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Abstract- In this article we intr oduce Inverted and
Shrinkable ParetoAr chivedEvolutionary Strategies,IS-
PAES, an evolutionary algorithm for multiple objective
optimization with constraint handling. IS-PAESinherits
fr om PAES the useof an adaptable grid to keepdiver-
sity, but here this grid can grow and shrink dinamically
until the constraints are met. We also proposea novel
approach to selecta mixtur e of promising individuals,
and Pareto dominance computed over objective func-
tions plus unfeasible constraints. Several examplesof
the literatur eareusedto show the potential of ISPAES.

1 Intr oduction

The successEvolutionaryAlgorithms (EAs) in global op-
timizationhastriggereda considerableamountof research
regardingthedevelopmentof mechanismsableto incorpo-
rateinformationabouttheconstraintsof a problem.Sucha
mechanismis highly desirablesincemostreal-world prob-
lemshave constraintswhich couldbeof any type(equality,
inequality, linearandnonlinear).Nevertheless,EAs lack a
mechanismable to bias efficiently the searchtowardsthe
feasibleregion in constrainedsearchspaces.Onepopular
approachto constrainthandlingis to treattheconstraintsas
objective functions,and thensolve the problemfor all of
them. IS-PAES follows this procedure,andalsoasPAES
[1], selectionis basedon Paretodominance.Nonetheless,
weintroduceanovel strategy thatmakesadifference:when
individualsarelocatedin thefeasibleregion theconstraints
arenot usedto determineParetodominance.This ideahas
provedpowerful sincesofar IS-PAEShasreportedsomeof
the bestresultsfor single-objective optimizationproblems
with constraints[26]. The remainderof this paperis orga-
nizedasfollows. Section2 providestheproblemdefinition.
Section3 introducesconceptsusedin thearticle. Section4
describessomework relatedto our own. In Section5, we
describethemainalgorithmof IS-PAES.Section6 provides
acomparisonof resultsandSection7 drawsourconclusions
andprovidessomepathsof futureresearch.

2 ProblemStatement

We are interestedin the generalnon-linearprogramming
problemin whichwe wantto:

Find
�� whichoptimizes

���� ���� (1)

subjectto:
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����
�������������������� (2)��� � ��
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where
��

is the vector of objective functions
�� �)+*	, � ��
�(��������� *�- � ����/. , �� is the vector of solutions
�� �) � , ���10	�������2�(�432.65 , � is thenumberof inequalityconstraints

and ' is the numberof equalityconstraints(in both cases,
constraintscouldbelinearor non-linear).

If we denotewith 7 to thefeasibleregionandwith 8 to
thewholesearchspace,thenit shouldbeclearthat 7:9�8 .

For aninequalityconstaintthatsatisfies�	� � ����;�<
 , then
we will saythat is active at

�� . All equalityconstraints
���

(regardlessof thevalueof
�� used)areconsideredactive at

all pointsof 7 .

3 BasicConcepts

Themainideain adoptingmultiobjectiveoptimizationcon-
cepts to handleconstraintsis to redefinethe global op-
timization problemof

�* � ���� as a multiobjective optimiza-
tion problem in which we will have =?>A@ objectives,
where @ is the total number of constraintsand = the
numberof objective functions. Then, we can apply any
multiobjective optimization techniqueto the new vectorBCD� � * � ��
��� * , � ����(��������� * -FEHG � ��
�I� , where

* , � ��
����������� * - � ����
aretheoriginalobjectivesof theproblem.An idealsolution�� wouldthushave

* � � ��
� =0 for �J�?�K� @ and
* � ������ * � �LH�

for all feasible
�L (assumingminimization).

