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Abstract. A culturalalgorithmfor constrainedoptimizationis proposedin this
paper. Themainnovel featureof thisapproachis theuseof differentialevolution
asa populationspace.Differentialevolution hasbeenfoundto bevery effective
whendealingwith real valuedoptimizationproblems.The knowledgesources
containedin the belief spaceof the cultural algorithmarespecificallydesigned
accordingto thedifferentialevolution population.Furthermore,we introducean
influencefunctionthatselectsthesourceof knowledgeto applytheevolutionary
operators.Suchinfluencefunctionconsiderablyimprovestheperformancewhen
comparedto apreviousversionof thealgorithm(developedby thesameauthors).
We usea well-known setof testfunctionsto validatetheapproach,andcompare
the resultswith respectto the bestconstraint-handlingtechniqueknown to date
in evolutionaryoptimization.

1 Intr oduction

Cultural algorithmsare techniquesthat adddomainknowledgeto evolutionarycom-
putationmethods.They arebasedon the assumptionthat domainknowledgecanbe
extractedduring the evolutionary process,by meansof the evaluationof eachpoint
generated[1]. Thisprocessof extractionanduseof theinformation,hasbeenshown to
bevery effective in decreasingcomputationalcostwhile approximatingglobaloptima,
in unconstrained,constrainedanddynamicoptimization[2–5]. Culturalalgorithmsare
madeof two main components:the populationspace,and the belief space[6]. The
population spaceconsistsof a setof possiblesolutionsto the problem,andcan be
modeledusingany populationbasedtechnique,e.g.geneticalgorithms[7]. Thebelief
spaceis theinformationrepositoryin which theindividualscanstoretheirexperiences
for theotherindividualsto learnthemindirectly. In culturalalgorithms,theinformation
acquiredby an individual canbe sharedwith the entirepopulation.Both spaces(i.e.,
populationspaceandbeliefspace)arelinkedthroughacommunicationprotocol,which
statestherulesabouttheindividualsthatcancontributeto thebelief spacewith its ex-
periences(the acceptancefunction),andthe way the belief spacecaninfluenceto the
new individuals(theinfluencefunction).Thoseinteractionsaredepictedin Figure1.
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Fig.1. Spacesof a culturalalgorithm

Originally, whencultural algorithmswereappliedto real parameteroptimization,
geneticalgorithmswere usedas a populationspace[1]. Later on, evolutionary pro-
grammingappearedasa betterchoice[8] for the populationspacethangeneticalgo-
rithmswhendealingwith constrainedsearchspaces[9, 4,3]. Recently, particleswarm
[10] hasalsobeenproposedasapopulationspace[11], turningthedirectionto usenew
evolutionarymethodswith betterperformancein realparameteroptimization.

Differentialevolution [12] is a recentlydevelopedevolutionaryalgorithm,focused
onsolvingrealparamenteroptimizationproblems.Differentialevolutionhasbeenfound
to bea very robustoptimizationtechnique[13]. However, to the authors’bestknowl-
edge,wearethefirst to proposetheuseof differentialevolutionasthepopulationspace
of a culturalalgorithm[14]. This paperpreciselypresentsanextensionof our previous
work in whichwedid apreliminaryexplorationof thepotentialof differentialevolution
to be“culturized” [14].

2 Previous Work

Reynoldset al. [2] andChung& Reynolds[3] have exploredtheuseof culturalalgo-
rithmsfor globaloptimizationwith very encouragingresults.ChungandReynoldsuse
a hybrid of evolutionaryprogrammingandGENOCOPin which they incorporatean
interval constraint-network to representtheconstraintsof theproblemathand.In more
recentwork, Jin andReynolds[4] proposedan � -dimensionalregional-basedschema.
The ideaof Jin andReynolds’ approachis to build a mapof the searchspacewhich
is usedto derive rules abouthow to guide the searchof the evolutionary algorithm
(avoiding infeasibleregionsandpromotingtheexplorationof feasibleregions).Using
thesamepopulationspace(evolutionaryprogramming),Saleemproposesa culturalal-
gorithm for dealingwith dynamicenvironments[5]. Saleemaddshistoryanddomain
knowledgeto Chung’s situationalandnormative knowledge,andJin’s topographical
knowledge.In [11], Iacobanetal.changetheevolutionaryprogrammingalgorithmfrom



