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Abstract

This paperpresentsa simple multimemberedevolution stratgy (SMES) to
solwve global nonlinearoptimizationproblems.The approactdoesnot requirethe
useof a penaltyfunction. Instead,it usesa simplediversity mechanisnbasedon
allowing infeasiblesolutionsto remainin the population.This techniquehelpsthe
algorithmto find the global optimumdespitereachingreasonablyastthe feasible
region of the searchspace.A simplefeasibility-basedcomparisormechanisnis
usedto guidethe processowardsthe feasibleregion of the searchspace.Also,
theinitial stepsizeof the evolution strateyy is reducedn orderto performa finer
searchanda combined(discrete/intermediatgdanmicticrecombinatiortechnique
improvesits exploitationcapabilities The approactwastestedwith awell-knovn
benchmark.The resultsobtainedare very competitve when comparingthe pro-
posedapproachagainsotherstate-of-tharttechniquesndits computationatost
(measureddy the numberof fitnessfunction evaluations)is lower thanthe cost

requiredby the othertechniquesompared.



1 Intr oduction

Evolutionaryalgorithms(EAs) have beenwidely usedto solve several typesof opti-
mizationproblems[11, 1, 8, 10]. Neverthelessthey are unconstrainedearchtech-
niguesandlack anexplicit mechanisno biasthe searchin constrainegearchspaces.
This hasmotivatedthe developmeniof a considerablemumberof approacheto incor-
porateconstraintsnto thefitnessfunctionof anEA [25, 6].

Themostcommonapproachtadoptedo dealwith constrainedsearchspacess the
useof penaltyfunctions[28]. Whenusinga penaltyfunction,theamountof constraint
violationis usedto punishor “penalize”aninfeasiblesolutionsothatfeasiblesolutions
arefavoredby the selectionprocess Despitethe popularityof penaltyfunctions,they
have several dravbacksfrom which the main oneis that they requirea carefulfine
tuning of the penaltyfactorsthataccuratelyestimateshe degreeof penalizatiorto be
appliedsothatwe canapproactefficiently thefeasibleregion[32, 6].

Evolution Stratgies(ES) have beenfound not only efficientin solvingawide va-
riety of optimizationproblemq31, 12, 4, 2, 1], but alsohave a strongtheoreticaback-
ground[30, 3, 5].

Ourapproactusegheself-adaptie mutationmechanisnof a multimemberedvo-
lution strateyy to explore constrainedearchspacesThisis combinedwith acompari-
sonmechanisnwhich useshreefeasibility-basedulesto guidethe searchtowardsthe
global optimaof constrainedptimizationproblems. To avoid a high selectionpres-
sureandmaintaininfeasiblesolutionsin the populationa simplediversitymechanism
is added.Theideais to allow theindividual with thelowestamountof constraintiola-
tion andthe bestvalueof the objective functionto be selectedor the next population.
This solution canbe chosenwith 50% probability eitherfrom the parentsor the off-
springpopulation.A hybrid panmicticrecombinatioroperatorthat combinesdiscrete
andintermediateecombinatioris usedto improve the exploitation mechanisnof our
algorithm.

With thesecombinedelementsthe algorithmfirst focuseson reachingthe feasible
region of the searchspace After that, it is capableof moving over the feasibleregion

asto reachthe global optimum. The infeasiblesolutionsthatremainin the population



are usedto samplepointsin the boundariesbetweenthe feasibleand the infeasible
regions. Thus,the mainfocusof this paperis to shav how amultimembereavolution
strat@y coupledwith very simplemechanismss ableto produceresultsthatarehighly
competitvewith respecto otherconstraint-handlingpproachethatarerepresentatie
of the state-of-the-arin evolutionaryoptimization.

This paperis organizedasfollows: In Section2 we definethe global nonlinear
optimizationproblemthat we aim to solve. After that, in Section3 a descriptionof
previous approachebasedon similar ideasis provided. Section4 presentsa detailed
descriptionof our approach.Then,in Section5, we presenthe experimentaldesign
andshow the obtainedresultswhich arediscussedn Section6. Section?7 providesan
experimentalstudythataimsto identify the mechanisnthatis mainly responsibldor
the effectivenessof our proposedapproach.The rate at which our approachreaches
thefeasibleregion (in thetestfunctionsadopted)s analyzedn Section8. In Section9
someconclusionsareestablishedFinally, somepossiblepathsfor future researctare

providedin Sectionl0.

