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Abstract

This paperintroduceghecircuit designproblemasa synthesigprocedure An evolutionary
techniquedenominatedseneticProgrammings proposedasthe mainenginefor the synthesis
of logic circuits. The paperarguesthat the synthesisof circuits usingbottom-upprocedures
(suchasGeneticProgramming)s atleastaspowerful asarny top-dovn method andthatthisis
possibleby meansf thereplicationof a singleelement:the binarymultiplexer. Theproperties
of this device aredescribedasa soundbasisfor the synthesisof logic circuits using Genetic
ProgrammingSeveralcircuitsaresynthesizedndcontrastecgainstwo designmethodsthe
standardmplementationof logic functionsusing multiplexers, and orderedbinary decision
diagrams.

Keywords: logic synthesiscomputeraideddesign optimization,evolvablehardware,geneticpro-
gramming artificial intelligence.

1 INTRODUCTION

Automateddesignin ary domainis a task consideredquite difficult to achieve with a computer
particularly if involves humandecisionsthat do not seemto follow a well-definedpattern. The
synthesif logic circuitsis oneof thesedesignproblemsthatis difficult to automateln previous
work we have developedanapproactbasedn ageneticalgorithm(GA) to optimizecombinational
circuits at the gatelevel [9, 10]. In the aforementionedvork, the designmetric adoptedwasthe



numberof gatesof a circuit, sothatour goalwasto producefully functionalcircuitsthatrequired
thesmallestpossiblenumberof gates(choserfrom a certainsetdefinedby the user).

However, theuseof thismetricmaynotberealisticin VLSI systemglesignwheretheemphasis
is to decreasé¢he whole manufcturingcostratherthanreducingthe total numberof components
used[11]. It is common thereforeto replicatethe sameunit asmary timesaspossible despitethe
factthatthis mayleadto circuits with a larger numberof gates.Furthermorejn this domain,the
silicon surfaceneededo implementary logical componenis anothervery importantfactorthat
deseresconsiderationandour previouswork hadnot considereckitherof theseissues Addition-
ally, we were aware of the strongbiasimposedby the matrix representatiothatwe have usedin
the pastto designcombinationakircuits[8, 10] andwantedto addresghis issueaswell. For this
article, thecircuit designproblemis restatedn suchaway thattheissuegreviously mentionedare
takeninto account.

This paperemphasizeshe importanceof replicationby allowing the useof only onedevice:
the multiplexer! with 1-controlline. Then,we restatethe problemso that the goal is the genera-
tion of fully functionalcircuitsin which the total numberof multiplexers usedis minimum. The
representationddiasissuementionedbeforeis addressethy adoptingthe tree encodingtechnique
usedin geneticprogramming?2]. Theunderlyinghypothesi®f the methodologyintroducedby the
paperis thatthereplicationof simpleandelementarnbinary multiplexersis a soundprocesdgor the
synthesif logic functions.

The organizationof this paperis the following: Section2 describessomeprevious related
work. Section3 statesthe problemof interestin a more detailedform. Sections4, 5, 6, and
7 are devotedto the introductionof a methodologybasedon geneticprogrammingto synthesize
logic functionsusing multiplexers. Sections8 and 9 presenta variety of examplestaken from
the technicalliterature. To validatethe approachcircuits are comparedn two ways: oneis the
comparisorof the numberof muxesfoundin the minimizedcircuits againsthe numberof muxes
neededyy the standardmplementation.The othercomparisors againsta popularlogic synthesis
approachcalled OrderedBinary DecisionDiagrams(OBDDs). Sectionl10 is devotedto testthe
consisteng of themethod.Sectionl11 providesconclusions.

2 PREVIOUS WORK

A generalsearchtechniqueinspiredby naturalevolution, calledthe geneticalgorithm (GA) [19],

hasbeenwidely usedfor optimizationtasks[17] andis known to beavery powerful tool in certain
domains.GeneticProgramming GP) [23] is an extensionof the GA in which a tree-basedepre-
sentationis usedinsteadof the traditionallinear chromosomidiinary representatioemplo/ed by
the GA.

Probablythe earliestattemptto evolve circuitsis Friedmans thesis thatdatesbackto the mid

1950s[16]. In his thesis,Friedmanproposedhat a seriesof control circuits, similar to what we
now call neuralnetworks, could be evolved through“selective feedback’in a processaanalogougo

Throughoutthis paper we will often referto a 1-control line multiplexer usingthe abbreiation “mux” (plural is
“muxes”).



naturalselection.J. W. Atmar [5] wasanotherearly researcheto incorporatedirectly the bit string
representinghe configurationof a programmablesircuit within the genotypeof an evolutionary-
basedechnique.

In thecontemporaryiterature the attemptto useevolutionary-basedechniqueso designelec-
trical circuits hasbeencalled“evolvable hardware” [22, 12]. Within evolvable hardwarethereare
only afew researcherg/orking onthe designof circuitsatthe gate-level.

Louis[28] is oneof earliestsourceghatreportthe useof GAsto designcombinationalogic cir-
cuits. In hisdissertatiorj27] Louis combinesknowledge-basedystemswith the geneticalgorithm,
makinguseof a geneticoperatorcalled masled crosswer that adaptsto the encoding beingable
to exploit informationunusedby classicalcrosseer operators.His ideaof incorporatingknowl-
edgeaboutthe domainin the geneticoperatorconstitutesa big steptowardincreasinghe power of
the GA asadesigntool. Unfortunately the incorporationof knowledgeinto the GA decreasegs
usefulnesssa genenl searchtool. Louis overcomeshis problemby defininganoperatorthathe
claimsto be domainindependentbut whoseefficiengy turnsout to dependon the representation
used.