Paretodominancemeansoneindividualdominatesasec-
ondindividual if thefirst is betterin at leastoneof theob-
jectiveswhile the otherobjectivesremainwith no change
(aM b meansa dominatesb). Basedon this main idea,sev-
eral approacheshave beenproposedin the last few years.
Someof themusepopulation-basedtechniques(e.g., [3]),
othersuseParetodominancein theselectionmechanismof
theEA (e.g.,[2]), andothersuseParetoranking(e.g.,[4]).
However, all of thesetechniquesare normally more use-
ful to approachthe feasibleregion, but arenot aseffective
for reachingthe global optimum of a problem. We argue
in this paperthat the main reasonfor this limitation hasto
do with the artificial “trade-off ” createdwhen constraints
areaddedasnew objectives(asnotedat the beginning of
this Secttion). Ratherthan focusingthe effort on finding
suchartificial “trade-offs”, IS-PAES proposesto focusthe
searchin finding theboundarybetweenthefeasibleandthe
infeasibleregionsandthenconcentratingthe searcheffort
on reachingthe global optimum of the original objective



function space.Therefore,for IS-PAES the Pareto“trade-
off ” neglectsfeasibleconstraints,therefore,any constraint
satisfiedis as importantasany other, andin fact, they are
not usedto testParetodominanceoncethe individualsare
in thefeasibleinterval of theconstraint.Suchis thenature
of thealgorithmproposedin this paper.

4 Relatedwork

Threearethemechanismstakenfrom evolutionarymultiob-
jective optimizationthat aremore frequentlyincorporated
into constraint-handlingtechniques:

1. Use of Pareto dominanceas a selectioncriterion.
Coello and Mezura [17] implementeda versionof
the Niched-ParetoGeneticAlgorithm (NPGA) [19]
to handle constraintsin single-objective optimiza-
tion problems. The NPGA is a multiobjective opti-
mizationapproachin which individualsareselected
through a tournamentbasedon Pareto dominance.
Camponogara& Talukdar[20] proposedanapproach
in which a global optimizationproblemwas trans-
formedinto abi-objectiveproblemwherethefirst ob-
jective is to optimize the original objective function
andthesecondis to minimize:

NK�PO �
�RQ�TS , @?U �
� 
!���	� �PO �I� (4)

Equation(4) tries to minimize the total amountof
constraintviolationof a solution(i.e., it triesto make
it feasible). At eachgenerationof the process,sev-
eral Paretosetsaregenerated.An approachsimilar
to a min-maxformulationusedin multiobjective op-
timization [23] combinedwith tournamentselection
wasproposedby JiménezandVerdegay[24].

Jiménezet al. [25] proposedan algorithm that uses
Pareto dominanceinside a preselectionschemeto
solve several typesof optimizationproblems(multi-
objective,constraintsatisfaction,globaloptimization,
andgoalprogrammingproblems).

2. Use of Pareto ranking [5] to assignfitnessin such
a way that nondominatedindividuals (i.e., feasible
individuals in this case)are assigneda higher fit-
nessvalue. Surry & Radcliffe [4] useda combi-
nation of the Vector EvaluatedGeneticAlgorithm
(VEGA) [6] andParetoRankingto handleconstraints
in an approachcalled COMOGA (ConstrainedOp-
timization by Multi-Objective GeneticAlgorithms).
Ray et al. [21] proposedthe useof a Pareto rank-
ing approachthat operateson threespaces:objec-
tive space,constraintspaceand the combinationof
thetwo previousspaces.

3. Split thepopulationin subpopulationsthatareevalu-
atedeitherwith respectto the objective function or
with respectto a single constraintof the problem.
Thisis theselectionmechanismadoptedin theVector

EvaluatedGeneticAlgorithm (VEGA) [6]. Parmee&
Purchase[15] proposedto useVEGA [6] to guidethe
searchof anevolutionaryalgorithmto thefeasiblere-
gion of anoptimalgasturbinedesignproblemwith a
heavily constrainedsearchspace.