2 Statementof the Problem

We areinterestedn the generahonlinearmprogrammingproblemin which we wantto:

Find Z which optimizesf (%) (1)

subjectto:
hj(f):()a J=1...,p 3)
where# is thevectorof solutions? = [z, T2, - . . , 2] T, n is thenumberof inequality

constraintandp is the numberof equalityconstraintgin bothcasesconstraintsould
belinearor nonlinear).

If we denotewith F to the feasibleregion andwith S to the whole searchspace,
thenit shouldbeclearthatF C S.



For aninequalityconstrainthatsatisfiesy; (£) = 0, thenwe will saythatis active
atz. All equality constraintsh; (regardlessof the value of & used)are considered

active atall pointsof F.

3 Previous Work

Theinspirationof our approactwasmotivatedby theideaof exploringthecapabilities
of multiobjective optimizationconceptsto solve global optimizationproblems. We
comparedour representatie approachessingthe sametestfunctionsadoptedn this
papen[21, 18]. Oneof theconclusion®f thiswork wastheimportanceof amechanism
to maintaindiversity in the population(i.e., to allow feasibleandinfeasiblesolutions
to remainin the populationduringall the evolutionaryprocess)23].

Motivated by the fact that the most recentand competitve approacheso solve
constrainedptimizationproblemsarebasedon an Evolution Strat@y (e.g. Stochastic
Ranking[29] andASCHEA [13]) we hypothesizedhefollowing:

1. Theself-adaptatiomechanisnof an ES helpsto samplethe searchspacewell

enoughasto reachthefeasibleregion reasonablyast.

2. Thesimpleadditionof feasibility rulesto an ES shouldbe enoughto guidethe

searchin suchaway thatthe globaloptimumcanbeapproacheefficiently.

Thus,basednthesedeas weimplementeda genericES-basedpproacto solve
constrainedptimizationproblems.Then,we performedan empirical studyin which
we variedthe type of selection(“+" or “,”) andthe type of mutation(noncorrelated
or correlated)19]. We alsoimplementeda variationof a (4 + 1)-ES with the “1/5
successfutule” to adapton-linethe sigmavalue[19]. Constraintasverehandledusing
rulesbasedn feasibility (seeSection4 for details).

Theuseof rulesbasedn feasibility hasbeenexploredin the pastby otherauthors.
Jiménezand Verdegay [15] proposedan approachsimilar to a min-maxformulation
usedin multiobjective optimizationcombinedwith tournamentselection. The rules

usedby themaresimilar to thoseadoptedn this work. However, JiménezandVerde-



gay’s approachacksan explicit mechanisnto avoid the prematurecornvergencepro-
ducedby therandomsamplingof the feasibleregion becauseheir approachs guided
by thefirst feasiblesolutionfound.

Pawell andSkolnick [26] proposedo mapfeasiblesolutionsinto theinterval (—oo,
1), andinfeasiblesolutionsinto the internval (1, co). The aim is to considerfeasible
solutionsalwayssuperiorto infeasibleones.

Individualsareevaluatedusing[26]:

, f(@) if feasible
fit(Z¥) =
L+r (2?21 9i(@) + Y5_, by (a}’)) otherwise

f(Z) is scalednto theinterval (—o0,1), g;(¥) andh;(£) arescalednto theinterval

(4)

(1, o), andr is a constant.Powvell andSkolnick [26] usedlinear rankingselectionin
orderto getaslower corvergence.

Deb [9] proposedhe selectioncriteria adoptedin our work astournamentrules
to selectindividualsusinga GA. In his approachthe following expressionis usedto

assigrfitnessto a solution:

fit; (Z) = { fi(Z) if feasible -

fworst + 25—, 95(Z) otherwise

where f,rs: 1S the objective function value of the worst feasiblesolution. However,
Deb proposedo useniching asa diversity mechanismwhich introducessomeextra
computationatime (nichesarean O(N?) procedure).As in Pavell and Skolnick’s
algorithm[26], in Deb’s approachfeasiblesolutionsarealwaysconsideredetterthan
infeasibleones.This contradictgheideaof allowing infeasibleindividualsto remainin
thepopulation.Therefore this approactwill have difficultiesin problemsn whichthe
globaloptimumlies onthe boundarybetweerthe feasibleandtheinfeasibleregions.