Koza[23] hasusedgenetigorogrammingo designcombinationatircuits. He hasdesignedfor
example,a two-bit addey usinga small setof gates(AND, OR, NOT), but his emphasidasbeen
on generatingiunctional circuits ratherthan on optimizing them. In fact, this is alsothe casein
Louis’ researchyherethe mainfocuswasto provide aneasiemway to generatdunctionaldesigns
usingthe GA ratherthanin optimizing a functionaldesignaccordingto certainmetrics. In more
recentwork, Koza[25, 24] hasfocusedmoretowardsthe designof analogcircuits in which the
goal is to producetheir appropriatetopology and size so that they arefunctional given a certain
setof components. So far, geneticprogramminghasbeenconsidereda more powerful tool in
suchtasks,becausehe representatiorit usesis more powerful for structuraldesignin general.
However, geneticprogrammingproducestircuitsthatarehighly redundananddifficult to simplify
automatically Furthermorethe computeresourcesiormally requiredto producesuchcircuitsare
very demandingn termsof memoryandCPUtime.

Another early effort to codify the basiclogic gates(AND, OR, and NOT) along with their
possibleinterconnectionsvasofferedby Thompsoret al. [35]. Thompsors work focuseson the
configurationof a Field Programmabl&ateArray (FPGA) usinggeneticalgorithms,andwasthe
basisfor thework performedaterby mostof theotherresearchermterestedn evolvablehardware
atthegatelevel.

Miller etal. [29] developedanapproachhatusesavery compactepresentatiothatinsteadof
consideringthe inputsandgatesof a circuit ascompletelyseparateelementsn the chromosomic
string,usesa singlegeneto encodea completeBooleanexpression Miller’ s notationdecreasethe
total length of the chromosomebut it increaseshe cardinality of the alphabetneededhaving as
its main drawbackthe lack of flexibility of the representatioto handlea larger numberof inputs
(the cardinality of the alphabein Miller’ s casegrows exponentiallywith respecto the numberof
inputs).

Theonly otherwork on evolvablehardwareat a gatelevel is theonereportedby Ibaetal. [21],
who useda variable-lengtiGA with anarrayrepresentationHowever, the emphasiof Iba’s work
is learningratherthanoptimization.



Noneof the previously mentionedapproachefasconcentratean the exclusive useof multi-
plexersto designcombinationakircuits usingevolutionarytechniquesalthoughsomeresearchers
suchasMiller [29] have usedmultiplexersasanothepermissiblegatewhich canbe combinedwith
thetraditionalBooleanfunctionsto designcircuits.

Severalstratgiesfor thedesignof combinationatircuitsusingmultiplexershave beenreported
after the conceptof univesal logic modules[38]. Charttechniqueq26], graphicalmethodsfor
up to 6 variables[36], andotheralgorithmsmore suitablefor programminghave beenproposed
[30, 18, 4, 34]. Theaim of theseapproachegémuxesin cascader tree,or acombinationof both),
is eitherto minimize the numberof multiplexers,or to find p controlvariablessuchthata Boolean
functionis realizableby a multiplexer with p—controlsignals.

Our goalis a generalmethodologyfor the synthesiof ary logic function specifiedthrougha
truth table. No specificdomainknowledgeis usedto modify the geneticoperatorsneitherit needs
to beknown by the system.

Binary decisiondiagramshave beenalso very popularin the circuit optimizationliterature.
Akers[3] proposedbinary decisiondiagramsas the vehicle to representand minimize Boolean
functions.Bryant[6] proposedlirectedacyclic graphdor thesameend.Bothapproachearebased
on themanipulationof the nodesof the graph,thus,theinitial graphis transformednto functional
equvalentsubgraphsvhile preservingthe Booleanfunction encoded. The repetitve application
of several noderulesderived from the problemdomain(remaove terminals,remove nonterminals,
remove redundantests[7], andalsoreducé [31] have provensuficientto simplify binarydecision
diagramsandto reduceheminto orderedcbinarydecisiondiagramsln essencehegoalis achieved
by a top-davn minimizationstrategy, thatis, reducedgraphsare producedrom completegraphs.
The approachalthoughusefulto testfunctionalequivalence(generatiorof the sametruth table)
andothercircuit propertiesjt doesnot fully minimizeacircuit [20].

The evolutionarycomputatiorapproachwe areto describefollows essentiallythe oppositedi-
rection. A bottom-upsearchingprocedureg(geneticprogramming[23]) constructsBooleanfunc-
tions by combiningsamplesaken from the spaceof partial solutions. Oncea 100% functional
solutionis found, our goalis to minimize sucha solution. Thus,thefitnessfunctionis updatedo
rewardfully functionalsolutionswith fewer elements.Treesarethereforetrimmed,andnodesare
replicatedwithout addingary heuristicotherthana simplechangen thefitnessfunction.

The differencein the two approacheshouldbe evident at this point: in graphtechniqueghe
“minimization rules” arederived from the problemdomain. In our evolutionary systemwe work
with the purestform of geneticprogramming.Thus,no problemdomainknowledgewasincluded
in the evolutionaryprocessandyet, our approachs ableto find excellentresultsaswe will seein
afurthersection.

