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Abstract- This paper presentsa newmulti-objecti veevo-
lutionary algorithm basedon differ ential evolution. The
proposedapproachadoptsasecondarypopulation in or-

der to retain the nondominated solutions found during

the evolutionary process. Additionally, the approach
also incorporates the concept of e-dominanceto get a
good distrib ution of the solutions retained. The main

goal of this work was to keepthe fast convergenceex-
hibited by Differ ential Evolution in global optimization

when extending this heuristic to multi-objective opti-

mization. We adopted standard test functions and per-

formance measures reported in the specializedlitera-

tur eto validate our proposal.Our resultsare compared
with respectto another multi-objecti ve evolutionary al-

gorithm basedon differ ential evolution (Pareto Differ -

ential Evolution) and with respectto two approaches
that arerepresentative of the state-of-the-artin the area:
the NSGA-II and e-MOEA.

1 Intr oduction

Most real world problemsinvolve the simultaneousopti-

mizationof two or more (often conflicting) objectives. The
solutionof suchproblems(called“multi-objective”) is dif-

ferent from that of a single-objectie optimization prob-
lem. The maindifferenceis that multi-objective optimiza-
tion problemsnormally have not onebut a setof solutions
which areall equallygood.

In the past, a wide variety of evolutionary algorithms
(EA's) have beenusedto solve multi-objective optimization
problemg5]. However, from theseveraltypesof EAsavail-
able,few researcherbave attemptedo extendDifferential
Evolution (DE) [25] to solve multi-objective optimization
problems.DE hasbeenvery successfuin the solutionof a
variety of continuous(single-objectie) optimizationprob-
lemsin whichit hasshavn agreatrobustnessndaveryfast
convergence.Theseare preciselythe characteristicef DE
that malke it attractie to extendit to solve multi-objective
optimizationproblems.

In this paper we proposea new multi-objective evolu-
tionary algorithmbasedon differential evolution. Our ap-
proachusesan externalarchie in which the relaxed form
of Pareto dominanceknown as e-dominanceis adopted.
We also adopta hybrid selectionschemein which a ran-
domandan elitist schemeare interleared. Additionally, a
constraint-handlingechniqueis also provided for our ap-
proach. The proposedmechanismsre able to overcome
someof thelimitations of differentialevolution whendeal-
ing with multi-objective optimizationproblems(suchlimi-

tationsare mainly relatedto the lossof diversity produced
by the high selectionpressureof the differential evolution
algorithm).

The remainderof this paperis organizedas follows.
Section2 provides somebasicdefinitionsrelatedto multi-
objective optimization. Section3 providesa brief introduc-
tion to differential evolution. In Section4, we provide a
quick review of themostrelevantpreviousrelatedwork, in-
cluding a more detaileddescriptionof Pareto Differential
Evolution (PDE), againstwhich we comparedesults.Sec-
tion 5 describe®ur proposedpproachOur comparisorof
resultsis providedin Section6.

2 Definitions

Somebasicdefinitionsrelatedto this work areintroduced
next.

2.1 Multi-objecti ve optimization problem (MOP)

The multi-objective optimizationproblemcan be formally
definedasthe problemof finding:

#* = [z}, 25,...,2*]" which satisfieshe m inequality
constraints:

thep equalityconstraints:

andoptimizesthevectorfunction:

f1(7)5f2(?)a7fk(?)

In otherwords,we aimto determingrom amongthe set
F of all numberswhich satisfy the constraintsthosethat
yield the optimumvaluesfor all the k-objective functions.
The constraintdefinethe feasibleregion F andary point
Zin thefeasibleregionis calledafeasiblesolution.

2.2 Pareto Dominance

Paretodominancas formally definedasfollows:

Avector?d = (uy,...,uy) is saidto dominated =
(v1,...,vy) if andonlyif o is partially lessthan 7, i.e.,
Vie([d,...,k),u; <o, A e(1,... k) :u; <uy

In words, this definition saysthat a solution dominates
anotherone, only if it's strictly betterin at leastone ob-
jective, and not worsein ary of them. So, whenwe are
comparingwo differentsolutionsA & B, thereare3 possi-
bilities:



o A dominatesB
e Aisdominatedby B
e A andB arenondominated

2.3 Pareto Optimality

Theformal definitionof Pareto optimalityis providednext:

A solutionZ;, € F (whee F is the feasibleregion) is
said to be Pareto optimal if and only if there is no z, €
F for whichv = f(z,) = (v1,...,v;) dominatesu =
f(zy) = (uy,--.,ur), wherek is thenumberof objecties.

In words, this definition saysthat 7, is Paretooptimal
if thereexists no feasiblevectorz, which would decrease
somecriterion without causinga simultaneousncreasen
atleastoneothercriterion (assumingninimization).

Unfortunately this doesnot provide usa singlesolution
(in decisionvariable space),but a set of solutionscalled
ParetoOptimalSet Thevectorsthatcorrespondo thesolu-
tionsincludedin the Paretooptimalsetarecallednondomi-
nated

2.4 ParetoFront

When all nhondominatedsolutionsare plotted in objective
spacethe nondominatedrectorsare collectively known as
the ParetoFront. Formally:

For agivenMOP f (z) andParetooptimal set P*, the
Paretofront (F'P*) is definedas:

PP = {] =[/i(@),-.., [x(2)]|]z € P*}

3 Differ ential Evolution

DifferentialEvolution [25, 2€] is arelatively recentheuris-
tic designedo optimizeproblemsovercontinuousiomains.
In DE, eachdecisionvariableis representeth the chromo-
someby arealnumber As in ary otherevolutionaryalgo-
rithm, the initial populationof DE is randomlygenerated,
andthenevaluated. After that, the selectionprocesdakes
place. During the selectionstage threeparentsare chosen
andthey generatea single offspring which competesawith
a parentto determinewho passedo the following genera-
tion. DE generates singleoffspring (insteadof two asthe
geneticalgorithm) by addingthe weighteddifferencevec-
tor betweentwo parentgo athird parent.In the context of
single-objectie optimization,if the resultingvectoryields
alower objectivefunctionvaluethanapredeterminegopu-
lation memberthenewly generatedectorreplaceghevec-
tor with respecto which it wascompared.n addition,the
bestparametewector X;.; ¢ is evaluatedfor every gener
ation G in orderto keeptrack of the progresghatis made
during the minimization process.Formally, the processs
describedasfollows:

Foreachvectorm;i =0,1,2,...,N — 1., atrial vec-
tor 7/ generatedccordingto:

7 =Zr,G t+ F- ($r2,G - $r3,G)

with r1,7a,73 € [0, N — 1], integeran mutually different,
andF > 0.