Coello & Mezura[7] usedtournamenselectionbasedon feasibility rules(this is
one of four differentmultiobjectve-basedechniquessompared).They alsoadopted
nondominanceheckingusing a sampleof the population(asthe multiobjective op-
timization approachcalled NPGA [14]). In this approacha userdefinedparameter

S, is usedto control the diversityin the population. This approactprovided goodre-



sultsin somewell-known engineeringporoblemsandin somebenchmarlproblems put
presentegbroblemswhenfacinghigh dimensionality[ 7].

Fromour ES’s comparatie study thebestresultswereprovidedby thevariationof
a(u + 1)-ES[19] in which onechild createdrom g mutationsof the currentsolution
competesagainstit andthe betteroneis selectedasthe new currentsolution. The
detailsof this approactareshavn in Figurel.

However, the approachpresentedprematurecorvergencein sometestfunctions
[19]. A (1 + X)-ESwasproposedn [20], which improvedthe robustnesandquality
of the previous ES proposedyy the sameauthors.In this case a self-adaptie param-
etercalledSelectionRatio (S;.) (similar to thatproposedy Coello& Mezura[7] and
mentionedabove) is adopted. S,. refersto the percentagef selectionsthat will be
performedin a deterministioway (asusedin the original versionof our ESwherethe
child replaceshe currentsolutionusingthe feasibility-basedomparisormechanism).
In the remainingl — S, selectionstherearetwo choices: (1) eitherthe parent(out
of the \) with the bestvalue of the objective functionwill replacethe currentsolution
(regardlessof its feasibility) or (2) the bestparent(using againthe feasibility-based
comparisormechanismyvill replacethe currentsolution. Both optionsaregiven50%
probabilityeach.

The(1+ \)-ESapproactproposedn [20] madeevidentthathaving agoodmecha-
nismto maintaindiversityis oneof thekeysto producea constraint-handlingpproach
thatis competitive with thetechniquesepresentatie of the state-of-the-arin thearea.

However, thesetwo approachedyasedon anon-populatiorESlackthe explorative
power to allow them samplelarge searchspaces. Thus, we decidedto re-evaluate
theuseof a (1 + A)-ES to solve this limitation, but in this case,addingthe diversity

mechanismimplementedn our previousapproaches.

4 Our approach

Our new approachis basedon the sameconceptgthat its predecessordiscussedn
Section3: (1) theself-adaptatiomechanisnof anESand(2) acomparisormechanism

basednthefollowing criteria:



1. Between2 feasiblesolutions the onewith the highesffithessvaluewins.

2. If onesolutionis feasibleandthe otheroneis infeasible,the feasiblesolution

wins.

3. If both solutionsareinfeasible the onewith the lowestsumof constraintviola-

tion is preferred.

Also, it hasa simplediversitymechanisnsimilarto thatusedin the (1 + A)-ESand
acombinationof discreteandintermediatgpanmicticrecombination.

Thedetailedfeaturesof our algorithmarethe following:

¢ Diversity Mechanism With anideasimilar to thatusedin the (1 + X)-ESver-

sion,we allow infeasiblesolutionsto remainin the population.However, unlike
this previous approachwherethe bestparentbasedonly on the objective func-
tion (regardlesof its feasibility) cansurvive, in this new approactwe allow the
infeasibleindividual with the bestvalue of the objective function andwith the
lowestamountof constraintviolation to survive for the next generation. This
solution (called by us the bestinfeasiblesolution) can be choseneither from
the parentsor the offspring population,with 50% probability. This processof
allowing this solutionto survive for the next generatiorhappens3 timesevery
100 duringthe samegenerationHowever, it is adesiredoehaior because few
copiesof this solutionwill allow its recombinatiorwith severalsolutionsin the
population,speciallywith feasibleones. Recombiningfeasiblesolutionswith
infeasiblesolutionsin promisingareagbasedn the goodvalueof the objective
function) andcloseto the boundaryof the feasibleregion will allow the ES to
reachglobaloptimumsolutionslocatedpreciselyonthe boundaryof thefeasible
region of the searchspace(which are known asthe mostdifficult solutionsto
bereached).Following theideaof allowing just a few infeasiblesolutions(one
in caseof the (1 + \)-ES approach)we allow the bestinfeasiblesolutionto
be copiedinto the populationfor the next generatiorjust 3 timesfor every 100
attempts.Thisworksin thefollowing way: Whenthe deterministiceplacement