OrderedBinary DecisionDiagrams(OBDDs) have alsobeenusedin combinationwith evolu-
tionary computatiortechniquesyYanagiyg37] is creditedasbeingthefirst to useOBDDsto learn
a 20-multiplexer with geneticprogramming.After him, several otherresearcherbave performed
similar research{seefor example[14]). However, the emphasi®of thatwork hasbeenthe modifi-
cationof the geneticoperatorsasto implementthe standardOBDD simplificationrules. They also
consideredhe useof specialtechniquedo createrathersmallinitial populationghatfunctionally
agreewith the truth table. Thus,the low biasin the initial populationreduceshe searchspace,



andin consequencthetime to find a solution. The mostolbvious disadwantageof theseconstraints
specificallydesignedo learna certainBooleanfunction (e.g.,a multiplexer) is their lack of gen-
erality. OtherresearchersuchasDrechsle{13] have focusedon improving thelearningrateof a
geneticalgorithmby trainingit with asetof examples Althoughthetrainingprocessurnsoutto be
relatively slow, the performanceof the geneticalgorithmis considerablyaccelerate@fterderiing
certainheuristicsfrom the learningstage andapplyingthemto a differentBooleanfunction. The
focusof thesepaperss differentfrom ours,sincewe do not concentrat®n the problemof learning
a certainBooleanfunction (like Droste[14]) or a certainnodeorderingfor anOBDD (like Drech-
sler[13]), butin designingandoptimizingcombinationatircuitsdefinedby atruth tableusingonly
multiplexers[2],[1]. Neverthelessywe compareour resultsagainsthoseproducedoy OBDDsin a
furthersection.

3 STATEMENT OF THE PROBLEM

The problemof interestto us consistsof designinga circuit that performsa desiredogic function
(specifiedby atruth table),usingthe leastpossiblenumberof 1-controlline multiplexers. As will
be describedbelav, a logic function with n variablescan be implementedusing 2™ — 1 muxes
(calledthe standad implementationn this paper).Any implementatiorusinglessthanthatnum-
ber of elementscould be consideredcan improvementin the design. Sincethe optimal minimum
numberneededs unknavn for mostof the logic functions,the useof a heuristicsuchasgenetic
programming23] seemsadequate.

The approaclhof this paperallows only “1s” and“0s” to be fed into the muxes. This malkesa
cleardifferencewith respecto the well-known takular techniquesusedfor the synthesisof logic
circuits, becausén thosecasesa variablecanbe fed into a multiplexer. In our casewe allow the
variablesto be usedonly asthe controlsignalof the multiplexer.

Theimplementatiorcostmeasuredn termsof silicon surfacehasbeenstudiedfor mary years.
Considemlann-variablemultiplexerrealizedby meanf 2" — 1 multiplexerswith a1-controlsignal.
Assumingthatthecostof asingleunitis K, thecostof sucharealizationis proportionalto K (2" —
1). Thereforeary realizationwith afewer numberof elementsmpliesanimprovementof thetotal
manufcturingcost[11]. Recently Schollintroducedpasstransistorogic for the implementation
on silicon of thiskind of synthesizedircuits[32].

4 MULTIPLEXERS AS UNIVERSAL LOGIC BASIS ELEMENTS

A multiplexer with n selectionlinesis a combinationakircuit thatselectsdatafrom 2" inputlines
anddirectsit to a single outputline. A procedurebasedon the residueof a Booleanfunction
combinedwith Shannors decompositiorproduces circuit thatonly usesbinary multiplexers(the
complemenbdf aBooleanvariablex will bedenotedk’ hereafter)



Definition 1 Residue of a Boolean Function The residue of a Boolean function
f(z1,29,...,2,) With respectto a variable z; is the value of the functionfor an specificvalue
of z;. It is denoteddy f,,, for z; = 1 andby fz, for z; = 0.

The Shannorexpansion33] in termsof residuesf thefunctionis,
f=2flz; +zjfla 1)

For mappingBooleanexpansionsnto circuits using binary multiplexers, eachvariablez; in
Equationl takesthe control line of the mux. For the sale of an example considerthe function
fla,b,c) =a't'c+ a'bd’ + ab'c.

Theresidueof theexpansionover thevariablea is:

f(a'a b7 C) = G,f|a:0 + af|a:1
= a-(be+bd)+a- ()

The factorb’c + bc’ mustbe taken by the mux whenthe selectora is “low”, andb'¢’ whena is
“high”. Thesefactorscould alsobe expandedn the sameway. The expansionof the first factor
overthevariableb is:

Ve+bd = b (c+bd)|p=o+ bd'c+bc)|p=1
= b, + C + b . CI

And the expansionof thesecondactorover b is:

v = b'('cd)|p=0 + b0 c)|p=1
= b-+b-0

ThecircuitimplementingheBooleanfunctionof ourexampleis shavn in Figurel. Oursystem
captureghe essencef this expansiontherefore,it will producecircuits whoseonly inputsareOs
and1s. Differentvariableorderduringthe expansioncanproducesmallercircuitsif someBoolean
termsaresharedby two or morebranche®f thetree. Thisis a combinatorialproblemsuitablefor
anevolutionarycomputatiortechnique.