5 IS-PAES Algorithm

IS-PAES has been implementedas an extension of the
Pareto Archived Evolution Strategy (PAES) proposedby
Knowles and Corne [1] for multiobjective optimization.
PAES main featureis the useof an adaptive grid over ob-
jective functionspace.Sucha grid is thediversitymainte-
nancemechanismof PAES andits themain featureof this
algorithm. Thus,thefirst featureintroducedin IS-PAES is
the“inverted”partof thealgorithmthatdealswith thisspace
usageproblem. In IS-PAES, global informationcarriedby
the individuals surroundingthe feasibleregion is usedto
concentratethe searcheffort on feasibleareasas the evo-
lutionary processtakesplace. In consequence,the search
spacebeingexploredis “shrinked” over time,by cuttingoff
unfeasibleregions from the searchspace. Eventually, the
sizeof thesearchspacebeinginspectedwill bethefeasible
region. Thecombinationof this shrinkingconceptwith the
usageof a secondarypopulation(hereaftercalledexternal
memoryor file, whosesizeis maxsize),andavoiding to test
Paretodominancewith valid constraintsis anovelproposal.
Themainalgorithmof IS-PAESis shown next (moreexper-
imentalresultsareavailablein [26]).

Main algorithm of IS-PAES
@?U �WVX�2Y	Z : maxsizeof file[ : currentparent\ X (decisionvariablespace)�

:child of c \ X
a] : individual in file M �
U�^ : individual in file dominatedby

�
[`_1abacZI�ed : currentnumberof individualsin file[`��ZIf : numberof individualsgeneratedthusfar
current= 1; cnew=0;
c = newindividual();
add(c);
While cnew � MaxNew do

h = mutate(c);cnew+=1;
if (cM h) then label A
elseif (h M c) then g remove(c);add(g);c=h; h
elseif ( ijU ] \ file klU ] M h) then label A
elseif ( ijU�^m\ file k � MnU�^Jh theng

add(h ); opU�^	g acZ @rq CsZ � U�^ ); current-=1h
elsetest(h,c,file)
label A
if (cnew % g==0) then g c = individual in

lessdenselypopulatedregion h
if (cnew % r==0) then shrinkspace(file)

End While
Any time Paretodominanceis tested,for exampleh M c,

all original objective functions are used,plus unfeasible
constraints. This is, assumetheproblemhastwo objective
functionsplus threeconstraintsthat are unfeasibleduring
thefirst generations.At thattime Paretodominanceis veri-



fiedby usingthefivefunctions,thenoneconstraintbecomes
valid sodominanceis testedby usingfour functions.When
all threeconstraintsare valid, Paretodominanceis deter-
mined only through the original two objective functions.
Every � numberof generations,anew parentis chosenfrom
the lesspopulatedareaof the grid. The overall effect is to
re-startthe searchasto distribute the populationalongthe
Paretofront. Every a numberof generationstheunfeasible
regionis cuttedoff (if any) by callingshrinkspace(file).The
function test(h,c,file)determineshow an individual canbe
addedto theexternalmemory. If thereis spacein file then
the child is simply insertedand the next parentis chosen
from the lesspopulatedarea.If thefile is full, oneelement
hasto be removedin orderto insertthe new child, but the
conditionfor thechild to enterthefile is to remove oneel-
ementfrom a highly densepopulatedgrid location. Here
we introducethe following notation: � ,�t �s0 means� , is
locatedin a lesspopulatedregion of the grid that �10 . The
pseudo-codeof this functionis shown next.

Pseudo-codeof test(h,c,file)
if (current u maxsize)then

add(h);
if (h

t
c) then c=h

elseif ( ijU�vw\ file k � t U�v ) then
remove(U�v ); add(h)
if (h

t
c) then c = h;

5.1 Inverted “ownership”

PAES algorithmkeepsa list of individualson eachgrid lo-
cation,but in IS-PAES eachindividual knows its position
on the grid. Therefore,building a sortedlist of the most
densepopulatedareasof thegrid only requiresto sortthe =
elementsof theexternalmemory.