is usedto form the populationfor the next generatiorin an ES, the bestindi-



vidualsfrom amongthe parentsandoffspringareselectedisingthe comparison
mechanisnpreviously indicated(in a deterministicway). The processwill pick
feasiblesolutionswith a bettervalueof the objective functionfirst, followed by
infeasiblesolutionswith alower valueof constraintviolation. However, 3 times
from every 100 picks, the bestinfeasiblesolution(from eitherthe parentsor the
offspring populationwith 50% probability each)is copiedin the populationfor

thenext generationThe pseudocodés listedin Figure2.

Basedon the empirical evidenceobsened in the previous versionof the ap-
proach[20] wherewe useda populationof 3 offspring, we decidedto usea
smallnumberof copiesof the bestinfeasiblesolutionsfor the next generatiorof
ourapproachFor valuedargerthan3 thequality androbustnes®f our approach

tendto decrease.

Combined recombination We usepanmicticrecombinationput with a com-
binationof the discreteandintermediataecombinatioroperators Eachgenein
the chromosomeanbe processedvith ary of thesetwo recombinatioropera-
torswith 50% probability. This operatoris appliedto both, strateyy parameters
(sigmavalues)anddecisionvariablesof the problem.The pseudocodés shovn
in Figure3. Notethatwe useintermediateecombinatiorby just computingthe
averagebetweerthevaluesof thevariableof eachparent(asoriginally proposed
by Schwefe[[30]).

Reduction of the initial stepsizeof the ES: The previousversionsof our algo-
rithm arebasednavariationof a (u + 1)-ES[19] anda (1 + X)-ES[20]. Thus,
they do not usea populationof solutionsbut employ the mostsimple scheme
of anESwhereonly onesigmavalueis usedfor all the decisionvariables.We
obsenedthatwhenthis sigmavaluewascloseto zero,the previous approaches
werecapableof reachingheglobaloptimum,or atleastimprovethevalueof the
final solution. Therefore,in our new approachbasedon a multimemberedES,
we decidedo favor finer movementsn the searctspace We experimentedvith
just a percentagef the quantityobtainedby the formulaproposedy Schwefel

[30]. We initialize the sigmavalues(we useonefor eachdecisionvariable)for



eachindividual in theinitial populationwith only a 40% of the value obtained

by thefollowing formula(wheren is the numberof decisionvariables):

0:(0) = 0.4 x (5‘%) (6)

where Az; is approximatedwith the expression(suggestedn [29]), Az; =~
z¥ — zt, wherez? — z! arethe upperandlower boundsof the decisionvariable

i.

Summarizing,our approachworks over a simple multimemberedevolution strat-
egy: (p + A)-ES. The only modificationsintroducedare the reductionof the initial
stepsizeof the sigmavalues the panmicticcombined(discrete-intermediatecombi-
nationandthe changego the original deterministicreplacemenbof the ES (madeby
sortingthe solutionsusingthe comparisormechanisnbasedon feasibility discussed
at the beginning of this section),allowing the bestinfeasiblesolution,from eitherthe
parentsor theoffspringpopulationto remainin thenext generation Thedetailsof our
approacharepresentedn Figure4.

Unlike Deb’s [9] techniquepur approactdoesnot usenichesin orderto maintain
diversity in the population. This is becausanside the replacemenprocessusedto
producehepopulationfor thenext generationweincorporateamechanisnthatallows
slightly infeasiblesolutionswith agoodobjective functionvalueto beconsideredbetter
thanfeasibleones. This ES-like replacemenmakesalsoa differencewith respecto
Powell and Skolnick’s approach26], which usesproportionalselection(with linear

ranking)on a GA-basedapproach.