The standad implementatiorof a Booleanfunction usingbinary muxesis shavn in Figure2.
Thisis, every multiplexer with n-controllines canbe synthesizedby 2" — 1 muxeswith 1-control
line. Noticethatthe numberof layersor depthof thearrayis equalto n.

Multiplexers can be “active low” or “active high” devices, a propertythat we simply denote
asclassA andclassB (this is similar to computethe Shannorexpansionover a variablea, or its
complement’). For a classA multiplexer, whenthe controlis setto onetheinput labeledas“1”
is copiedto the output, andviceversa,the input labeledas“0” is copiedto the outputwhenthe
controlis zero. For a classB multiplexer the logic is exactly the opposite:copy the input labeled
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Figurel: Shannorexpansionmplementedvith binary multiplexers
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Figure 2: Implementationof a multiplexer of 3-control signalsby meansof 7 1-control signal
muxes.Muxesclass‘A” andclass‘B”. Functionalequivalencebetweerbothclasses
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Figure3: Transformatiorof afunctioninto its complementunction

“0” whenthe controlline is one,andcopy theinputlabeled“l” whenthe controlis zero. In order
to differentiatethis property classA muxeshave thecontrolsignalon theright handsideandclass
B ontheleft, ascanbe seenin Figure2. Thereforethe control signalis locatedon the sideof the
inputto be propagatedvhenthe controlis in anactivestate(the active statewill be“1” for all our
examples).

It is possibleto usebothclasse®f multiplexerssimultaneouslyn acircuit. Thedesigncriteria
couldallow themaswell. Two characteristigropertiesof circuits of this natureshouldbe taken
into consideratiorduringthe designprocess:

ClassTransformation Property: ClassA andclassB multiplexerscanbe cornvertedfreely
from oneclassinto the other by just switchingtheir inputs, thusinput labeled“1” goesto
input“0” andinputlabeled‘0” now goesinto “1” (seeFigure2).

ComplementFunction Property: Foreverylogic functionF, its complemenf” is derivable
from thevery samecircuit thatimplementsF by justnegatingtheinputs,thatis, by changing
“0s” to “1s” and“1s” to “0s” (seeFigure3) [2].

Thecorrespondingonsequencest thesepropertiesaarethefollowing:

Implementation in One Class Every circuit canbeimplementedy meansof multiplexers
of only oneclass(by the classtransformatiorproperty).Sincewe areaimingto replicatethe
sameelementasmary timesaspossible thisis a highly beneficialdesignquality, ascanbe
appreciatedn Figure4 [2].

The Minimum Cir cuit Equivalence If the function F' andits complementF” arefoundto

beimplementedy particularanddifferentsize(i.e., numberof elementskircuits,thenboth
circuits are solutionsfor both functions(by the complementunction property). Therefore,
the smallestcircuit is the desirablesolution. This meanghatin practicethe designemwould

have analternateprocedurdo verify the quality of the solution[2].
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Figure4: Transformatiorof a designinto a circuit usingmultiplexersof only oneclass(ClassB is
shawn in this example)

5 NOTIONS OF GENETIC PROGRAMMING

Oneof theearlygoalsof Artificial Intelligence(Al) relateso theautomaticgeneratiorof computer
programgo performacertaintask. For severalyears however, thisgoalseemedoo ambitioussince
thereis normally an exponentialgrowth of the searchspaceaswe extendthe domainof a certain
program,andconsequentlyary techniquewill produceeitherinvalid or very inefficient programs.

Someevolutionarycomputingtechniquesttemptedo dealwith automatigorogrammingsince
their conception but their notoriousfailuresevenin very simple domainspreventedother Al re-
searcherto take muchof thiswork seriously{15]. However, Hollanddevelopedhemodernconcept
of the geneticalgorithmwithin the framework of machinelearning[19], andmuchmoreresearch
is still in progressnvestigatingthe useof GAs for that purpose althoughautomaticprogramming
wasput asideby researcherfor severalyears.Oneof the reasondor this wasthata corventional
GA hassome(ratherobvious) limitations whenusedfor automaticprogramming particularlyin
termsof representationassues.

Encodingthe setof instructionsof a programminganguageandfinding a way of combining
themin a meaningfulmanneris not simpleby ary meansjput if atreestructureis usedin combi-
nationwith certainrulesthat avoid the generatiorof invalid expressionsve canbuild a primitive
parsercapableof producingsimple programs.This was preciselythe approachtaken by JohnR.
Koza[23] to develop“geneticprogramming’in which LISP wasoriginally usedto take adwantage
of theparsetuilt into thelanguagdo evaluatethe expressiongroduced.

Thetreerepresentatioadoptedby Kozaobviously requiresdifferentalphabet@ndspecialized
operatordo evolve randomlygenerateghrogramsuntil they becomel00%valid to solve a certain
(pre-defined)ask, but the underlying principlesof the techniquecan be generalized. Treesare
composeaf functionsandterminals.Thefunctionsnormally usedarethefollowing [23]:

1. Arithmetic operationge.g.,+, -, X, +)

2. Mathematicafunctions(e.g.,sine,cosine og, exp)



Figure5: An exampleof achromosomeén geneticprogramming.
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Terminalsare typically variablesor constantsand can be seenas functionsthat take no ar
guments. An exampleof a chromosomehat usesthe functions F={AND, OR, NOT} andthe
terminals7={AO0, Al} is shavn in Figure5.