5.2 Shrinking the objectivespace

Shrinkspace(file) is the most important function of IS-
PAES sinceits taskis thereductionof thesearchspace.IS-
PAESremovesfrom thefile theworstindividualsby calling
thefunctionselect(file). Thenew boundaryof eachdecision
variableis calculatedby callinggetMinMax(atthispointIS-
PAES is only usingtheelementsfoundby select(file)).The
third andlaststepof shrinkspaceis to call function trim().
Trim will never cut off areafrom the feasibleregion. The
pseudo-codeof shrinkspace(file)is shown next.

Pseudo-codeof Shrinkspace(file)� vyx{z : vectorcontainingthesmallest
valueof either�4� \#|� vyx{z : vectorcontainingthelargest
valueof either� � \#|

select(file);
getMinMax(file, � vyxIz , � vyxIz );
trim( � v{x{z , � vyx{z );

Thedescriptionof eachcomponentis givennext.

1. select(file).Although the goal is to pick the bestin-
dividuals,a secondbut equallyimportanttaskof se-
lect(file) is to preserve diversity throughthe balance

betweenfeasibleindividualsandacceptableunfeasi-
bleones.Thefunctionselect(file)is shown next.

Pseudo-codeof select(file)

@~} numberof constraints

@ a } numberof violatedconstraints� } constraintindex

@rU ��VI�2Y�Z } maxsizeof file� �2VXd�VI�2Y	Z } 15%of maxsize[ q ��VXd(a U �`�ed(C U � _WZ � �W�(��� } valueof individual

at constrainti

@ a * � � Z � * � � Z�� @ a�� } calculatemrf q ajVId � * � � Z��(��� } worstindividual in file for

constraintiC U � �2�	[ q ��VId(a U �`�ed�V�� g ���X�!�I�!���l���l� @rh
i=firstin(validconstraints);

mrfile(file,mr);

if (mr u listsize)listsize=mr;

While (size(file) � listsizeand

size(validconstraints)� 0) g
x=worst(file,i)

if (x violatesconstrainti)

file=delete(file,x)

elsevalid constraints=

removeindex(valid constraints,i)

if (size(valid constraints)� 0)

i=nextin(valid constraints)

h
Thefunctionselect(file)returnsalist whoseelements
are the best individuals found in file. The size of
this list is �F�s� of maxsize.Sinceindividualscould
be feasible,unfeasibleor only partially feasible,the
mixture is generatedasfollows: IS-PAES loopsover
a list of constraintindexes,removing for eachindex
the worst unfeasibleelement(one)at a time. When
all individuals are feasiblefor someindex, the in-
dex is removed from the list. This approachkeeps
the diversityof the population. If all individualsare
feasiblethe algorithmdoesnot remove any, andre-
turns �2�1� of thefile. This resultinglist contains:1)
only the bestfeasibleindividuals,or 2) a combina-
tion of feasibleandpartially feasible,or 3) the“best”
unfeasibleindividuals. Note C U � �F�	[ q ��VId(a U �P�ed�V is an
orderedlist of indexes. Anotherapproachcould be
to storetheconstraintindexesin randomorder, or to
shuffle the list every givennumberof generationsso
theconstraintsarereally testedin randomorder. The
threeapproacheshavebeentestedandnoneseemsto
excelovertheothers,thusweshow heretheapproach
usedin this paper(testingtheconstraintsin fixedor-
der). It is importanteto noteherehow selec(file)does



not usea greedyapproachbasedon feasibility and
Paretodominance.

2. getMinMax(file). The function getMinMax(file)
takesthementionedlist andfindstheextremevalues
of thedecisionvariablesrepresentedby thoseindivid-
uals.Thus,thevectors � v{x{z and � v{x{z arefound.

