvalueto a singlepeak.Sucha value
is greaterthanthat of the otherpeaks(to make surethat thereis a singleglobal opti-
mum).

Dynamics Applied
Thetypeof changeimplementedconsistedof modifying only the locationof thecone
thatcontainstheoptimum(CO)or changingthelocationof all theconessimultaneously
(TC). In Table 1, we describe,for eachproblemstudied,the type of changeand its
severity.



Table 1. DynamicBehavior Applied

ScenariosDimensionConesChangetype Stepsize
E1 2 5 CO small(s)
E2 2 14 TC chaotic(c)
E3 5 5 TC small
E3 5 5 TC large(l)
E4 10 14 TC chaotic

For thescenarios¥�; to ¥§¦ , thechangestake placeat every 10, 20, 30, 40 and50
iterations.For scenario¥¨¤ , givenits complexity, changestakeplaceatevery30,60and
90 iterations.Furthermore,at eachrun,20 changestook placeeitheron thelocationof
theconethatcontainstheoptimumvalueor in all thecones.

Parameters of the DF1 Generator

Table 2. DF1 Parameters

Par 2d-5c-CO-s2d-14c-TC-c5d-5c-TC-s5d-5c-TC-l10d-14c-TC-c
Hbase 60.0 1.0 60.0 60.0 1.0
Hrange 0.0 9.0 0.0 0.0 9.0
Rbase 70.0 8.0 70.0 70.0 8.0
Rrange 0.0 12.0 0.0 0.0 12.0

Ac 1.5 3.8 1.5 1.5 3.8
Scale 0.3 0.5 0.3 0.99 0.5
OptH 90.0 15.0 90.0 90.0 15.0
OptR 90.0 20.0 90.0 90.0 20.0

Theparametersof DF1thatcorrespondto thedynamicsimplementedaredefinedin Ta-
ble 2, accordingto theproposalby [17], where � h>V i2T , �  DV Qm��T , �©h>V i2T and �� DV Qm�WT
correspondto therangesof theheightsandslopesof theconesthatdo not containthe
global optimum. ª # RU� and ª # R � correspondto the conecontainingthe globalopti-
mum.

Parameters of the HPSO dyn algorithm

The parametersrequiredby the algorithmareprovided in Table3 andwereselected
aftera largeseriesof experiments.

In all theexperiments,we workedwith a neighborhoodradiusof size4. For eachex-
periment,we performed30 runs,all of themwith thesamebasefunctionandthesame
initial population.



Table 3. PSOAlgorithm ParameterSettings

Scenarios l w<� w�« ���¬P® ���¯�° {�lon�pxq_±�¬P²
³
E1 0.5 1.5 1.5 0.1 0.4 50
E2 0.5 1.5 1.5 0.5 0.8 50
E3 0.5 1.5 1.5 0.3 0.6 200
E4 0.5 1.5 1.5 0.5 0.8 500

Table 4. Two-dimensionalfunctions

´ ��z�µ�¶�· ± 2d-5c-CO-s2d-14c-TC-s
10 600(100%) 600(100%)¸

89.695084 14.848885
{ 0.042112 0.027802

20 600(100%) 600(100%)¸
89.966666 14.983450{ 0.274450 0.003067

30 600(100%) 600(100%)¸
89.997041 14.998491

{ 0.02776 0.002023
40 600(100%) 600(100%)¸

89.999650 14.999882
{ 0.000252 0.000354

50 600(100%) 600(100%)¸
89.999973 14.999358{ 0.000032 0.000177

6 Analysis of Results

In Table4 we show the resultsobtainedfor the 2D (i.e., two-dimensional)functions
with 5 and14cones.Here, ¹ refersto themeanof thebestaveragefitnessvaluesfound
in the30runsand i is thevariance.Theoptimumvaluefor all thefunctionswith 5 cones
is º�8:» 8�8 andall theotherconeshaveamaximumvalueof ¼�81» 8�8 . For thefunctionswith
14 cones,the maximumvalue is ;2½:» 8�8 and all the other coneshave a maximumof
;<8:» 8�8 . The performanceof our HPSOdyn for the two-dimensionalfunctionswith 5
and14 conesis very satisfactory, sincein all cases,for all thechangesperformed,the
algorithmwasableto trackdown theglobaloptimumwith anacceptableerror.