Crosseer canbeperformedoy numberinghenodesof thetreescorrespondingo the 2 parents
(seeFigure 6) andselecting(randomly)a point in eachof them so that the sub-treeselov that
pointareexchangedseeFigure?7, wherewe assumedhatthe crosseer pointfor thefirst parentis
2, andfor theseconds 6).
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Typically, the sizesof the treesof the 2 parentswill be different, as shavn in the previous
example.It shouldalsobe obseredthatif the crosswer point happendo betheroot of oneof the
two parenttrees thenthatentirechromosomevill becomea sub-treeof the otherparent,whichis
theway of incorporatingsubroutinesnto aprogram.lt is alsopossiblethattherootsof bothparents
areselectecasthe crosseer points. In thatcase no crossweer is performed,andthe offspring are
the sameastheir parents.

Normally, theimplementatiorof geneticprogrammingmposesa limit in the maximumdepth
that a certaintree canreach,to avoid generatingrandomlyand by using cross@er or mutation)
treesof considerablsizeandcompleity.

Mutationis performedby selecting(randomly)a certainpointin atree,andthenreplacingthe
sub-treebelow it with anotherthatis generatedandomly Figure8 shavs anexamplein which the
mutationpointis 3.

Permutationis an aseual operatorthat emulatesthe inversion operatorusedin genetical-
gorithms[17]. It reordersthe leaves of a sub-treeafter a (randomly) selectedpoint, aiming to
strenghterthe union of allele combinationswith good performancen a chromosomg19]. An
exampleof permutatioris shavn in Figure9, wherethe selectecpermutatiorpointis 4 (the™ in-
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Figure9: An exampleof permutatiorin geneticprogramming.
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Figure10: An exampleof encapsulatioin geneticprogramming.

dicategnultiplication,andthe‘%’ indicates‘protecteddivision”, andit refersto adivision operator
thatavoidsthatour programcrashesvhenthe seconcagumentis zero).

In geneticprogrammings alsopossibleto protector “encapsulate’a certainsub-treethatwe
know is agoodbuilding block, to avoid its destructiorby ary of thegeneticoperatorsTheselected
sub-treeis replacedby a symbolic hnamepointing to the actuallocation of the sub-tree,andthe
actualsub-treds compiledseparatehandlinkedto therestof thetreein away similar to external
classesn anobject-orientedanguage Figure 10 shavs anexampleof encapsulatiotin which the
right sub-trees replacedoy the name(EO).

Normally, is alsonecessaryo do someeditingin the expressiongieneratedo simplify them,
althoughtherulesfor doingthatareproblem-dependenEor example if we aregeneratind3oolean
expressionsye canapplyrulessuchasthefollowing:

(AND X X) — X
(OR X X) — X

(NOT (NOT X)) — X
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Figurell: Truthtablefor logic functionspecificationthe circuit generatedandits coding.

Finally, geneticprogrammingalsoprovidesmechanismso destry a certainpercentag®f the
populationsothatwe canrefreshthe chromosomianaterialafter a certainnumberof generations.
This mechanism¢alledexecution is very usefulin highly complex domainswhereour population
may not containa singlefeasibleindividualsevenafteralarge numberof generations.

In the applicationreportedin this paper we only usedthe simplestform of geneticprogram-
ming: tree encodingwith tournamentelection(using a tournamensize of three),crosswer and
mutation.Noneof the otheroperatorgreviously mentionedvereusedin ourimplementation.

6 APPLYING GENETIC PROGRAMMING

Thereare several issuesof interestconcerningthe use of geneticprogrammingin this domain,
andthis sectionaimsto help the readerto fully understandhe approachtaken by the authorsby
describingtherepresentatioandgeneticoperatorsisedfor thiswork.

The issuestaken into consideratiorfor this applicationand the way in which they were ap-
proachedareasfollows:

e Representation: We decidedo usebinarytreesto representcandidatecircuit. Suchbinary
treesare representedy meansof lists. Essentiallyeachelementof the list is the triplet
(muz,left — child, right — child) thatencodesubtreesasnestedists. Thetreecaptures
the essencf the circuit topologyallowing only the childrento feedtheir parentnode. In
otherwords,theinputsof amultiplexer canonly bechoserfrom the previouslevel, asshavn
in Figurell.

Both classe®f binary multiplexers (asdescribedn section4) areimplementedthen,for in-
stancemultiplexers A0 and B0 areactivatedby the samecontrolbit C0 (theleastsignificant
bit in Figure11) but they respondn a particularway to the actvation state.

e Implementation language: Most of the elementsof the populationarefunctionalcircuits,
therefore,they implement(at leastpartially) the expectedlogical behaior. Eachnode of



the treeis a multiplexer whosechildrencould be eitheranothermultiplexer or a leaf. The
correspondingralue of a leaf is, of course,zeroor one. Sincetreesand lists are natural
structuresn Prolog we decidedto usethis programminganguageo implementour system
sothatourimplementatiorcould be considerablysimplerto develop.

e Crosswaer operator: The exchangeof geneticinformation betweentwo treesis accom-
plishedby exchangingsubtreesasshavn before. Our implementatiordoesnot imposeary
kind of restrictionto the selectionof subtreesor crosseer points. Node-node nhode-leaf,
andleaf-leafexchangeareallowed. The particularcasewhenthe root nodeis selectedo be
exchangeavith aleafis disalloved, sothat,no leaf maybe mistalenly corvertedinto anode
thusavoiding the generatiorof invalid trees(in suchcaseghe valid childrenarereplicated
twice).