3. trim( � vyx{z , � vyxIz ). Functiontrim()shrinksthefeasible
spacearoundthe potentialsolutionsenclosedin the
hypervolumedefinedby the vectors� vyxIz and �
vyxIz .
Functiond(a�� @ is shown next.

Pseudo-codeof trim� : sizeof decisionvector;�e� : actualupperboundof the �I� ] decisionvariable� � : actuallowerboundof the �I� ] decisionvariable� vyx{zF� � : upperboundof �I� ] decisionvariable
in population� vyx{zF� � : lowerboundof �I� ] decisionvariable
in populationo � : i \�g 1, . . . , n hV � U [ = � �r
!� 
��#� � � vyxIz2� �e� � vyx{z2� � )f��2�2d � ' q&� � � � v{x{z2� �e� � vyx{zF� � ; f��2�2d � �� � � �� � � ����Z � d U	� �`���W���!�P� � ^ � ]���P� � � ^ � ] vyxIz �0

delta� = max(slack� , deltaMin� );� � E�,� � � v{x{z2� � > ��Z � d U � ; � �
E�,� �r� vyxIz2� � � �	Z � d U � ;

if (� �
E�,� � � x 3 �l�y� Q��

� � � ) then� � E�,� � � � � E;,� � � x 3 ���{� Q��
� � � ;� � E�,� � � x 3 ���y� Q��

� � � ;
if (� �

E�,� u � x 3 ���y� Q��
� � � ) then g� � E�,� > �r� x 3 ���y� Q��
� � � � � �

E�,� ;� � E�,� �?� x 3 �l�y� Q��
� � � ; h

if (� �
E�,
� � x 3 �l�y� Q��

� � � ) then� �
E�,� � � x 3 ���y� Q��

� � � ;
Thevalueof � is thepercentageby which theboundary

valuesof either � � \�| mustbe reducedsuchthat the re-
sultinghypervolume   is a fraction ¡ of its previousvalue.
In IS-PAES all objective variablesarereducedat the same
rate � , therefore,� can be deducedfrom ¡ as discussed
next. Sincewe needthe new hypervolumebe a fraction ¡
of thepreviousone,

  new ¢ ¡H  old (5)

Q�TS ,
� � � E�,� � � � E;,� ��� ¡ Q�TS ,

� � �� � � �� �

Either �4� is reducedat thesamerate� , thus

Q�TS , �
� � �� � � �� �
� ¡ Q�TS ,

� � �� � � �� �

� Q Q�TS ,
� � �� � � �� ��� ¡ Q �

� � �� � � ��TS , �
� Q � ¡� � ¡¤£¥

In short,thesearchinterval of eachdecisionvariable�e�
is adjustedasfollows:

f¦�F��d �
Q�§ � ¢ �

�¤f��2�2d � x � ^

Figure1: Optimizationof a two-bartruss

In our experiments,¡ �n
!� ¨�
 workedwell in all cases.
Clearly, ¡ controlstheshrinkingspeed,hencethealgorithm
is sensitive to thisparameterandit canpreventit from find-
ing the optimum solution if small valuesare chosen. In
ourexperiments,valuesin therange[ © �s� ,̈��1� ] weretested
with no visible effect in theperformance.Of course,¡ val-
uesnearto �F
�
1� slow down theconvergencespeed.

The mutationof the control variablesigmafollows the
exponentialbehavior suggestedby Bäck [8]. The initial
valueof either ª � is calculatedasfollows:

ª �
� �e� � � �(«	¬ � � \ � ���������2���;� (6)

6 Experiments

In all the following examplesof this sectionwe usedthe
following parameters:The sizeof the file is 100. All the
membersof thefile couldparticipatein thenew generation.
Shrinkspaceis calledevery2 generations,alsoanew parent
is chosenevery 2 generations(a��­�®��� ), andreduction
rateof the hypervolumeis 10% ( ¡ �¯
�� ¨ ). We used500
generationin eachproblem.