5 Experimentsand Results

To evaluatetheperformancef theproposedpproactwe usedthe 13testfunctionsde-
scribedin [29]. Thetestfunctionschosercontaincharacteristicthatarerepresentatie
of whatcanbe considereddifficult” global optimizationproblemsfor anevolutionary

algorithm. Their expressionsreprovidedin an Appendix,atthe endof the paper



To getan estimateof how difficult is to generatdeasiblepointsthrougha purely
randomprocesswe computedhe p metric (assuggestedy Michalewicz andSchoe-

nauer25]) usingthefollowing expression:

p=1Fl/IS] )
where|S| is the numberof randomsolutionsgeneratedS = 1,000,000 in our case),
and|F| is the numberof feasiblesolutionsfound (out of the total | S| solutionsran-
domly generated).
The valuesof p for eachof thefunctionschoserareshavn in Table1, wheren is the
numberof decisionvariablesLI is the numberof linearinequalitiesNI the numberof
nonlinearinequalities,LE is the numberof linear equalitiesandNE is the numberof
nonlinearequalities.
We performed0 independentunsfor eachtestfunction. Thelearningratesvalues
werecalculatedusingtheformulasproposedy Schwefel[30] (wheren is thenumber

of decisionvariablesof the problem):

Tz( %@>4H=(%T)l (8)

Theinitial valuesfor the standarddeviationswerecalculatedusingequation(6).

For the experimentsve usedthe following parameters:
e 1 = 100.

e )\ = 300.

¢ Numberof generations: 800.

¢ Numberof objective functionevaluations= 240, 000.

The combinedrecombinationoperatorexplainedin detail in Section4 wasused
bothfor the decisionvariablesof the problemandfor the stratgly parametergsigma
values).Notethatwe do not usecorrelatedmutation[22].

To dealwith equality constraints,a dynamic mechanisnoriginally proposedn
ASCHEA [13] andusedin [20] is adopted. The tolerancevaluee is decreasedvith

respecto the currentgeneratiorusingthefollowing expression:

10



ej(t+1) = ¢;(t)/1.00195 9)

Theinitial ¢ wassetto 0.001. Notethattheuseof thevaluel.00195 in equation(9)
causeghe allowable tolerancefor the equality constraintsto go from 0.001 (initial
value)to 0.0004 (final value)giventhe numberof iterationsadoptedby our approach
(if moreiterationsareperformedthis valuewill tendto zero).

For problemgl3, ¢, was setto a much larger value (3.0), becausen this case
it is very difficult to generatefeasiblesolutionsduring the initial generationf our
approach. Thus, by using a large tolerancevalue, more individuals will be able to
satisfythe equalityconstraintsandwill sene asreferencesolutionsthatthe algorithm
will improve overtime. Giventhatthis largervalueis adoptedwe alsochangedhe
constantlecreasingalue.So,insteadof using1.00195, we adopt,in this caseavalue
of 1.0145. Sucha valuecauseghe allowable equality constraintviolation to go from
3.0 (initial value)to 0.00003 (final value)giventhe numberof iterationsadoptedby
ourapproachNotethatthefinal allowabletoleranceas smallerin this casedespitethe
initial largervalue.As a matterof fact,we recommendo usethis secondsetupfor the
toleranceof the equalityconstraintsn problemsin which no feasiblesolutionscanbe
foundby our algorithmwhenusinga smallinitial eg.

Additionally, for problemsg03 andg13 theinitial stepsizeequiredamoredramatic
decreaseThey weredefinedas0.01 (justa 5% insteadof the 40% usedfor the other
testfunctions)for g03 and0.05 (2.5%) for g13. Thesetwo testfunctionsseemto pro-
vide betterresultswith very smoothmovementslt is importantto notethatthesetwo
problemssharethe following features:moderatelyhigh dimensionality(five or more
decisionvariables) nonlinearobjective function,oneor moreequalityconstraintsand
moderatesizeof thesearchspacgbasedntherangeof thedecisionvariables).These
commonfeaturessuggesthatfor thesetypesof problems finer movementgprovide a
bettersamplingof the searchspaceusinganevolution strateyy.

Thestatisticalresultsof our SMESaresummarizedn Table2.