e Mutation operator: Mutation is implementedn a simpleway: first a mutationpoint is
randomlychosenamongthe nodesand leaves. When a node (multiplexer) is selectedijts
controlinputis changedsfollows (assuming: controlsignals).ag — a1,a1 — a2, 4,1 —
an, an, — ag. Similarly simpleis themutationof aleaf: 0 — 1,1 — 0.

e Fitnessfunction: Thegoalis to producea fully functionaldesign(i.e., onethat produces
the expectedbehaior statedby its truth table)which minimizesthe numberof multiplexers
used. Therefore a fitnessfunctionthatworks in two stagess introduced.At the beginning
of thesearchpnly compliancewith thetruth tableis takeninto accountandtheevolutionary
approachs basicallyexploring the searchspace.Oncethe first functional solutionappears,
we switchto anew fitnessfunctionin whichfully functionalcircuitsthatuselessmultiplexers
are rewarded. Regardlessof the currentstageof the fithessfunction, all membersof the
populationhave their fitnesscalculatedn every generationlt is thefitnessfunctiontheonly
agentresponsibldor thelife spanof theindividuals.

e Initial population: The depthof the treesrandomlycreatedor theinitial populationis set
to amaximumvalueequalto the numbern of variablesof thelogic function(seeSectiord).
Consideringcompletebinarytreesfor n variables2™ —1 is theupperboundon thenumberof
nodesallowedin thetree.However, wefoundin ourexperimentghatin theinitial population
treesof shorterdepthwerecreatedn larger numberghantreesof greaterdepth.This led us
to adopta stratgy in which the size (depthand numberof nodes)of the treesdynamically
changedover generations.The goal wasto allow our treesto grow without ary particular
boundariessto allow arich phenotypicvariationin the population.

7 AN INFORMAL ALGEBRA FOR TERMIN AL NODES

Thefitnessfunctiondoesnot take into accountheredundang of theterminalnodesnodeswhose
childrenareonly 0 or 1), thatis, identicalterminalnodesare prunedaway from ary solutionand
countedasjustanothemode.
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Figure12: Redundang andAlgebraicAnalysis.Nodeequialenceandsubtreeequivalence

Thefunctionperformedby acircuit clearlyis acompositiorof node-functionsverthechildren-
nodefunctions,andsoon, all theway down to the bottomof the tree. With really low probability
either one subtreemight be identicalto anothersubtree,or one subtreemay consistof the same
nodes.Thereforeherearesomeredundanhodeghatcouldbedeletedby meansof furtheranalysis
of the solutiondeliveredby the geneticprogrammingsystem.We have calledit “redundang and
algebraicanalysis”. Its goalis to improve in at leasttwo waysthe bestsolutionfoundin the last
generation.First, the numberof elementanight be reducedsinceredundansubtreegif present)
will beremoved,andsecondjt opensthe doorto implementatiordecisionsfor example,to select
the preferredor recommendedlassof multiplexer to be used.

Terminalnodesare deletedaccordingto the rules shavn in Figure12. Similar rulesderved
from the problemdomainaregivenin [3]. Rulel is appliedfor transformingonemultiplexer class
into the other aiming to maximizeredundannodesthat canbe deletedandthe entiresetreplaced
by justoneof them. Subtreesisshavn in rule 2 have beenobsered occasionallyBy meansof this
rule we have beenableto reducethe numberof nodesof a subtree.

8 COMPARISON WITH STANDARD IMPLEMENT ATION

We compareheevolutionaryapproactagainsthe numberof muxesusedby astandardnultiplexer
implementation(seeFigure 2). For that sale, several circuits of differentdegreesof compleity
were chosen. The quality of the solutionsproducedare evaluatedusingthe metric mentionedin
Section3. Sofarwe have limited oursehesto the evolution of circuitswith only oneoutput.In all
the examplesincludedin this paper we useda crossweer rate of 0.35anda mutationrate of 0.65
perindividuaf. The populationsizesand maximumnumberof generationsisedin the following
exampleswereempiricallydetermined.

8.1 Examplel

Thefirst exampleconsistsof a functionwith threeinputsandoneoutput,asshavn in Table 1. It
could be describedn wordsas*“the function whoseoutputis 1 whenonly oneof its inputsis 1.

2Therefore probability of mutationper gene=0.65/LwhereL is thetotal numberof terminalsplus non-terminalsn
thetree.



Ca C; GCo|F
0 0 0|0
0 0 1|1
0 1 0 |1
0 1 1|0
1 0 0|1
1 0 110
1 1 0|0
1 1 110

Tablel: Truth tablefor thefirst example.

Cs3 Co, C; GCo|F
0 0 0 0|1
0 1 0 0|1
0 1 0 1|1
0 1 1 0|1
0 1 1 1|1
1 0 0 0 |1
1 0 0 1|1
1 0 1 0 |1
1 1 0 1|1
1 1 1 1|1

Table2: Mintermstablefor the secondexample.

Otherwisethe outputis 0”.

Sincewe have n = 3 in this case,theoretically 22 — 1 = 7 muxesarerequired. Our approach
producesa solutionwith only 5 muxes. Therefore we have saved 2 element429%). This solution
wasfoundusinganinitial populationof 600elementsvolved during 200 generations.