thepopulationspacefor a particleswarmoptimizer[10]. They makeananalysisof the
effectsof thebelief spaceover theevolutionaryprocess,showing thesimilaritieswith
theapproachin whichevolutionaryprogrammingis adopted.

3 Differ ential Evolution

Generateinitial populationof size���������
	��
Do

For eachindividual 
 in thepopulation
Generatethreerandomintegers,��� , ��� and ����������������������	���� , with ���! " ���# " ���$ " 

Generatea randominteger �
%'&)(�*!�+�����',-�
For eachparameter�.0/132 4 "65 . 1�2 % �87:9<;=� . 132 % �?> . 1�2 % �@� if ��AB,�C0��DE�����GFIH�J or � " �
%'&)(�*. 1�2 4 otherwise
EndFor
Replace. 4 with thechild . /4 , if . /4 is better

EndFor
Until theterminationconditionis achieved

Fig.2. Pseudo-codeof the differentialevolution algorithmadoptedin this work (this versionis
calledDE/rand/1/bin).

Differential evolution is an evolutionary algorithm proposedby Price and Storn
[12], whosemain designemphasisis real parameteroptimization.Differentialevolu-
tion is basedon a mutationoperator, which addsanamountobtainedby thedifference
of two randomlychosenindividualsof thecurrentpopulation.Thebasicalgorithmof
differentialevolution is shown in Figure2, wheretheproblemto besolvedhasK deci-
sionvariables,L and MON areparametersgivenby theuser, and P-Q
R S is the T -th decision
variableof the U -th individual in thepopulation.Theauthorsof thedifferentialevolu-
tion algorithmhavesuggestedthatby computingthedifferencebetweentwo individuals
randomlychosenfrom thepopulation,thealgorithmis actuallyestimatingthegradient
in that zone(ratherthanin a point). This approachis alsoratherefficient way to self-
adaptthemutationoperator. Theversionof differentialevolution shown in Figure2, is
calledDE/rand/1/bin,andis recommendedto be the first choicewhentrying to apply
differentialevolution [12]. That is thereasonwhy we adoptedit for thework reported
in this paper.

4 Our ProposedApproach

Theproposedapproachusesdifferentialevolution in the populationspace.A pseudo-
codeof thecultureddifferentialevolution is shown in Figure3.



Generateinitial population
Evaluateinitial population
Initialize thebelief space
Do

For eachindividual in thepopulation
Apply thevariationoperatorinfluencedby a randomlychosenknowledgesource
Evaluatethechild generated
Replacetheindividualwith thechild, if thechild is better

Endfor
Updatethebeliefspacewith theacceptedindividuals

Until theterminationconditionis achieved

Fig.3. Pseudo-codeof thecultureddifferentialevolution.

In the initial stepsof the algorithm, a populationof V-W�VYX�T'Z\[ individuals is cre-
ated,aswell asa belief space.For the childrengeneration,the variationoperatorof
thedifferentialevolution algorithmis influencedby thebelief space.Sincewe wantto
solveconstrainedoptimizationproblems,thefitnessfunctionby itself doesnot provide
enoughinformationas to guide the searchproperly. To determineif a child is better
thanits parent,andit canreplaceit, weusethefollowing rules:

1. A feasibleindividual is alwaysbetterthananinfeasibleone.
2. If botharefeasible,theindividualwith thebestobjective functionvalueis better.
3. If both are infeasible,the individual with lessamountof constraintviolations is

better, measuringviolationswith normalizedconstraints.