The integersry, ro andrz are chosenrandomlyfrom
the interval [0, N — 1] and are differentfrom i. F'is a
realandconstanfactorwhich controlsthe amplificationof
thedifferentialvariation(Z,2.¢ — Z,3.¢). Figurel shavsa
two dimensionalkexamplethatillustratesthe differentvec-
torswhichplayarolein DE.

x NP Parameter vectors from the current population
o newly generated parameter vector

7 FX, - X,) Minimum
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X
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Figure 1: Two dimensionalexampleof an objective func-
tion shaving its contourlinesandtheprocesdgor generating
offspring.

In orderto increasethe diversity of the parametenec-
tors,thefollowing vectoris adopted:

7 = (ul,uz,...,un)T

with:

o

wherei,j =1, 2,...,n; andCR is auserdefinedcrosswer
ratein therang€[0, 1]. In otherwords,acertainsequencef
thevectorelementf @ areidenticalto theelementof 7,
andatleastoneof the elementf @ acquiresthe original
valuesof z; & .

In orderto decidewhetherthe new vector @ shall be-
comea populationmemberat generatiorG + 1, it is com-
paredto z; &. If W yieldsalower objective functionvalue
thanz; ¢, thenit replacest (i.e., z;¢ = o). Otherwise,
theold valuez; ¢ is retained.

’Uj,
Zij,G

if (z€0,1]) < CRorj=1i;
otherwise.

4 Previous Related Work

Currently therearerelatively few papershatproposevays
of extendingDE to handlemultiple objectives. The most
representatie of themarebriefly discussedhext:

4.1 Pareto-basedDiffer ential Evolution Approach

The Pareto-Basedifferential Evolution was proposedn
[18]. In this algorithm, Differential Evolution is extended
to multi-objective optimizationby incorporatinganondom-
inatedsortingandrankingselectionprocedureroposedy
Debetal. [8, 10]. Oncethe new candidates obtainedus-
ing DE operatorsthe new populationis combinedwith the
existing parentspopulationand then the bestmembersof



the combinedpopulation(parentsplus offspring) are cho-
sen. This algorithmis not comparedwith respectto ary
otherapproachandis testedon 10 differentunconstrained
problemsperforming250,000evaluations. The authorsin-
dicatethat the approachhasdifficulties to corverge to the
true Paretofront in two problems(Kursawve’s testfunction
[16] andZDT4 [32]).

4.2 Multi-Objecti ve Differ ential Evolution (MODE)

MODE wasproposedn [31]. This algorithmusesa variant
of theoriginal DE, in whichthebestindividualis adoptedo
createthe offspring. A Pareto-basedpproachs introduced
to implementthe selectionof the bestindividual. If asolu-
tion is dominateda setof nondominatedndividualscanbe
identifiedandthe“best” turnsoutto beary individual (ran-
domly picked)from this set. Also, theauthorsadopt(u + \)
selection Paretorankingandcrowding distancein orderto
produceandmaintainwell-distributedsolutions.MODE is
usedto solve five high dimensionalityunconstrainegrob-
lemswith 250,000evaluationsandtheresultsarecompared
only to thoseobtainedby SPEA[33].

4.3 Differential Evolution for Multi-Objecti ve Opti-
mization

It was proposedin [3]. This algorithm usesthe single-
objective Differential Evolution strat@y with an aggreat-
ing function to solve bi-objective problems. A single op-
timal solutionis obtainedafter N iterationsusing both a
PenaltyFunctionMethod(to handletheconstraintsandthe
WeighingFactor Method(to provide theimportanceof each
objectve from the users perspecitre) [7] to optimizea sin-
gle value. The authorspresentresultsfor two bi-objective
problemsand comparethemwith respecto a simple GA.
Theauthordandicatethatthe DE algorithmprovidesthe ex-
act optimumwith a lower numberof evaluationsthanthe
GA.

4.4 Vector Evaluated Differ ential Evolution for Multi-
Objective Optimization (VEDE)

VEDE was proposedin [20]. It is a parallel, multi-
populationDifferential Evolution algorithm, which is in-
spiredby the VectorEvaluatedGeneticAlgorithm (VEGA)
[22] approach A numberM of subpopulationsireconsid-
eredin aring topology Eachpopulationis evaluatedusing
one of the objective functionsof the problem,andthereis
anexchangeof informationamongthe populationghrough
themigrationof thebestindividuals.VEDE is validatedus-
ing four bi-objective unconstrainegroblemsandwascom-
paredto VEGA. Theauthorsindicatethatthe proposedap-
proachoutperformed/EGA in all cases.
4.5Nondominated Sorting Differential Evolution
(NSDE)

This approachwasproposedn [12]. It is a simple modifi-
cation of the NSGA-II [10]. The only differencebetween

this approachand the NSGA-II is in the methodfor gen-
eratingnew individuals. The NSGA-Il usesa real-coded
cross@erandmutationoperatorbut in theNSDE,theseop-
eratorsiverereplacedvith theoperator®f DifferentialEvo-
lution. New candidatesregeneratedisingthe DE/current-
to-rand/1strateyy. NSDE s usedto solve rotatedproblems
with a certaindegreeof rotationon eachplane. Theresults
of theNSDEoutperformedhoseproducedyy theNSGA-II.

4.6 GeneralizedDiffer ential Evolution (GDE)

This approachwasproposedn [15]. GDE extendsthe se-
lection operationof the basicDE algorithmfor constrained
multi-objective optimization. The basicideain this selec-
tion rule is thatthetrial vectoris requiredto dominatethe
old populationmemberusedas a referenceeitherin con-
straint violation spaceor in objective function space. If
both vectorsare feasible and nondominatedwith respect
to eachother, the oneresidingin alesscrowdedregion is
chosento becomepart of the populationof the next gen-
eration. GDE its validatedusing five bi-objective uncon-
strainedproblems Resultsarecomparedvith respecto the
NSGA-Il andSPEA[33]. The authorsreportthatthe per
formanceof GDE is similar to the NSGA-II, but they claim
thattheirapproactrequiresalower CPUtime. GDEis able
to outperformSPEAIn all thetestfunctionsadopted.