Table5 shows the resultsobtainedby our algorithmfor the 5D functionswith 5
cones,in thecasewhereall theconeschangetheir locationin thelandscape,with step
sizeswhichare,in onecasesmall,andin theotherone,large.In thiscase,ouralgorithm
is able to track down the optimum upon performingall the changes.However, note
that the error becomeshigherwhen the changesareproducedat every 10 iterations.
Finally, Table6 presentstheresultsobtainedfor themostcomplex environmentstudied
in this paper:a 10D function with 14 cones,with changesproducedwith a chaotic
stepsize.As canbe observed, the performanceof the algorithmwasdegradedsince



Table 5. Functionsof 5 dimensionswith 5 cones

´ ��z�µ�¶O· ± 5d-5c-TC-l 5d-5c-TC-s
10 600(100%)600(100%)¸

79.618352 78.821386
{ 0.913599 0.934210

20 600(100%)600(100%)¸
86.373647 85.169944{ 0.997890 1.003454

30 600(100%)600(100%)¸
88.554862 88.960822

{ 1,137792 1.20767
40 600(100%)600(100%)¸

89.606563 89.673193
{ 0.061213 0.077778

50 600(100%)600(100%)¸
89.865952 89.849669{ 0.029567 0.013788

Table 6. 10d-14cFunctionwith chaoticchangesfor all cones

´ ��z�µ�¶O· ± 10d-14c-TC-c
30 527(87,8%)¸

11.813951{ 0.181945
60 550(91,6%)¸

13.74900
{ 0.111303

90 560(93,3%)¸
13.983545

{ 0.201526

we could not succeed100%of the time at trackingdown the optimumin any of our
experiments.Nevertheless,the successrateoscillatesbetween87% and93%, which
arevaluesreasonablygood.It is alsoworth noticing that the differencebetweenthe
fitnessvaluesfoundby thealgorithmwith respectto theglobaloptimumincreasedas
well. This is becausewe includedin theaveragefitnessvaluestheunsuccessfulcases.
Table7 providesthesuccessrateof ouralgorithmfor thecaseof 10Dfunctionswith 14
cones.This tableindicates(asapercentage)thenumberof runsin which thealgorithm
wasableto successfullytrackdown theglobaloptimum(inputsin thetables).Notethat
20 changestook placeperrun.As we canseein thetableevenin themostunfavorable
case,whenthe interval betweenchangesis small (30 iterations)the algorithmis able
to adaptbetweenthe85%and90%of thechanges.As we expected,thesepercentages
variatebetween90%and95%whentherangeof theinterval is increased.



Table 7. SuccessRatesfor theFunction10d-14c

% 30 60 90
100 - - -
95 4 10 20
90 13 20 10
85 10 - -
80 3 - -

7 Conclusions and Future Work

We have presentedanoptimizationalgorithmfor non-stationaryenvironments.Our al-
gorithmis basedon a particleswarmoptimizerwhich washybridizedwith a dynamic
macromutationoperator. Althoughonecouldthink at first sightthatthemutationprob-
abilitiesadoptedin our work aretoo high, this is doneto maitaintherequireddiversity
in theswarm anddoesnot disruptthesearchprocess,becauseof theuseof themem-
ory f �?VY ,g h TDixR
i , which is not destroyed when the changestake placeand is only
updatedwhenaparticlefrom the f �?VY 2g obtainsabetterfitnessthantheonestoredin
suchmemory. In our experiments,we adoptedfunctionswith 2, 5 and10 dimensions
andwith 5 and14 cones.All of thesefunctionswerecreatedwith theDF1 generator,
which allowed us to study the behavior of the algorithm with more complex fitness
landscapestructuresthanthosenormallyadoptedin thespecializedliterature(i.e., the
spheremodel).Thechangesproducedconsistedeitheron changingthelocationof the
conethat containedthe global optimumor on changingthe locationof all the cones,
with stepsizesthat were from small to chaotic.The resultsobtainedshow that the
performanceof thealgorithmovermorphologieswith severalsuboptima,is highly sat-
isfactorywhenusingeither2 or 5 dimensionsandanumberof conesbetween5 and14.
However, theperformancedegradesaswemoveto problemswith 10dimensions.Nev-
ertheless,thesuccessrateof thealgorithmin thesecasesremainsreasonablygood,since
it only fails to trackdown anaverageof 2 (outof 20)changesperformed.Althoughthe
scenariospresentedin thispaperwerenon-trivial, our futurework adressestwo aspects:
1) to extendthesescenariosto includeothertypesof landscapemorphologiesand2) to
studytheotherchangetypesprovidedby theDF1generator.
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