8.2 Example?2

In this secondexamplethe problemis to implementa functionwith four inputsandoneoutput,as
shavn in Table 2. Only mintermsareshavn (column F' is shawn for the sale of clarity).

Sincen = 4 in this casethen2? — 1 = 15 muxesarerequired. The evolutionaryapproacHound
the solutionshavn in Figure132. This solutiononly requires7 muxes,saving then8 muxes(47%)
with respecto the standardmplementationThis solutionwasfoundusinganinitial populationof
600individualsevolved during200generations.

30nly onegraphicalrepresentationf the solutionsproducedwvasincludedto save space.



Figure13: Circuit for thesecondxampleandits simplifiedversionafter“redundang andalgebraic
analysis”.

8.3 Example3

Thethird problemis theimplementatiorof a functionwith 5 inputsandoneoutput. The minterms
of thefunctionarethefollowing:

f=>"(0,1,3,6,7,8,10,13,15,18, 20,21, 25,26, 28, 30, 31) )

Sincen = 5 in this case,then2® — 1 = 31 muxes are required. The solution found by the
evolutionary approachhas 15 multiplexers. Therefore,we have saved 31 — 15 = 16 elements
(52%). This solutionwasfoundusinganinitial populationof 600individualsevolved during 1000
generationgdue to the increasein compleity of the Booleanfunction, we hadto usea larger
numberof generations).

8.4 Example4

In thefourth examplewe seeka solutionfor a morecomplex Booleanfunction (6 variables).Next
is thelist of mintermsof the function.

£=>(0,1,3,6,7,8,10,13,15,18,20, 21,25, 27,28, 30, 31,32, 33, 35, 38,
39,40,42, 45,47, 50, 52, 53,57, 59, 60, 62, 63)

Sincen = 6 in this case,then2® — 1 = 63 muxes are required. The solution found by the
evolutionaryapproacthas21 multiplexers. Thereforewe have sared63 —21 = 42 element$67%).
This solutionwasfoundusinga populationof 1500individualsevolved during 700generations.
Table 3 summarizeshesefour examples.The columnn-Mux shavs the numberof 1-control
line multiplexers neededo implementan n-control lines multiplexer. The column GP Output
shavs thenumberof nodesn the bestsolutionfoundby our geneticprogrammingsystemandGP



Example | Inputs | n-Mux | GP Output | GP Algebraic | Total Saved
1 3 7 6 5 2
2 4 15 8 7 8
3 5 31 22 15 16
4 6 63 27 21 42

Table3: Comparisoron the sizeof the deliveredcircuits, optimizedcircuits, andstandardmple-
mentation.

Algebraic is thefurtherrefinedsolution(thefinal circuit after manualediting). Total Saved is the
differencebetweercolumns3 and5.

9 COMPARING AGAINST OBDDs

The designwith multiplexersis akin to the designwith binary trees. Theredoesexist, in fact, an
isomorphismbetweertreesrepresentinggooleanfunctions,andthe multiplexerbasedmplementa-
tion. Binary treescanbetransformednto binarydecisiondiagramgBDD), BDDs tranformednto
OrderedBinary DecisionDiagramqOBDD), andOBDDsinto ReduceddBDDs(ROBDDs). ROB-
DDs provide acanonicakepresentatioof logic functions(the diagramrepresentinghefunctionis
unique),thereforethey areapowerful tool for reasoningboutlogic functions.For instanceto de-
terminewhethertwo Booleanfunctionsareidenticalis equivalentto verify whethertheir ROBDDs
areisomorphic.Propertie®f thissortarehighly cherisedbut unfortunatelythey canhidetheweak-
nesse®f the methods.It is well knowvn that ROBDDs arevery sensitve to the variableordering.
For almostary Booleanfunction,onevariableorderingcanproducea diagramusinganexponential
numberof nodeswhile anotherrderingcanproducea betterdiagram(sub-exponentialnumberof
nodes).Furthermorethe multiplicationfunctiondoesnot have ary sub-exponentialOBDD for ary
variableordering[6]. We believe ROBDDs are excellenttoolsfor reasoningaboutBooleanfunc-
tions, but they arenot suitablefor optimal circuit minimization. Many reasearchersave attempted
heuristicsandalgorithmsto find the optimumvariableorderingthatwill producethe diagramwith
thesmallesthumberof nodes.We shav threedesignexampleswhosesolutionsareat leastasgood
astheROBBDsversion.Thesamecrosseer andmutationratesindicatedoeforewereusedin these
examples.

9.1 Example5

Thefirst Booleanfunctionwe wantto synthesizenas6 variables:F = X; X5 + X3X4 + X5X5.
The OBDD of ary function of this sortwith n variableshasn nodes.The optimal orderingof the
variabless 1,2, 3,4,5,6,...,n [6]. We have beenableto find optimal solutionsto functionswith
4,6, 8 and10variables.In Figure15the OBDD treeis depictedalongwith the solutionproduced
by ourevolutionaryapproachNoticethatthetreedepthis similarin bothdesigns Theconemgence
graphcorrespondingo this problemis shavn in Figure 14.
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Figurel4: Corvergencegraphof our GP systemwhensolvingthefifth example.
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Figurel6: Synthesiof Example6

Our geneticprogrammingsystemfoundthe optimal solutionat generatiorB00usinga popula-
tion size=990individuals.