4.7 Differential Evolution for Multi-Objecti ve Opti-
mization (DEMO)

DEMO was proposedin [21]. This algorithm combines
theadvantage®f DE with the mechanismsf Pareto-based
rankingandcrowding distancesorting. DEMO only main-
tainsonepopulationandit is extendedwhennewly created
candidatesake partimmediatelyin the creationof the sub-
sequentandidatesThisenablesfastcorvergencedowards
the true Paretofront, while the useof nhondominatedsort-
ing andcrowdingdistancgderivedfrom the NSGA-II [10])
of the extendedpopulationpromoteshe uniform spreadof
solutions. DEMO is comparedn five high-dimensionality
unconstrainegroblemsoutperformingn someproblemso
theNSGA-II, PDEA[1], PAES[14], SPEA[33] andMODE
[31].

4.8 Pareto Differ ential Evolution (PDE)

PDE was proposedin [2]. Also, it is importantto men-
tion thatthereis anothewversionof thisapproach{calledthe
Self-Adaptive ParetoDifferential Evolution) in which self-
adaptve cross@er andmutationoperatorsare adopted1].

The PDE algorithmwaschoserfor comparisonsoit is de-
scribednext in moredetail:

1. The initial populationis initialized accordingto a
GaussiarDistribution N (0.5, 0.15).

2. The step length parameterF, is generatedirom a
GaussiarDistribution N (0, 1).

3. Reproductionis undertalen only amongnondomi-
natedsolutionsat eachgeneration.



4. The boundaryconstraintsare presered eitherby re-
versingthe sign if the variableis lessthan 0 or by
successiely subtractingl if it is greaterthan1 until
thevariableis within its boundaries.

5. Offspringareplacedinto the populationif they dom-
inatethemain parent.

The algorithmworks asfollows. An initial populationis
generate@trandomfrom a Gaussiaristribution. All dom-
inated solutions are removed from the population. The
remainingnondominatedsolutionsare retainedfor repro-
duction. If the numberof nondominatedolutionsexceeds
somethresholdadistancemetricrelation(D(x), asdefined
in equationl) is usedto remove thoseparentswhich are
very closeto eachother Threeparentsareselectedat ran-
dom. A child is generatedrom the three parentsand is
placedinto the populationif it dominateghe first selected
parent;otherwisea new selectionprocesgakesplace.

A maximumnumberof hondominatedolutionsin each
generatiorwassetto 50. If this maximumis exceededthe
following nearesheighbordistancegunctionis adopted:

(min||z — || + min||z — 27||)
2

D(z) = 1)
wherez # z' # 7.

Thatis, the nearesneighbordistancds the averageEu-
clideandistancebetweernthe two closestpoints. The non-
dominatedsolutionwith the smallestneighbordistanceis
removedfrom the populationuntil thetotal numberof non-
dominatedsolutionsis reducedo 50.

After analyzingthe diversealgorithmsavailable in the
specializedliterature, we identified Pareto ranking and
crowding distanceastwo of the mostcommonand effec-
tive mechanismsdopted. We alsofound that mostof the
previousapproacheweretestedn unconstrainetiestprob-
lemswith only two objectvesandthatlittle attentionwas
paid to the importanceof the selectioncriteria (which are
akey issueto regulatethe high selectionpressureof differ-
ential evolution) andthat noneof theseprevious proposals
adoptede-dominancg17] to generatea setof well-spread
solutions. Thesewere the main motivationsfor our algo-
rithmic designwhichis presentedn thenext section.

5 Our ProposedAlgorithm

Thepseudocodef ourproposedpproach{callede-MyDE)
is shawvn in Algorithm 1. Our approactkeepstwo popula-
tions: the main population(which is usedto selectthe par
ents)and a secondary(external) population,in which we
adoptthe conceptof e-dominanceto retain the nondomi-
natedsolutionsfound andto distribute themin an uniform
way. Theconceptof e-dominancedoesnot allow two solu-
tionswith adifferencdessthane; in thei-th objectveto be
nondominatedvith respecto eachother, therebyallowing
agoodspreadf solutions.

e-MyDE usesreal numbersrepresentationwhereeach
chromosomeés a vectorof realnumbergeachnumbercor-
respondso a decisionvariableof the problem). We also

incorporatea constraint-handlinghechanisnthatallowsin-
feasiblesolutionsto interveneduring recombination. This
helpsto solve in a more efficient way highly constrained
multi-objective optimizationproblems.

Algorithm 1 Proposedilgorithm: € - MyDE
1: Initialize vectorsof the populationP
2: Evaluatethe costof eachvector
3 for i=0toG do

4 repeat

5: Selectthreedistinctvectorsrandomly

6: Performcross@er usingDE scheme

7 Performmutation

8 Evaluateobjective values

9 if offspringis betterthanmainparentthen
10: replacemainparentin the population
11 endif

12:  until populationis completed

13:  Ildentify nondominatedolutionsin the population

14:  Add nondominatedolutionsinto secondarypopula-
tion

15: endfor

At the beginning of the evolutionary process,our ap-
proachrandomlyinitializes all the individuals of the pop-
ulation. Eachdecisionvariableis normalizedwithin its al-
lowablebounds.Theexpressiorthatwe adoptis thefollow-

ing:

where:j = 0,1,2,...,v — 1. (v = total numberof deci-
sionvariables)L|; andLS; aretheupperandlowerbounds
of thevariablej, respectiely. U(0,1) generates random
numberbetweerD and1 with auniform distribution.

Our approacthastwo selectionmechanismshatareac-
tivatedbasedon the total numberof generationsanda pa-
rameteicalledsel, € (0.2- 1), whichregulategheselection
pressureFor example,if sel, = 0.6 andthetotal numberof
generationss G, = 200, this meanghatduringthefirst
120 generationg60 % of G,,..), @ randomselectionwill
be adoptedandduringthe last80 generationsn elitist se-
lectionwill beadopted.

Random gen < (sely * Gaz)

Typeof Selection= { Elitist, otherwise

where:
gen = generatiomumber
G ez = totalnumberof generations

In bothselectiongrandomandelitist), a singleparentis
selectedasa reference.This parentis usedto comparethe
offspringgeneratedby threedifferentparents.This mecha-
nism guaranteeshatall the parentsof the main population
will be referenceparentsfor only onetime duringthe gen-
eratingprocessBoth typesof selectioraredescribechext:

1. Random Selection.-3 differentparentsarerandomly
selectedrom the primarypopulation.



2. Elitist Selection.- 3 different parentsare selected
from the secondanpopulationsuchthat they main-
tain a closedistancef,,.,» amongthem. In Figure2,
we illustratethe f,... parameter If no parentexist
which fulfills this condition,we randomlyselectan-
otherparentfrom the secondarypopulation.