We compareour approactagainsthreestate-of-the-arapproacheshe Homomor
phousMaps(HM) [17], StochastidRanking(SR)[29] andthe Adaptive Segregational

11



ConstraintHandling Evolutionary Algorithm (ASCHEA) [13]. The bestresultsob-
tainedby eachapproactareshovnin Table3. Themeanvaluesprovidedarecompared
in Table4 andtheworstresultsarepresentedn Table5. Theresultsprovidedby these
approachewsveretakenfrom theoriginal referencesor eachmethod.

HM performsa homomorphousnappingbetweenan n-dimensionalcubeand a
feasiblesearchspace(eithercornvex or non-corvex). The mainideaof this approach
is to transformthe original probleminto another(topologically equivalent) function
thatis easierto optimizeby anEA. HM handleswo casescorvex feasiblespaceand
noncorvex feasiblespace HM usesa binary-codedA with Graycodes proportional
selectionwithout elitism andtraditionalcross@erandmutationoperators.

Theaim of SRis to balancetheinfluenceof the objectve functionandthe penalty
functionwhenassigningfitnessto a solution. SR doesnot requirethe definition of a
penaltyfactor The selectionprocesdss basedon a rankingprocess.Instead,a user
definedparametercalled Py setsthe probability of usingonly the objective function
to comparetwo solutionsto sortthem. Then, whenthe solutionsare sortedusing
a bubble-sortlike algorithm, sometimesgependingof the P; value, the comparison
betweentwo adjacentsolutionswill be performedusingonly the objective function.
The remainingcomparisonswill be performedusing only the penaltyfunction that
consistsjn this case of the sumof constraintviolation. SR usesa (30, 200)-ESwith
globalintermediaterecombinatiorappliedonly to the stratgyy parametergnot to the
decisionvariablesof the problem).

ASCHEA is basedon threecomponents:(1) an adaptve penaltyfunction, (2) a
constraint-divenrecombinationand(3) a segregationalselectionbasedn feasibility.
In ASCHEASs mostrecentversion[13], the authorsproposeto usea penaltyfactor
for eachconstraintof the problem. Also, the authorsaddeda niching mechanisnto
improvetheperformancef thealgorithmin multimodalfunctions.Finally, theauthors
addeda dynamicand an adaptie schemeo decreasehe tolerancevalueusedin the
transformationof equality constraintsnto two inequality constraints. The approach

usesa (100 + 300)-ESwith standardarithmeticalrecombination.
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6 Discussionof Results

As describedn Table2, ourapproactwasableto find theglobaloptimumin seventest
functions(g01,g03,904,g06,908,g11andgl2)andit found solutionsvery closeto
theglobaloptimumin theremainingsix (g02,905,g07,909,910,g13). In Table6 we
shav the numberof runsin which the global optimum (or bestknown solution) was
reachedIn addition,we shov thelowestandthe averagegeneratiomumberin which
suchglobaloptimumwasfound. Theresultsobtainedsuggesthatfor the problemsn
which the global optimumwasreachedthealgorithmis capableof finding it usingno
morethan250 generationgabout75, 000 evaluationsof the objective function),except
for functiong01wherethe numberof generationss 671.

Whencomparedvith respecto the threestate-of-the-artechniquegreviously in-

dicated we foundthefollowing (seeTables3, 4 and5):

6.1 Comparedwith the HomomorphousMaps (HM)

Our approacHounda better“best” solutionin ten problems(g01,902,g03,904,g05,
g06, 907,909, g1l0andgl2) anda similar “best” resultin othertwo (g08andgl1).
Also, our techniquereachedbetter‘mean” and“worst” resultsin ten problems(g01,
003,904, g05,g06,907,908,909,g10andgl2). A “similar’ meanandworstresult
was found in problemgll. The Homomorphouanapsfound a “better” meanand
worstresultin function g02. No comparisonsvere madewith function g13 because

suchresultswerenot availablefor HM.

6.2 Comparedwith StochasticRanking (SR)

With respecto SR,ourapproaciwasableto find abetter‘best” resultin functionsg02
andgl10. In addition,it founda “similar” bestsolutionin sevenproblems(g01, g03,
g04,g06,g08,gllandgl?). Slightly better“best” resultswerefound by SR in the
remainingfunctions(g05,g07,g09 andg13). Our approacHound better‘mean” and
“worst” resultsin four testfunctions(g02,906,g09andg10). It alsoprovidedsimilar

“mean”and“worst” resultsin six functions(g01,903,904,908,g11andg12). Finally,

13



SRfoundagainbetter‘mean” and“worst” resultsin functiong05,g07andg13.