9.2 Example6

The next designis the synthesisof a similar functionwith 6 variables: F = X1 X4 + X2 X5 +
X3Xg. The optimal solutionfound by OBDDs to this problemhas 14 non-terminalnodeswith
variableordering1, 2, 3,4, 5,6. Thus,no othervariableorderingwill find a bettersolutionusing
OBDD techniqueg6]. In Figure16 we shav the evolved optimalsolutiondeliveredby the genetic
programmingsystem.t is implementedvith only 10 nodes.

Our geneticprogrammingsystemfoundthe optimal solutionat generatior19 usinga popula-
tion size=990individuals.

9.3 Example7

The*odd parity” functionis avery hardproblemto solve usingmultiplexersandgeneticprogram-
ming. In factwe have foundthe optimal solutiononly for problemshaving four or fewer variables.
Thedifficulty is duein partto thefactthattheideal solutionrequiresonly X OR gates.Therefore,
ary approachfor which X OR gatescannotbe mappedone-to-onento anothersetof primitives
will have moreelementdhanthe numberof X ORs. OnesingleMux cannotimplementan XOR
gate,but usingMuxesasthe circuit primitive, the geneticprogrammingsystemhasproven ableto
optimally implementthe requiredfunction.

The Booleanfunction of 3 variablesis: FF = X; & Xy & X3 (where® refersto the XOR
function). Using OBDDs, the solutionfor n variableshasat most2n — 1 non-terminalnodes.In
Figure17 we shav the OBDD solution,andthe evolved optimal solutiondeliveredby our genetic
programmingsystemwith 7 nodesthatcanbereducedo 5.



EVOLUTIONARY DESIGN
OBDD

Figurel7: Synthesif Example7

Our geneticprogrammingsystemfoundthe optimal solutionat generatiory usinga population
size=990individuals.

10 CONSISTENCY OF THE CONVERGENCE

WhenusingEvolutionaryComputatiortechniquest is indispensabléo evaluatethe consisteng of
themethod.Thus,onecanbeconfidentthat: a) the solutionto new problemscouldbefound,andb)
currentsolutionswerenotfound by merechanceof acombinationof populationsizeandcrosseer
andmutationparametersf thealgorithm.

10.1 Example8

Thefollowing problemis inspiredin whatnow is known asthe 11-multiplexer and20-multiplexer

problems. Droste[14] hasshowvn a partially specifiedfunction approacho theseproblems. We

wish to verify the ability of the systemfor designingBooleanfunctionswith a “large” numberof

argumentsand specifictopology That s, the topologyis presered asthe numberof variables
increasesBooleanfunctionswith 2* variablegwherek = 1,2, ...), areimplementedvith exactly
(2 - 2%) — 1 binary muxes. For example,for k& = 3, a Booleanfunction of 2% = 8 variablesis

implementedvith exactly 15 muxeswhenthetruth tableis specifiedasshavn in Table4. For ary

k (i.e.,thenumberof variables) we specifythetablein a similarway. Noticethatthereareexactly

2. 2k 4 2 entriesin thetable.

Table5 shavsthehighrateof corvergenceof the GP systento theoptimum.Weran100exper
imentsfor eachfunction(eachk). Thecolumnvars shavsthenumberof variablesor someinteger
k, muxesrefersto the optimumnumberof binary muxesneededo implementthe partial Boolean
function,andaverageindicateshe averagenumberof iterationsneededo find the optimum.In all



F

Xe X5 X4 X3 X2 X; X

X7

Table4: Partially specifiedfunctionof Example8 (k = 3)



k | vars | muxes| average| confidence
2 4 7 60 > 90%
3 8 15 200 > 90%
4| 16 31 700 > 90%

Table5: Averagenumberof iterationsneededor solving Example8

Figure18: Synthesiof Example8 (k = 3)

caseswe found optimumsizecircuits in morethan90% of the iterations. The topology of these
circuitsfor ary k is similar to thatof the Figure 18.

CONCLUSIONS

Humandesignerseemo prefertop-davn methodssincethe natureof the designprocessecomes
the simplificationandreductionof aninitial circuitinto aminimumform. Thatis, a solutionexists
in thevery first stepof atop-davn processSuchis the caseof OBDDsbasedechniqueslt seems
naturalto humanbeingsto work with schemef this sort. Synthesisdevelopsin the opposite
direction. It denotesa creatie procesghatbeginswith a functionalspecification(truth table),and
endswith the architecturghatreproduceshe requiredbehaior (the circuit). Circuits designedn
this way tendto be somavhat differentto the usual(human)solutions. A plausibleexplanationis



thatsynthesisnethodsxploreregionsof the spaceof solutionsthattop-davn methodseverreach
duringtherefinemeniprocess.The circuits of the exampless,6 and7 shaw thatcharacteristicthe
nodeorderingis not only differentbut it is (mostly) unknavn to humandesigners Betteryet, the
circuits generatedhave optimal size. In example7 (“odd-parity function”), it is alsointerestingto
notethat a basichbuilding block is determinedby the GP system. By replicatingthe multiplexer
baseclementarymodule,designersandefineany odd-parityfunctionof n variableg(a procedure
similarto thereplicationof the XOR module).

We have shavn evidenceof similar ability of OBDDs and GeneticProgrammingfor circuit
design.Neverthelessthe mary yearsof effort in deriving OBDDs simplificationrulesdo not out-
performa heuristicmethodwith no knowledgeof the problemdomain.
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