\/Ef:%N (Xz',maw - Xi,mz'n)2

9FUN

fTLCG/I" -

where:

FUN = numberof objective functions

Xi,maz = Upperboundof i — ¢h objective functionof
thesecondaryopulation

Xi,min = lowerboundof ¢ — th objective functionof
the secondaryopulation

Figure 2: Parameterf,.. for a bi-objectve optimization
problem

In Figure3, weillustrate(for a bi-objective problem)the
maindifferencebetweertherandomandtheelitist selection
oncethe mainparenthasbeenselectedandit is requiredto
selecttwo moreparents.The candidatesolutionsarethose
insidethe dottedcircle.

Recombinatiorin our approachis performedusingthe
following procedure. For each parentvector pi; i =
0,1,2,..., P — 1(P = population),the offspring vector h
is generateds:

-

where: 5 = 0,1,2,...,var — 1. (var = numberof vari-

ablesfor eachsolutionvector),z € U(0, 1), p,1,Pr2, Pr3 €

[0, P — 1], areintegersandmutually different. F* > 0. The
integersry, 7o andrs aretheindexesof the selectegarents
randomlychosenfrom theinterval [0, N-1] andref is the
index of thereferenceparent. F' is a constanfactor(areal
number)which controlsthe amplificationof the differential
variationp,s, ; — pr3,;. Theoptimalvalueof F' for mostof

thefunctionslies within therangefrom 0.4to 1.0[26].

If x < pcrossave?“;
otherwise

pr1,j +F- (pTZ,j _pr3,j)>
Pref,j,

Differential Evolution doesnt usean specificmutation
operatorsincesuchoperatolis embeddeavithin its recom-
binationoperator However, in multi-objective optimization
problems,we found it necessaryo provide an additional
mutationoperatorto allow a betterexplorationof thesearch
space(mainly in constrainedoroblems). We adopteduni-
form mutationfor thatsale:

|

where: j = 0,1,2,...,v — 1. (v = numberof variables).
Ll; andLS; arethelower anupperboundsfor the variable
j, respectiely.

Oncea child hasbeengeneratedijt is comparedwith
respectto the referenceparent,againstwhich it competes
to determinewho passeso thefollowing generation.

It is importantto mentionthatin our approachwe nor-
malizethe constraintsso thattheir valuerangesbetweern0
andl. This normalizationis transparentor user(the algo-
rithm doesthis without requiringary input from the user).
This normalizationrmechanisnis describechext:

For eachconstraintC;, two differentvariablesCS and
Cl storeits upperandlower value. Therefore whenever a
constrainis required thefollowing expressioris adopted:

LI; +U(0,1) - (LS; —
Dj,

Llj)]a if z < Pmutation;

otherwise

C;—CJ;
CS —Cl;

The rulesof comparisorbetweena child andits parent
arethefollowing:

NC; =

Versionfor unconstrainedproblems

* jf parentdominateshild, the parentis chosen
* jf child dominategarent thechild is chosen

* if bothare nondominateadvith respecto ead other, per
form a flip (0.5)to determinewho passeso thefol-
lowing generation.

Versionfor constrained problems

* jf parentis infeasibleand child is infeasible the solution
thatis closesto thefeasibleregionis selected.

* if parentis feasibleand child is infeasible the child is
chosenf andonly if thechild is atleastata distance
of 0.1 of the feasibleregion anda flip (0.5) returns
true. Otherwisethefatheris chosen.

* if parentis infeasibleand child is feasible the parentis
choserif andonly if theparents atleastatadistance
of 0.1 of thefeasibleregion anda flip (0.5) returns
true. Otherwisethechild is chosen.

* if parentis feasibleand child is feasible Paretodomi-
nances verifiedbetweerthem.

Note thatthe schemepreviously describedallows some
infeasiblesolutionsto interveneduring the recombination
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Figure3: Graphicalillustrationof (1) randomselection(right) and(2) elitist selection(left)

process.We found that this sort of schemeis particularly
usefulwhendealingwith highly constrainedproblems. It
hasbeenpreviously shovn thatmaintaininginfeasiblesolu-
tionsthatlie in thefrontier betweerthe feasibleandinfea-
sibleregions,helpsto obtainbettersolutionsin highly con-
strainedproblems(particularlywhendealingwith equality
constraints]19, 23].

For producingawell-distributedsetof nondominatedo-
lutions, we adopteda relaxed form of dominancecallede-
dominancewhichis definedasfollows[17]:

Let f, g € ™, then f is saidto e-dominateg for some
€ > 0, denotedas f <. g, if andonlyif foralli € {1, ...,
m}.

(1-¢€)-fi<gi

As indicatedbefore,our proposedapproachusesan ex-
ternalarchive (alsocalledsecondarypopulation). In order
to include a solutioninto this archive, it is comparedwith
respecto eachmemberlreadycontainedn thearchive us-
ing e-dominance.This procedurehasbeenusedin another
multi-objective evolutionaryalgorithmcallede-MOEA pro-
posedn [9]. Theprocedurés describechext.

Every solutionin the archive is assignedan identifica-
tion array(B = (By, Bs,..., By)T, where M is thetotal
numberof objectives)asfollows:

B(f) — { (I.(f] - fjmzn)/ejj), for minimizing fj;
d ([(f; = £7m)/€;1), for maximizing f;.
where: f;’”'” is the minimum possiblevalue of the j-th
objectve ande; is theallowabletolerancen the j-th objec-
tive [17]. Theidentificationarraydividesthe whole objec-
tive spaceinto hyperboxes,eachhaving ¢; sizein the j-th
objective. With the identificationarrayscalculatedfor the
offspringe; andeacharchive membera, we usethe proce-
dureillustratedin Figure4 anddescribechext:

1. If theidentificationarray B, of ary archive member
a dominateghatof theoffspringc;, thenit meanghat
the offspring is e-dominatedby this archive member
andsothe offspringis not accepted This is case(a)
in Figure4.

2. If B, of the offspring dominatesthe B, of ary
archve membera, thearchive memberis deletedand
theoffspringis acceptedThisis case(b) in Figure4.

If neither of the above two casesoccur, then it
meansthat the offspring is e-nondominatedwith
respecto thearchive contents.Therearetwo further
possibilitiesin this case:

(a) If the offspring shareghe sameB vectorwith
anarchive membetmeaninghatthey belongto
thesamehyperbox), thenthey arefirst checled
for the usualnondomination. If the offspring
dominateghe archive memberor the offspring
is nondominatedwith respectto the archive
memberbut is closerto the B vector(in terms
of theEuclidiandistancethanthearchvemem-
ber, thenthe offspringis retained Thisis case
(c)in Figure4.