4.1 The Belief Space

In ourapproach,thebelief spaceis dividedin four knowledgesources,describednext.

Situational Knowledge Situationalknowledgeconsistsof thebestexemplar ] found
alongtheevolutionaryprocess.It representsa leaderfor theotherindividualsto follow.
Thevariationoperatorsof differentialevolutionareinfluencedin thefollowing way:P /Q
R S$^ ] Q-_ La`#b�P Q�R c)d�e P Q
R cgf�h
where ] Q is the T -th componentof the individual storedin the situationalknowledge.
This way, we usethe leaderinsteada randomlychosenindividual for the recombina-
tion, gettingthe childrencloserto the bestpoint found.The updateof the situational
knowledgeis doneby replacingthestoredindividual, ] , by thebestindividual found
in thecurrentpopulation,PYi�jlk�m , only if PYi�jlk�m is betterthan ] .

Normative Knowledge Thenormative knowledgecontainsthe intervalsfor thedeci-
sion variableswheregoodsolutionshave beenfound, in orderto move new solutions
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Fig.4. Structureof thenormative knowledge

towardsthoseintervals.Thus,thenormativeknowledgehasthestructureshown in Fig-
ure4.

In Figure 4, x Q and y Q are the lower and upperbounds,respectively, for the T -th
decisionvariable,and z=Q and {|Q arethe valuesof thefitnessfunctionassociatedwith
thatbound.Also, thenormativeknowledgeincludesa scalingfactor, }B~+Q , to influence
themutationoperatoradoptedin differentialevolution.Thefollowingexpressionshows
theinfluenceof thenormativeknowledgeon thevariationoperators:

P /Q
R S ^��� � P Q�R cg�=_ L�`O� P Q
R c�d�e P Q�R cgf � if P Q�R cg��� x QP Q�R cg��e L�`O� P Q
R c�d�e P Q�R cgf � if P Q�R cg��� y QPYQ�R cg� _����'�-������ � `�L�`$b�PYQ�R c)d e P-Q
R c@f h otherwise

The updateof the normative knowledgecanreduceor expandthe intervals storedon
it. An expansiontakes placewhen the acceptedindividuals do not fit in the current
interval,while areductionoccurswhenall theacceptedindividualslie insidethecurrent
interval, andtheextremevalueshave a betterfitnessandarefeasible.Thevalues}�~ Q
areupdatedwith thegreatestdifference� P Q�R c)d�e P Q
R c@f � foundduringapplicationof the
variationoperatorsof thepreviousgeneration.

Topographical Knowledge Theusefulnessof thetopographicalknowledgeis to cre-
atea mapof the fitnesslandscapeof the problemduring the evolutionaryprocess.It
consistsof a setof cells,andthebestindividual foundon eachcell. Thetopographical
knowledge,also,hasanorderedlist of thebest � cells,basedon thefitnessvalueof the
bestindividualon eachof them.For thesakeof a moreefficientmemorymanagement,
in the presenceof high dimensionality(i.e., too many decisionvariables),we usean
spatialdatastructure,called � -d tree,or � -dimensionalbinary tree[15]. In � -d trees,
eachnodecanonly have two children(or none,if it is a leaf node),andrepresentsa
division in half for any of the � dimensions(seeFigure5).

Theinfluencefunctiontriesto movethechildrento any of the � cellsin thelist:

P /Q�R S$^��� � P-Q
R c@� _ L�`O� PYQ�R c)d e P-Q
R c@f�� if P-Q
R cg� � x3Q
R �P-Q
R c@� e L�`O� PYQ�R c)d e P-Q
R c@f�� if P-Q
R cg� � y�Q�R �P-Q
R c@� _ L�`$b�P-Q
R c)d e PYQ�R cgf h otherwise

where x Q
R � and y Q�R � arethelowerandupperboundsof thecell � , randomlychosenfrom
thelist of the � bestcells.Theupdatefunctionsplitsanodeif abettersolutionis found
in thatcell, andif thetreehasnot reachedits maximumdepth.Thedimensionin which
thedivision is done,is theonethathasagreaterdifferencebetweenthesolutionstored
andthenew referencesolution(i.e., thenew solutionconsideredasthe“best” foundso
far).
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Fig.5. Exampleof thepartitionof a two dimensionalspaceby a � -d tree