6.1 Optimization of a two-bar truss

The first problemwe report hereis the optimizationof a
two-bar truss with two objective functions and one con-
straint. The truss, that hasto carry a load of 100 kN, is
shown in Figure1.
Theobjectivesaretheminimizationof thevolume(design-
ing for theminimumcostof fabrication)andtheminimiza-
tion of themaximumstresson eachbar. This problemwas
originally studiedusing the ° � constraintmethod[14] asa
two-objectiveoptimizationproblemwith L astheonly vari-
able.

� �`�e� @ �FY	Z *�, � �
�±� � , � �2² > L 0 � > �s0 � � > L 0 �
� �`�e� @ �FY	Z * 0 � �
�±� ³¤´�µ � ª	¶e· � ª	¸�· �
subjectto: @?U � � ª	¶e· � ª	¸�· �W�A�F
�¹�º��J�rL»�¼�



Figure2: Paretofrontsof the2-bartruss

Thestressesarecalculatedwith a closeform:

ª ¶e· � ��

� �2² > L 0 �L	� , º ª ¸H· � © 


� � > L 0 �L�� 0
In Figure 2 we show the real Pareto-optimalsolution

(calculatedby enumeration)and the front reportedby the
ISPAES algorithm. The solution is spreadover the fol-
lowing range: (.004 m½ , 100000kPa) and (0.051387m½ ,
8432.740427kPa). ISPAES found a smoothfront andthe
totality of thepointsarevery closeof therealParetofront.
We arecomparingour resultswith thosepublishedby Deb,
Patratapand Moira [13], where they include resultswith
NSGA[10], NSGA-II[11] andthe ° � constraintmethod[14].

6.2 Optimization of a 10-bar PlaneTruss

Thenext engineeringoptimizationproblemis theoptimiza-
tion of the10-barplanetrussshown in Figure3.

Singleobjectiveoptimization Wewantto find thecoss-
sectionalareaof eachbarof this trusssuchthatits weightis
minimized,subjectto stressanddisplacementconstraints.
Theweightof thetrussis givenby:

���PO �
�
,¿¾
� S ,�ÀWÁ

�bÂ��
(7)

Figure3: Optimizationof a 10-barplanetruss

where:
O

is a candidatesolution, Á � is the cross-
sectionalareaof the " th member.

Â �
is thelengthof mem-

ber " andÀ is thevolumetricweightof thematerial.
The maximum allowable displacementfor eachnode

(verticalandhorizontal)is assumedas5.08cm. Thereare
10 stressconstraintsand8 displacementconstraintsin to-
tal. The maximumandminimum allowablevalue for the
cross-sectionalareasare0.5062cm

0
and999.0cm

0
, respec-

tively. The remainingassumeddataare: Young’s modulusÃ
= 7.3 �Ä�F
 ¹ kg/cm

0
, maximumallowablestress= 1742.11

kg/cm
0
, À = 7.4239�Ä�F
 � ½ kg/cm½ , anda vertical load of�ÄÅ � Å � Å � 
 kg appliedat nodes2 and4.

Table1 shows the minimum valuefound for this prob-
lem by IS-PAES and threedifferent heuristicalgorithms:
GSSA(generalstochasticsearchalgorithmwith a popula-
tion sizeof five, crossover rateof zero,andmutationrate) 
��b�2
�. /(numberof bars)[27], andsimulatedannealingwith
¡ �D�&� 
�
1� ), VGA (variable-lengthgeneticalgorithmof Ra-
jeev andKrishnamoorthy[28], with populationsizeof 50),
andISA (IteratedSimulatedAnnealing,of Ackley [29].