(b) Intheeventof anoffspringnotsharingthesame
B vectorwith any archve membertheoffspring

is acceptedThisis case(d) in Figure4.

Using the above procedurewe canguaranteehe gen-
erationof awell-distributedsetof nondominatedolutions.
Also, the value of ¢ adoptedregulatesthe size of the ex-
ternalarchive. Thus,thereis no needto pre-fix an upper
limit on the size of the archive asdonein mosttraditional
multi-objective evolutionaryalgorithms.

Oneof the difficulties of this approachs the choiceof
the e-vector, asit dictatesthe cardinality of the obtained
nondominatedset. If a large value of ¢; is chosen fewer
solutionswill be obtained,and vice versa. However, this
difficulty canalsobecomean adwantagef consideredrom
a decision-makr’s point of view. Particularly, for high di-
mensionalityproblems(with mary objectves), thereusu-
ally exist a large numberof Pareto-optimalsolutions. By
choosingan appropriatee-vector, the decision-makr can
specifytheminimumdifferencehewould like to achievein
eachobjective. Thiswould allow him to obtaina handfulof
Pareto-optimalksolutionswith certain(minimum desirable)
trade-ofs amongthem. Finally, Section7 containsour con-
clusionsandsomepossiblepathsfor futureresearch.
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Figure4: Four caseof insertinga child into the externalarchive



6 Comparison of Results

In order to validate our proposedapproach,we adopted
standardestfunctionsand metricsreportedin the special-
izedliterature.The specificmetricsaredescribechext.

1.-Error Ratio (ER) [28] Theerrorratio metricre-
flectsthe numberof membersof PFy o0, (the ap-
proximationof the Paretofront obtainedby the ap-
proachto be validated)that arein PFy,.,. (thetrue
Pareto front of the problem, normally obtainedby
enumeration). This metric is mathematicallyrepre-
sentedoy:

ER 2= Li;l G )

where(n) is the numberof vectorsin P Fi,0ur and

~_ f 0 ifvectori,Vi=(1,...,n) € PFyuye,
%=1 1 otherwise
3)

For example,ER = 0 indicatesthat every vectorre-

ported by the algorithmin PFyy0.n iS actually in

PF;,.... ER =1 indicatesthat noneof the elements
of PFynown arein PE ...

2.- Generational Distance(GD) [29, 30] This met-
ric is a valuerepresentingn the averagehow “far”
PFypown isfrom PF;,.,. andis definedas:

=

ins &)

n

GD =

wheren is the numberof vectorsin PFynown, P =
2,andd; is the Euclideandistanceg(in objective func-
tion spacepetweereachvectorandthenearesmem-
ber of PFy,.. A resultof O indicatesPF;,. =
PFyp0wn; ary othervalueindicatesP Fy, ., devi-
atesfrom P Fy,qye.

3.-Spacing(S) [24] Here, one desiresto mea-
surethe spread(distribution) of vectorsthroughout
P Fynown- Thismetricis mathematicallyepresented

by:

=1

s=\lni1§":(cz_d,.)2

wheren is the numberof_ vectorsin. PFnown, and
d; = min;(|f{() — f@)] + |£(@) — L@]),
i,j = 1,...,n is the meanof all d;. A valueof 0
indicatesthat all membersof PFj,,., areequidis-
tantly spaced.

4.- Two Setcoverage(CS) [32] This metric canbe
termedrelative coveragecomparisorof two sets.CS
is definedasthe mappingof the orderpair (X', X")
to theinterval [0,1] asfollows:

{a" € X";3a" € X' :a > da"}|

! "y __ |
CS(X',X") = v

ConsiderX’, X" C X'astwo setsof decisionvec-
tors. If all pointsin X’ dominateor are equalto all

pointsin X", thenby definitionCS=1. CS=0im-

plies the opposite. Obsere thatit is not a distance
measuref how closethesesetsareasthatis a differ-

entmetric.

Ourresultsarecomparedvith respecto thosegenerated
by anothemulti-objective evolutionaryalgorithmbasedn
DifferentialEvolution: PDE[2]. Additionally, we alsocom-
paredresultswith respecto two approachesepresentatie
of the state-of-the-arin the area: the NSGA-II [10] and
e-MOEA (this wasthefirst multi-objective evolutionaryal-
gorithmto incorporatethe conceptof e-dominance) These
approachearebriefly describechext.

NSGA-II NondominatedSorting Genetic Algorithm - I
(NSGA - II) wasproposedn [8, 10]. The NSGA-
Il usesa (1 + A) selection(u parentsare combined
with its A offspringandrankedbasedon Paretodom-
inance. Also, it adoptsa crowding comparisonop-
eratorwhich keepsdiversity without requiring ary
additionalparameterdrom the user The NSGA-II
is oneof the mostcompetitive multi-objective evolu-
tionary algorithmsavailabletodayandit’s oftenused
asareferenceto determinethe performanceof new
approaches.

e-MOEA This approachwas proposedn [9]. It usesthe
concepbof e-dominancentroducedn [17] andit has
beenfound to be a very competitve multi-objective
evolutionaryalgorithm.

PDE Pareto Differential Evolution (PDE) was proposed
in [2], andis one of the most representatie multi-
objective extensionsof differential evolution. This
approactwasdescribedn Section4.8.

The parametersettingsadoptedfor all the algorithms
comparedresummarizedn Tablel. In Tablel, P refersto
thepopulationateachgeneration(,,, . is thetotalnumber
of generationgor iterations)to be performed. Note that
all the algorithmsperform the samenumberof objective
functionevaluations:5,000for unconstrainegroblemsand
25,000for constrainegroblems.N P is thesizeof thesec-
ondarypopulation. Note however that neitherof e-MyDE
or e-MOEA adoptthis parametersincethesizeof their sec-
ondarypopulationsis controlledby the valueof e. F'is a
parameteapplicableonly to differentialevolution. P, and
P, arethecross@erandmutationrates respectiely.

Next, we show the plot of all the nondominatedsolu-
tions generatedy the differentalgorithmsin eachof the
testfunctions. In all caseswe generatedhe PFy,.,. Of
theproblemausingexhaustve enumeratiorsothatwe could
make a graphicalcomparisorof the quality of the solutions
producedy ourapproach.