History Knowledge This knowledgesourcewasoriginally proposedfor dynamicob-
jectivefunctions,andit wasusedto find patternsin theenvironmentalchanges.History
knowledgerecordsin a list, thelocationof thebestindividual foundbeforeeachenvi-
ronmentalchange.Thatlist hasamaximumsize � . Thestructureof historyknowledge
is shown in Figure6, where[�Q is thebestindividualfoundbeforethe T -th environmental
change,}�X�Q is theaveragedistanceof thechangesfor parameterT , and }���Q is theaver-
agedirectionif therearechangesfor parameterT . In our approach,insteadof detecting
changesof theenvironment,we storea solutionif it remainsasthebestoneduringthe
last V generations.If this happens,we assumethatwe aretrappedin a localoptimum.

��� pgp�p � 1 p�p�p ��� CB��� CB��� pgp�p CB� (Ct� � Ct� � pgp�p Ct� (
Fig.6. Structureof thehistoryknowledge

Theexpressionof theinfluencefunctionof thehistoryknowledgeis thefollowing:P /Q�R S ^��� � PYQ�R jl� _ }���Q�`�L�`O� P-Q
R c)d e PYQ�R cgf�� if �t \K?}-b�¡�¢�£ h��¥¤PYQ�R jl� _ d)¦ §)¨ � k ���� � `$b�P-Q
R c)d e PYQ�R cgf h if �t \K?}-b�¡�¢�£ h��ª©�t \K?}Yb
x���Q�¢@y��)Q h otherwise

wherePYQ�R jl� is the T -th decisionvariableof thepreviousbest [�« storedin thelist of the
historyknowledge, }�~�Q is themaximumdifferencefor the T -th variable,storedin the
normative knowledge, x��)Q and y¬�)Q arethe lower andupperboundsof the variable P-Q ,
givenasinput for the problem,and �t \K?}Yb
 Y¢g� h is a randomnumberbetween  and � .
To updatethehistoryknowledge,we addto the list any local optimafoundduringthe
evolutionaryprocess.If thelist hasreachedits maximumlength � , theoldestelement
is discarded.Theaveragedistancesanddirectionsof changearecalculatedby:}�X�Q ^®­ « � d¯)° d+±± PYQ�R jl²@³\´ e PYQ�R jl² ±±� e £}B��Q ^ X�µ�Kª¶ « � d·¯)° d X�µ�K+¸
P-Q
R jl²�³�´ e P-Q
R jl²B¹�º



wherethefunction X�µ�K»b
  h returnsthesignof   .
4.2 AcceptanceFunction

The numberof individuals acceptedfor the updateof the belief spaceis computed
accordingthedesignof a dynamicacceptancefunctionby Saleem[5]. Thenumberof
acceptedindividualsdecreaseswhile the numberof generationincreases.Saleem[5]
suggeststo resetthe numberof acceptedindividualswhenan environmentalchange
occurs.In ourcase,weresetthenumberof acceptedindividualswhenthebestsolution
hasnot changedin the last V generations.We get thenumberof acceptedindividuals,K8¼��'�'j�½�m
j � , with thefollowing expression:K ¼��'�'j¾½)m
j � ^À¿@Á VÂ`ÃVYW�VYX�T'Z�[ _ bl£ e Á V h `ÃVYW�VYX�T'Z�[µ Ä
where%V is a parametergivenby theuser, in b�¡�¢�£�Å ; Saleem[5] suggestsusing0.2. µ
is thegenerationcounter, but is resetto 1 whenthebestsolutionhasno changedin the
last V generations.