Element IS-PAES GSSA VGA ISA
1 190.53 205.17 206.46 269.48
2 0.6466 0.6452 0.6452 79.810
3 146.33 134.20 151.62 178.45
4 95.07 90.973 103.23 152.90
5 0.6452 0.6452 0.6452 70.390
6 3.0166 0.6452 0.6452 10.260
7 47.677 55.487 54.84 147.87
8 129.826 127.75 129.04 14.710
9 133.282 133.56 132.27 156.06
10 0.6452 0.6452 0.6452 87.740
V (cm½ ) 801624.5 805777 833258 1313131
W (kg) 5951 6186 6186 9750

Table1: Comparisonof weightsfor the10-barplanetruss

We canseein Table1 that IS-PAES foundbetterresults
thanany of theothermethods.

Multiple objective optimization The two objective
functionsaretheminimizationof theweightstructure,and
the vertical deformationof node2, subjectto the original
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Figure4: Paretofront of the 10-barplanetruss(weight vs
displacement)

Figure5: Optimizationof 72-bar3D structure

constraints.In Figure4 we show the Paretofront for this
problem.

6.3 Optimization of 72-bar 3D structur e

The next problem is the design of 72-bar 3D structure
(transmissiontower)shown in Figure5, hasbeenaddressed
elsewherein theliterature[3].

The truss is subjectto two distinct loading conditions
andsixteenindependentdesignvariables.All nodessubject
to displacementconstraintÆ �A
�� ��� inchesin � and L di-
rection. All barshave a stressconstraint� ��ÇF��¨�� ��� kg/cm

0
� � ª �

� � �È��ÇF��¨!� ��� kg/cm
0
, ���É���X��������Ç2� . The mini-

mum size constraintis 
�� ��� Å cm
0 � Á �X�(�r�Ê�&�I��������ÇF���

The propertiesof the materialare: modulusof elasticity:Ç&� 
��1�s�K�2
�Ë kg/cm
0
, volumetricweigth: �!�6Ç�Çs�K�F
 � ½ kg/cm½ .

Thefirst loadingconditionhasa point load in node1 with���1Ç2
 kg in � direction,���1Ç2
 kg in L directionand � ���sÇF
 kg
in Y direction. Thesecondloadingconditionhasfour load

Group Number Member
1 A

,
-A Ì

2 A ¹ -A , 0
3 A

,
½ -A
, Ë

4 A
,¿Í

-A
,/Î

5 A
,¿Ï

-A 0I0
6 A 0 ½ -A ½

¾
7 A ½

,
-A ½ Ì

8 A ½ ¹ -A ½ Ë
9 A ½

Í
-A Ì ¾

10 A Ì , -A Ì Î
11 A Ì Ï -A ¹ 0
12 A ¹ ½ -A ¹ Ì
13 A ¹{¹ -A ¹ Î
14 A ¹ Ï -A ËIË
15 A Ë Í -A ÍI¾
16 A

Í&,
-A
Í 0

Table2: 72-bar3D crosssectionsby group

pointsin nodes1,2,3and4, with � ���sÇF
 kg in Y direction.
Thedesignproblemis thedesignof thetrussfor bothload-
ing conditions.In Table2 we give thegroupdescriptionof
thetruss.

We solve this problemin continuos(without a catalog)
anddiscrete(with a catalog)searchspaces.

1. ContinuosseachspacesolutionWecompareIS-PAES
againstseveralresultsof otherauthorsin Table3; asit
canbeobservedIS-PAES providesthebestsolution.
In Table4 we show basicstatisticsfor 30 runs.

2. DiscretesearchspacesolutionWe solvedthreecases
of this problemusingthecatalogof AltosHornosde
México, S.A.with 65 entriesfor the cross-sectional
areas: 1) stressconstraintsonly; 2) stressand dis-
placementconstraints;3) displacementconstraints,
andconsidersbartractionandcompressionstress,as
well as their properweight. The valuesof material
propertiesandconstraintsremainwith no changefor
all threecases. Solutionsfor 3 casesare shown in
Table5

6.4 Optimization of a steeldome

Our last experimentis devoted to the optimizationof the
weightof thesteeldomeshown Figure6 for discretesearch
space(usingthecatalogof AltosHornosdeMéxico,S.A.)