For eachexample,two tablesareshowvn:



Parameter e-MyDE NSGA-II PDE e-MOEA
P 100 100 100 100
NP | 100(aprox) 100 100 | 100(aprox)

Gmaz 5006250 506250 | 5006250 5006 250
P, 0.95 0.8 nr 1.0

Pr, 1/N 1/N nr 1/N

F 0.5 nr N(O, 1) nr

donde:N = variablenumber
d = objective number
nr = notrequired
Gmaa = 50for unconstrainegiroblems
G max = 250for constrainegroblems

Tablel: Parametersisedby the algorithmscompared.

1. Thefirstonecorrespondso thestatisticaresultsfrom
applying the performancemetrics over the twenty
runsperformedby eachof the algorithms.

2. Thesecondoneis the SetCoverage(SC) metric, ap-
pliedto theunionof 20 runsof eachalgorithmto ob-
tain 4 differentfiles (one by eachalgorithm). These
four files were comparedusing CS. We first com-
putedCS (algl,alg2) = Table,,, .., andthenCS
(alg2,algl) = Table,,,, .- In thedominatedow,
a value closeto 0 meansthat the algorithm outper
formedtheothers;analogouslyin thedominatesol-
umn a value closeto 1 indicatesa superiorperfor
mance.

MOP1. Proposedy Kursave[16].

Minimize:
@) = (L), £2(2))
where:
n—1
A@ = Y (10 0DV
=1
(&) = D (Jal" + 5sin(a}))
=1
with:
= 0.8
b = 3
n = 3
and:

=5 S Z1,T2,T3 S 5

Ourfirst problemhasseveraldisconnectedndasym-
metricalareasn solutionspace.lIts PFj,.,,. consists
of threedisconnectedParetocurves[4].

The Paretofront generatedby eachof the algorithms
areshowvnin Figure5. Thestatisticalresultsobtained
from applyingthe performancemetricsareshovn in
Table2.

Graphically we canseethate-MyDE and e-MOEA
both cover all of PF,.,.. The NSGA-II doesnot
reachthe edgesof the front. Regardingthe Spacing

metric,we canseethatall thealgorithmswereableto
obtainwell-distributedsolutions.

Numerically the performancemetricsadoptedindi-
catethat e-MyDE is the algorithmthat obtainedthe
bestresultsregarding Error Ratio and Generational
Distance. RegardingSpacing,the NSGA-II slightly
outperformedheotherapproaches.

WhenanalyzingSetCoverage(SC), we canseethat
e-MyDE hadthe bestresults,becausés the onethat
dominatedmore solutions of the other algorithms
while beinglessdominatedby the others. Thus,we

canconcludethatour e-MyDE is the bestoverall per

formerfor thistestfunction.

MOP2. Proposedy Debl6].

Minimize:
@ = (@), @)
where:
H(E) = =
f@) = 9(512)
with:
9(@s) = 2 — e~ (Bo0)” _ 0 ge~ (i)’
and:

0.1 S T1,T2 S 1

Oursecondoroblemhasa corvex PFy,...., and Py
is disconnected.Note that this problemhasa local
front to which analgorithmcanbe easilyattracted.

TheParetofront generatedby all thealgorithmscom-
paredareshownn in Figure 6 andstatisticalresultsof
the performancenetricsadoptedareshowvn in Table
3.

Graphically we can seethat all the algorithmsget
closeto PF;,,. and producea well-distributed set
of solutions. Note however, that PDE wasunableto
reachP F},.,. in severalof its runs.

Regardingtheperformancenetricsadoptede-MyDE
wasthe approachthe producedthe bestresultswith
respectto Error Ratio, GenerationalDistance and
Spacing.

With respectio SetCoverage(SC), e-MyDE hasthe
bestresults,becauses the onethat dominatesmore
solutionsof the other algorithmsand is less domi-
natedby others. So, we can concludethat our e-
MyDE was the best overall performerin this test
function.

MOP3. Proposedy Kita [13]

Maximize:

f(@) = (fi(z,9), f2(z,))
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Figureb: Paretofront generatedy e-MyDE (top - left), NSGA-II (top - right), PDE (bottom-left)ande-MOEA (bottom-

right) for MOP1.

Table2: Error Ratio(ER),GenerationaDistance(GD), Spacing(S) and SetCoverage(SC) for MOP1. The bestperfor-

Metric - Algorithm average best worst St. Dev.

ER e-MyDE | 0.15792013 0.0654206 0.23301 | 0.04288708

NSGA-II 0.4575 0.31 0.64 0.0907208

PDE 0.5085 0.25 0.64 0.0958219

e-MOEA 0.2820835 0.16326 1 | 0.17783033

GD e-MyDE | 0.00327069| 0.00288871| 0.00374484| 0.00025872

NSGA-Il | 0.00416653| 0.00308047| 0.0061631 | 0.00086198

PDE | 0.00467552| 0.00366814 | 0.00667008 0.000966

e-MOEA 0.09699642 | 0.00304755 1.87613 | 0.41876465

S e-MyDE | 0.09448982 0.0548549 0.109133 | 0.01243547

NSGA-II 0.06180859 0.047978 0.11722 | 0.01663756

PDE | 0.10522477| 0.0687954 0.145438 | 0.0224935

e-MOEA | 0.10113374| 0.0564897 0.126934 | 0.01358711
SC [ eMyDE | NSGAAI | PDE | ¢MOEA ][ Dominates ||
e-MyDE 0.824752 | 0.825743 0.615924 0.755473
NSGA-II 0.234375 0.633663 0.375063 0.414367
PDE 0.238511 0.676733 0.408112 0.441118
e-MOEA 0.323529 0.712871 | 0.729703 0.588701

They aredominated || 0.26547167 | 0.73811867| 0.729703 | 0.46636633 ]

mancemeasurevaluesareshavn in boldface
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Figure6: Paretofront generatedy e-MyDE (top - left), NSGA-II (top - right), PDE (bottom-left)ande-MOEA (bottom-
right) for MOP2.