6.3 Compared with the Adaptive Segregational Constraint Han-
dling Evolutionary Algorithm (ASCHEA)

ComparedgainstASCHEA, our algorithmfound“better” bestsolutionsin threeprob-
lems(g02,g07 andg10)andit found“similar” bestresultsin six functions(g01,g03,
g04,906,908,911). ASCHEA foundslightly “better” bestresultsin functiong05and
g09. Additionally, our approachfound “better” meanresultsin four problems(g01,
g02,903andg07)andit found“similar” meanresultsin threefunctions(g04,g08and
g11). ASCHEA surpassedur meanresultsin four functions(g05,906,9g09andg10).
We did not comparethe worst resultsbecausahey werenot availablefor ASCHEA.
Also, we did not performcomparisonsvith respecto ASCHEA usingfunctionsg12
andg13for thesamereason.

As we cansee,our approactshoveda very competitive performancewith respect

to thesethreestate-of-the-arapproaches.

6.4 Advantagesof the Approach

Ourapproacltandealwith moderatelyconstraineghroblemgg04),highly constrained
problems,problemswith low (g06, g08), moderatedg09) and high (g01, g02, g03,
g07) dimensionality with differenttypesof combinedconstraintglinear, nonlinear
equalityandinequality) andwith very large (g02), very small (g05andgl13) or even
disjoint (g12) feasibleregions. Also, the algorithmis ableto dealwith large search
spacegbasedon the intervals of the decisionvariables) with a very small feasible
region (g10). Furthermorethe approachcanfind the global optimumin problems
wheresuchoptimumlies on the boundarie®f thefeasibleregion (g01,902,g04,g06,
g07,909). Thisbehavior suggestshatthemechanisnof maintaininghebestinfeasible
solutionhelpsthe searchto samplethe boundariebetweerthe feasibleandinfeasible
regions.

Regardingcomputationatost,we cansaythatthenumberof fithessfunctionevalu-

ations(FFE) performedoy ourapproachs lowerthanthe othertechniquesvith respect

14



to which it wascompared Our approactperformed240, 000 FFE. Stochastiganking
performed350, 000 FFE, the Homomorphousnapsperformed1, 400,000 FFE, and
ASCHEA required1, 500,000 FFE.

7 Finding the Strength of the Approach

Oncewe corroboratedheeffectivenes®f ourapproachit becameparticularlyrelevant
toidentify thekey componentor combinatiorof them)thatwasmainly responsibléor
thegoodperformancef our algorithm. For thatsale, we designedwo experiments.

The aim of the first experimentwasto to know which of the threemodifications
to the (u + A)-ESwasmandatoryor if only thecombinedeffect of all threemadethe
algorithmwork.

The goal of the secondexperimentwasto reinforceour hypothesisegardingthe
effectivenesof the self-adaptatioomechanisnof an ESto sampleconstrainedsearch
spaces.

The experimentsonsistedn thefollowing:

e Cross-walidation of our ES’ mechanisms We testedour SMESusingeachof
its mechanismseparatelyand combiningthemin pairs, in orderto recognize
which of themwasmandatory It is importantto notethat removing the diver
sity mechanisnimplies disalloving the bestinfeasiblesolutionto remainin the
populationfor the next generatiorof thealgorithm. Thecomparisormechanism
(the threerules basedon feasibility) remainsin all casesn orderto guidethe

searcho thefeasibleregion of the searchspace.

e ESagainstGA: Oursecondxperimentconsistednimplementingareal-coded
GA with the samecombinedrecombinatiorandthe samediversity mechanism
usedin our SMES.Here,we wantedto seeif the useof a GA insteadof anES

would make ary significantdifferencein termsof performance.

We will discussnext theresultsobtainedn eachof thesetwo experiments.
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7.1 Cross-alidation of our ES’ mechanisms

We testedsix differentversionsof our SMES:

e Only combinedrecombination.

Only diversitymechanism.

Only stepsizeaeduction.