4.3 Main InfluenceFunction

Themaininfluencefunctionis responsiblefor choosingtheknowledgesourceto beap-
plied to thevariationoperatorof differentialevolution.At thebeginning,all theknowl-
edgesourceshave the sameprobability to beapplied,%V ¯ k ^ dÆ , becausethereare4
knowledgesources;but during theevolutionaryprocess,theprobabilityof theknowl-
edgesource��X to beappliedis: Á V ¯ k ^ ¡�ÇÈ£ _ ¡�Ç É?Ê ¯ kÊ
where Ê ¯ k arethe timesthatan individual generatedby theknowledgesource�ËX out-
performsits parentin the currentgeneration,and Ê are the times that an individual
generated(by any knowledgesource)outperformsits parentin thecurrentgeneration.
The lower boundof the value%V is 0.1, to ensurethat any knowledgesourcehasal-
waysaprobability � 0 to beapplied.If Ê ^ ¡ duringageneration,%V ¯ k ^ dÆ , asin the
beginning.Thismaininfluencefunctionis themostimportantmodificationwith respect
to thepreviousversionof this algorithm([14]).

5 Comparison of Results

To validateour approach,we adoptedthe well-known benchmarkincluded in [16]
which hasbeenoften usedin the literatureto validatenew constraint-handlingtech-
niques.For a full descriptionof the testfunctionsadopted,the readershouldrefer to
[16]. The parametersusedby our approacharethe following: VYW�VYX�T'Z�[ ^ £�¡�¡ , maxi-
mumnumberof generations= 1000,the factorsof differentialevolution are L ^ ¡�ÇÍÌ
and MON ^ £ , maximumdepthof the � -d tree= 12, lengthof thebestcells list � ^ £�¡ ,



Table 1. Resultsobtainedby ourcultureddifferentialevolution approach

TF Optimal Best Mean Worst Std Dev
g01 -15 -14.999863 -14.999351 -14.998283 0.000333
g02 0.803619 0.793829 0.735590 0.620843 0.049941
g03 1 1.000000 0.896800 0.69272 0.080994
g04 -30665.539 -30665.538672-30665.538672-30665.5386720.000000
g05 5126.4981 5126.558552 5198.202774 5323.865946 59.633275
g06 -6961.8138 -6961.813876 -6961.813876 -6961.813876 0.000000
g07 24.3062091 24.575518 24.575520 24.575526 0.000002
g08 0.095825 0.095825 0.095825 0.095825 0.000000
g09 680.6300573 680.630057 680.630057 680.630057 0.000000
g10 7049.25 7049.248134 7049.248489 7049.249942 0.000362
g11 0.75 0.750000 0.777469 0.898055 0.044560
g12 1 1.000000 1.000000 1.000000 0.000000
g13 0.0539498 0.056180 0.288324 0.39210 0.161230

thesizeof thelist in thehistoryknowledge� ^ Ì , ¤ ^ © ^ ¡ËÇ Î�Ì , and%V ^ ¡ËÇ Ï . The
valuesshown in tableswereobtainedexecuting30 independentrunsperproblem.

Table1 shows the resultsobtainedby our approach.The resultsobtainedby the
stochasticrankingmethod(thebestconstraint-handlingtechniqueproposedfor evolu-
tionaryalgorithmsknown to date)areshown in Table3. Our resultsarealsocompared
to apreviousversionof ouralgorithm[14] in Table2. Theresultsof RunarssonandYao
wereobtainedwith 350,000evaluationsof thefitnessfunction.Our approachrequired
only 100,100evaluations(in both versions,the previous [14] andthe onereportedin
this paper).