Metric - Algorithm average best worst | desv Esténdar
ER e-MyDE 0.005804 0 0.02 0.00788824
NSGA-II 0.42 0 1 0.49375042

PDE 0.85 0 1 0.36634755

e-MOEA 0.454029 0 1 0.50551394

GD e-MyDE | 0.00728447| 0.00184096| 0.0506528 0.01420113
NSGA-II | 0.07853142 | 0.00288569| 0.205945 0.09408827

PDE | 0.16741538| 0.00204314 0.20732 0.05819178
¢-MOEA | 0.03319034| 0.00116984| 0.0783318 0.03670135
S e-MyDE | 0.08512233| 0.0319032 0.5076 0.1420395
NSGA-Il | 0.03992726| 0.0296285| 0.0562794 0.00955353

PDE | 0.05213913| 0.0284482| 0.0851937 0.01131328
e-MOEA | 0.07010082| 0.0471254| 0.0947282 0.02001717

[ SC I e-MyDE | NSGA-II ] PDE [ ¢-MOEA ][ Dominates ]|
e-MyDE 0.556931 0.952475 | 0.648549 || 0.7193183
NSGA-II 0.0413223 0.94604 | 0.592814 || 0.5267254

PDE 0.00729217| 0.411881 0.516352 || 0.3118417
e-MOEA 0.0291687 | 0.439109 0.90247 0.4569159
They aredominated || 0.02592772] 0.469307 | 0.93366167| 0.585905 |

Table3: Error Ratio(ER),GenerationaDistance(GD), Spacing(S) andSetCoverage(SC)for MOP2.



where:

fl(l.ay) = _.,L,2 +ya
1
fa(z,y) = Fzt+y+1
subjectto:
0 > 1 n 13
2 633 Yy 9
0o > 1m+ 15
Z 3 Yy 9
0 > 5z+y—30
and:

0<z,y

Our third problem has a disconnected,concae
PF;,. and P;,,. is alsodisconnected.Note how-
ever, that P;,.,.. is in the boundarybetweerthe feasi-
ble andtheinfeasibleregion.

TheParetofront generatedby all thealgorithmscom-
paredareshownn in Figure7 andthe statisticalresults
obtainedfrom applyingthe performancemetricsare
shavnin Table4.

Graphically we canseethatall algorithmsget close
the PF;,,.. However, only e-MyDE coversall the
Paretofront while obtaininga well-distributedsetof
solutions.

Regardingthe performancenetrics,we canseethat
our e-MyDE obtainedthe bestresultswith respecto
Error RatioandGenerationaDistance ande-MOEA
wasthe bestwith respecto Spacing.

With respecto SetCoverage(SC), e-MyDE hadthe
bestresults.Thus,we canconcludethatourapproach
wasthe bestoverall performerin this testfunction.

MOP4. Proposedy Tamaki[27]

Maximize:

f(.%’) = (fl(m)yaz)af2($7y7z)7f3($7y7z))

donde:
fl(xayaz) = Z,
fQ(Z.Jy;Z) =Y
f3(1’.7y7z) = =z
subjectto:
0 < 2+9y2+2°
and:

0 < =2,9,2<1

Our fourth problemhasa connectedPFy,.,,. with a
curvedsurface.lts P;,,. is alsoconnectecindforms

acurvedsurface. It is a 3-objective problemthathas
beenusedbeforeby severalresearchers.

TheParetofront generatedby all thealgorithmscom-
paredareshownn in Figure8 andthe statisticalresults
obtainedfrom applyingthe performancemetricsare
shavnin Table5.

Graphically we canseethatalmostall thealgorithms
areableto reachthetrue Paretofront of this problem.
However, the NSGA-II only coversa portion of the
Paretosurface,whereaghe otherscover mostof it.

Regarding the performancemetrics adopted, the
NSGA-II obtainedthe bestresultswith respecto Er-
ror Ratio, GenerationaDistanceandSpacing.

With respectto set coverage(SC), e-MOEA is the
winner, closelyfollowed by our e-MyDE. Although
basedntheperformancenetricsis difficult to assess
who is thewinnerin this casegraphically it is clear
thatboth e-MOEA ande-MyDE hada betterperfor
mancethanthe two otherapproaches.

MOP5. Proposedy Golinski[11].

The objective of Golinski’'s SpeedReducerproblem
(seeFigure9) is to find the minimum of a gearbox
volume f (and,hence,ts minimumweight), subject
to several constraints. The problemis illustratedin

Figure 9 andthereare seven designvariables,z; to

x7, whichrepresent:

x; width of thegearface,cm

xo teethmodule,cm

23 numberof pinionteeth

x4 shaftl lengthbetweerbearingsecm

x5 shaft2 lengthbetweerbearingsem

z¢ diameterof shaftl, cm

z7 diameterof shaft2, cm

Mathematicallythe problemis specifiedasfollows:
Minimize: .

f(@) = (f1(2), f2(2))
where:
i@ = 0.7854x1x§(3.3333x§ + 14.9334x3 — 43.0934)

—1.5079(x3 + z7)z1 + T.477(x3 + z7)
+0.7854(zag + T527)

@) 1/(—7;125;”34)2 + 1.69¢7
2T =

0.1z3




8.6

T T 8.6 T T
"paretokita.dat" "paretokita.dat”
— —~—
~ ~
N ~
84l S 1 841 T~ ]
~_
82 Yy — 82 —
< ~
~
S -
~
8k — 8 —
78 A 4 78 | 4
%
76 N 76 L
1 \
1 \
7.4 I I I I I I I I I 74 I I I I I I I I I
-3 -2 -1 0 1 2 3 4 5 6 7 -3 -2 -1 0 1 2 3 4 5 6 7
8.6 T T 8.6 T T
"paretokita.dat" "paretokita.dat”
— —
~—_
84 S 4 84 | R 4
—~— e
82 ~_ — 82 —
~— N
~— N
~ ~
~~ N
- ~
N
\,\ ™
8k — 8 —
N
.
.
\
\
\
\ \
L \ 4 L N 4
78 . 7.8 )
\ "
\ :
\ :
\ %
\ )
76 \ Bl 7.6 I
7.4 I I I I I I I I I 74 I I I I I I I I I I
-3 -2 -1 0 1 2 3 4 5 6 7 -4 -3 -2 -1 0 1 2 3 4 5 6 7

Figure7: Paretofront generatedy e-MyDE (top - left), NSGA-II (top - right), PDE (bottom-left)ande-MOEA (bottom-
right) for MOP3.