Singleobjectiveoptimization Thetrusshasseveninde-
pendentdesignvariables.For all nodes,displacementcon-
straint Æ �Ð��
 mm in Y direction. All barssubjectto the
stressconstraintgivenby thementionedcatalog.Themate-
rial propertiesare: modulusof elasticity=2.1x�2
�Ë kg/cm

0
,

yield strength:2750kg/cm
0
. The loadingconditionsarea

punctualloadin Y directionwith differentmagnitude:� ��
�

kg in node1; �ÄÅ 
 kg in nodes17,23,29,and35; � �2��
 kg
in nodes16,18,22,24,28,30,34,and36; � ��
�
 kg on the
restof thenodes.
We solved three casesof this problem using the catalog



Algorithm BestMinimun Weight(Kg)

IS-PAES 172.02
Venkayya[30] 173.06
Gellatly [31] 179.77
Renwei[32] 172.36
Schmit[33] 176.44

Xicheng[34] 172.90
GAOS[27] 173.94

Table3: ISPAES vsresultsof severalauthorsfor 72-bar3D
structure

Parameter Weight(Kg)

Best 172.02
Worst 172.09
Mean 172.05
Std.dev. 0.015
Median 172.04
Fact.Sol. 30

Table4: ISPAES statisticsfor 72-bar3D

Figure6: Optimizationof a steeldome

Parameter Case1(Kg) Case2(Kg) Case3(Kg)

Best 92.3295 192.7194 630.400
Worst 92.3295 193.4353 640.3640
Mean 92.3295 192.9098 633.2354
Std.dev. 0.0 0.3060 2.7371
Median 92.3295 192.7194 632.9665
Fact.Sol. 30 30 30

Table5: IS-PAES solutionsto 72-barstructureusinga cat-
alog

Parameter Case1(Kg) Case2(Kg) Case3(Kg)

Best 703.57 703.57 13642.33
Worst 703.57 703.57 13651.93
Mean 703.57 703.57 13644.56
Std.dev. 0.0 0.0 4.1304
Median 703.57 703.57 13642.33
Fact.Sol. 30 30 30

Table6: IS-PAESsolutionsto steeldomeusinga catalog

of Altos Hornos de México, S.A. with 65 entriesfor the
cross-sectionalareas:1) stressconstraintsonly; 2) stress
anddisplacementconstraints;3) displacementconstraints,
andconsidersbartractionandcompressionstress,aswell as
their properweight. The valuesof materialpropertiesand
constraintsremainwith no changefor all threecases.So-
lutionsfor 3 casesareshown in Table6. Columns“Case1”
and“Case2”areequalbecausedisplacementconstraintsare
toosmall.

Multiple objective optimization The two objective
functionsaretheminimizationof theweightstructure,and
theverticaldeformationof centralnode,subjectto theorig-
inal constraints.In Figure7 we show the Paretofront for
thisproblem.

7 Conclusions

We have proposeda new multiobjective optimizationalgo-
rithmwhoseselectionmethodis basedonParetodominance
but dominanceis only testedover objective functionsand
unfeasibleconstraints.Constraintsare“turnedoff ” asthey
becomevalid andnot usedto testParetodominance.This
mechanismfocusesthesearchin theoriginal “trade-off ” of
theobjective functions,neglectingthe artificial “trade-off ”
createdwhenconstraintsareaddedasnew objectives. IS-
PAESdeterminesthefeasibleregionbyboundingthehyper-
volumethatcontainsthepopulationandby removingunfea-
sible individuals throughfunction select(file). Select(file)
testsconstraintsin randomorderto removeunfeasibleindi-
vidualspreservinga goodmixtureof individualsandthere-
fore populationdiversity. All solutionsfound by IS-PAES
arehighly competitive andamongthebestsreportedin the
literaturefor aselectionmethodbasedonParetodominance.
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deExtremadura
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