Table2. Resultsobtainedby ourpreviousversionof cultureddifferentialevolution [14]

TF Optimal Best Mean Worst Std Dev
g01 -15 14.996953 13.214513 5.999896 2.985388
g02 0.803619 0.616900 0.517901 0.419959 0.066237
g03 1 1.000000 0.821397 0.600900 0.144609
g04 -30665.539 -30665.539177-30665.538824-30665.5386720.000244
g05 5126.4981 5126.563220 5136.862081 5184.827897 19.569988
g06 -6961.8138 -6961.813876 -6961.813876 -6961.813876 0.000000
g07 24.3062091 24.575671 24.585679 24.650253 0.023298
g08 0.095825 0.095825 0.095825 0.095825 0.000000
g09 680.6300573 680.630057 680.630057 680.630057 0.000000
g10 7049.25 7049.251189 7049.284777 7049.372205 0.040707
g11 0.75 0.757500 0.779440 0.854357 0.039593
g12 1 1.000000 1.000000 1.000000 0.000000
g13 0.0539498 0.054903 0.314341 0.426815 0.181099

As canbeseenin Tables1 and2, thenew versionof our algorithmexhibitsa better
performancethanourpreviousversionin all cases,exceptin g05,whereits variablility
is higher. The currentversionnow reachesthe optimumin g11,andalsoconsistently
reachesthe optimumof g04.Whencomparedto stochasticranking(seeTable3), our
cultureddifferentialevolutionalgorithmturnsout to beverycompetitive.Ourapproach



reachedthe global optimumin eight problems,andstochasticrankingdid it in nine.
However, with theexceptionof g02andg13(wherestochasticrankingwasaclearwin-
ner), in all the otherproblemsthe resultsobtainedby our approacharevery closeto
theglobaloptimum.An additionalaspectthatwe foundquiteinterestingis thatourap-
proachpresentedin mostcasesa low standarddeviation, improving on therobustness
of stochasticrankingin severalcases.A remarkableexampleis g10,wherestochastic
rankingwasnot ableto reachthe global optimumandpresenteda high variability of
results.Anotherexampleis g06,wherestochasticrankingalsopresenteda highervari-
ability thanourapproach.In contrast,stochasticrankingshowedamorerobustbehavior
thanourapproachin g01,g03,g05andg11.

Table3. Resultsreportedfor stochasticranking[16]

TF Optimal Best Mean Worst Std Dev
g01 -15 -15.000 -15.000 -15.000 0.0
g02 0.803619 0.803515 0.781975 0.726288 0.020
g03 1 1.000 1.000 1.000 0.00019
g04 -30665.539 -30665.539-30665.539-30665.539 0.00002
g05 5126.4981 5126.497 5128.881 5142.472 3.5
g06 -6961.8138 -6961.814 -6875.940 -6350.262 160
g07 24.3062091 24.307 24.374 24.642 0.066
g08 0.095825 0.095825 0.095825 0.095825 0.000000
g09 680.6300573 680.630 680.656 680.763 0.034
g10 7049.25 7054.316 7559.192 8835.655 530
g11 0.75 0.750 0.750 0.750 0.00008
g12 1 1.000000 1.000000 1.000000 0.0
g13 0.0539498 0.053957 0.057006 0.216915 0.031

6 Conclusionsand Future Work

In this paperwe introducea culturalalgorithm,which usesdifferentialevolution.This
work improveson our previousattemptto developa culturalalgorithmthatusesa dif-
ferentialevolution-basedpopulation[14]. Theapproachis appliedto solveconstrained
optimizationproblems.Adding a belief spaceto the differentialevolution algorithm,
we wereableto geta low computationalcostwhile obtainingcompetitive resultson a
well-known benchmarkadoptedfor evolutionaryoptimization.Themainweaknessof
this approachis its apparentlossof diversity, dueto its high selectionpressure.Some
of theknowledgesourcesof thebeliefspacearedesignedto providediversity, but more
work remainsto bedonein thissense(ascanbeseenfrom theresultsobtainedfor g02).
Someotherdirectionsof futurework aretheanalysisof theimpactof eachknowledge
sourceduringtheevolutionaryprocess;or acomparisonof differenttypesof acceptance
functions,whichmayallow a betterexplorationof thefitnesslandscape.
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