Metric - Algorithm average best worst St. Dev.
ER e-MyDE | 0.01640604 0 | 0.0550459 | 0.01635306
NSGA-II 0.316 0.19 0.53 | 0.09394287
PDE 0.8395 0.35 1 | 0.21211901

e-MOEA 0.2500851 0.15625 0.333333 | 0.04454198
GD e-MyDE | 0.00491203| 0.0014577| 0.0464165| 0.0097998
NSGA-II | 0.01470336 | 0.00136745| 0.0902511| 0.02729836

PDE | 0.00576845| 0.0003873| 0.032941| 0.00769517
¢-MOEA | 0.00631189| 0.00220538| 0.0476246| 0.0104118

s e-MyDE | 0.07363313| 0.0304301| 0.492726 | 0.09905315

NSGA-Il | 0.0925237 | 0.00705687| 0.56773 | 0.1688492

PDE | 0.01728939| 3.6065E-05 0.2736 | 0.06115304

eMOEA | 0.07712804| 0.0458646| 0.492715| 0.09907925
| 59 [ eMyDE | NSGAMI | PDE | MOEA || Dominates |
e-MyDE 0.806436 | 0.028498 | 0.879053 || 0.871329
NSGA 0.0427757 0.666667 0.62060 || 0.443377
PDE 0.00522814| 0.0965347 0.0761709 || 0.059311
«MOEA 0.039924 055009 | 0.951132 0.514015

They aredominated || 0.02930928 | 0.48465357 | 0.84876567 | 0.52530463 |

Table4: Error Ratio(ER),GenerationaDistance(GD), Spacing(S) andSetCoverage(SC)for MOP3.
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Figure8: Paretofront generatedy e-MyDE (top - left), NSGA-II (top - right), PDE (bottom-left)ande-MOEA (bottom-
right) for MOP4.

Metric - Algorithm average best worst St. Dev.
ER e-MyDE | 0.53778185 0.478261 0.592593 | 0.03600738
NSGA-II 0 0 0 0
PDE | 0.93140125 0.814815 1 0.0536189

e-MOEA 0.249779 0.142857 0.345794 | 0.05573555
GD e-MyDE | 0.00087087 | 0.00077159| 0.00103772| 7.1952E-05
NSGA-II | 0.00035469 | 0.00023439| 0.00050671| 7.5268E-05

PDE | 0.00804467 | 0.00586278 0.011823 | 0.00163697
e-MOEA | 0.00074238| 0.00056286 | 0.00105992| 0.0001399
S e-MyDE | 0.04267574| 0.0381671| 0.0493826| 0.0031751
NSGA-Il | 4.8229E-05 | 1.4082E-06 | 0.00021099 | 5.7565E-05

PDE | 0.09345934| 0.0654136 0.14195 | 0.02128756
e-MOEA | 0.04332862| 0.0371789| 0.0519563| 0.00372295

[ SC I e-MyDE [ NSGA-II ] PDE | MOEA [[ Dominates |
e-MyDE 0 0.735154 | 0.0704441 0.268532
NSGA-II 0.00579822 0.118765| 0.0010209 0.041861

PDE 0.0204871 0 0.0117407 0.010742
e-MOEA 0.175106 0 0.732779 0.302628
They aredominated || 0.06713044 0 [ 0.52889933| 0.02773523]

Table5: Error Ratio(ER),GenerationaDistance(GD), Spacing(S) andSetCoverage(SC)for MOPA4.
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29 < x6<3.9,
50 < x7<55

TheParetofront generatedby all thealgorithmscom-
paredareshovnin FigurelOandthestatisticakesults
obtainedfrom applyingthe performancemetricsare
shavnin Table6.

Graphically we canseethatall the algorithmswere
ableto corvergeeitheronthetrue Paretofront or very
closeto it, but they had difficulties with the nearly
horizontalpartof thefront. Oure-MyDE wastheonly
approachableto cover this nearlyhorizontalportion
of thefront.

Regardingthe performancametrics,we can seethat
the NSGA-II obtainedthe bestresultswith respecto
Error Ratio and Spacing,and e-MyDE wasthe best
with respecto generationatlistance.

RegardingSetCoverage(SC),e-MOEA hadthe best
results followedby our e-MyDE. Again, in this case

is difficult to determinevho wasthebestoverall per
former, but graphically e-MOEA ande-MyDE seem
to have producedhe bestresults.

7 Conclusionsand Futur e Work

We have introducedanapproachhatusesDifferential Evo-
lution to solve both unconstrainedand constrainedmulti-
objectiveoptimizationproblems.Thehigh corvergenceaate
that characterizeshe Differential Evolution algorithmwas
controlled using two elitist selectionschemes. Our pro-
posedapproachwas able to produceresultsthat are very
competitive with respectto otherapproacheshat arerep-
resentatre of the state-of-the-arin the area(the NSGA-II,
PDEande-MOEA).

The constraint-handlingschemeadoptedin our algo-
rithm allowed a successfuexploration of the searchspace
evenin the presenc®f problemswvhoseoptimumliesin the
boundarybetweenthe feasibleandinfeasibleregions. Fi-
nally, the useof e-dominanceintroducedthe capability of
controlling the convergenceof our approachwhile achiev-
ing agoodspreadof solutions.

As partof our future work, we planto experimentwith
differentvariationsof the e-dominancemechanismaiming
to facilitatethe way of computingthe e values.lt is alsoof
our interestto experimentwith differentmechanismge.g.,
differentmutationoperators)}o control the high selection
pressuref the DifferentialEvolution algorithm.
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Figure10: Paretofront generatedy e-MyDE (top - left), NSGA-II (top - right), PDE (bottom-left)ande-MOEA (bottom
- right) for MOP5.

Metric - Algorithm average best worst St. Dev.

ER e-MyDE 1 1 1 0
NSGA-II 0.7825 0.06 1 | 0.27466487

PDE 1 1 1 0

e-MOEA 1 1 1 0

GD e-MyDE 0.8778645| 0.794507 | 0.971234 | 0.04478237
NSGA-II 10.3952045| 1.04607 32.8294 | 11.7194163

PDE | 9.71233435| 0.952927 34.7247 9.4525265
e-MOEA 0.8952482 | 0.825196 | 0.984609 | 0.04333157
S e-MyDE | 54.6245215| 2.46762 110.915 | 29.5975387
NSGA-II 6.631766 3.20602 14.1835 | 3.79596756

PDE 6.8780055 1.92143 13.9599 3.8825971
e-MOEA | 52.8384655| 1.75852 228.307 | 90.2445227

SC I ¢-MyDE | NSGA-IT | PDE | ¢-MOEA [[ Dominates [|
e-MyDE 0.599505 0.821287 | 0.135014 0.518602
NSGA-II 0.0226777 0.79703 0.00045 0.2733859

PDE 0.56389 0.578218 0.313231 0.485113
e-MOEA 0.953336 0.608911 0.935149 0.83246533

They aredominated || 0.51330123]| 0.59554467| 0.85115533| 0.149565 |

Table6: Error Ratio(ER),GenerationaDistance(GD), Spacing(S) andSetCoverage(SC)for MOPS5.
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