Combinedrecombinatior& diversitymechanism.

Combinedrecombinatior& stepsizereduction.

Stepsizaeduction& diversitymechanism.

The parametersisedin thesesix versionsareexactly the sameusedin the experi-
mentsdescribedn Section5. Thus,thenumberof evaluationsof theobjective function
is alsothe same(240, 000).

Thebestresultsobtainedor thethreefirst versiongwith only onefeature)arepre-
sentedn Table7. Meanresultsare shovn in Table8 andworstresultsare shavn in
Table9. Thebest,meanandworstresultsobtainedfor the lastthreeversions(combi-
nationof two featuresyareshavn in Tables10,11 and12.

Fromtheresultsshavnin Tables7, 8 and9, it is clearthattheversionwith only the
combinedrecombinatiomprovidedthe better‘best” resultsaswell asthe best*mean”
and “worst” resultsfor mostof the functions. The versionwith only the diversity
mechanisnobtainedbetter‘best”, “mean” and“worst” resultsonly for functiong03
andwasunableto reachthefeasibleregionin g13. Theversionwith only the stepsize
reductionobtainedbetter‘best” resultsfor functionsg05andg10;andit alsoobtained
abetter‘worst” resultfor functiong06. However, this versionwasalsounableto reach
thefeasibleregionin g13.

With respecto the comparisoramongversionswhich usetwo (out of three)com-
binedmechanismgheresultsindicatethatthe combinationof therecombinatiorwith
the stepsizereductionprovided the bestand more robust results(seeTables10, 11

and12). This versionobtainedbetter“best” resultsfor problemsg02,903,g07,g09,
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andg10. Also it foundsimilar “best” resultsfor problemsg01,g03,906,908,g11and
g12. Thecombinedrecombinatiorcoupledwith the stepsizeeductionobtainedbetter
“mean”resultsfor problemsy02,903,905,907,909,g10,g11andg13;andit obtained
similar “mean” resultsfor problemsg01, g06,g08 andg12. Finally, this versionpro-
vided better“worst” resultsfor problemsg02, 903, g05,g06,907,910,g11andgl13,
andsimilar “worst” resultsfor problemsg01,g08andg12.

Basedon the resultsobtained we decidedto comparethe resultsprovided by the
two mostcompetitive versionsof our SMES (the versionwith only the combinedre-
combinationandthe versionwith the combinedrecombinatiorcoupledwith the step-
sizereduction). The comparisonof resultsis shovn in the last three columnsfrom
Tables3, 4, and5. Theresultsindicatedthatthe versionwith both the recombination
andthe stepsizeaeductionprovided better‘best” resultsin seven problems(g02,g03,
005,g07,g09,g10andg13)andsimilar “best” resultsin otherfive (g01,906,908,911
andgl12). This versionwith two mechanismseachedetter“mean” resultsin three
problems(g03, g10 andg13), andsimilar “mean” resultsin six functions(g01, g06,
g08, g09, g11 andgl12). Finally, this versionprovided better“worst” resultsin six
problems(g03, g05, g06, g10, g11 andg13), andit provided similar “worst” results
in threemore (g01, g08 andg12). All theseresultssuggesthat the stepsizereduc-
tion, which providesfiner mutationmovementsn the searctspacehelpthe combined
recombinatiorto samplethe feasibleregion asto find competitive results.

The main questionthat aroseat this point was: what s the role of the diversity
mechanismn the succes®f our approachn orderto answetrthis questionwe com-
paredthe resultsof the versionwith combinedrecombinatiorand stepsizereduction
againstthe versionwith the threemechanisms.The resultscan be seenin columns
9 and6, respectiely from Tables3, 4, and5. The completeversionprovided better
“best” resultsin six functions(g02, g04, g05, g07,910 and g13), andsimilar “best”
resultsin othersix (g01, g03, g06, g08, g11 and12). Moreover, the completever-
sionprovidedbetter‘mean” resultsfor threeproblems(g04,g11andg13),andsimilar
“mean” resultsin otherfour (g01, g03, g08 and g12). Finally the completeversion
obtainedbetter“worst” resultsin threeproblems(g03, g04 andg11), andit reached

similar “worst” solutionsfor otherthree(g01,g08andg12).
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Thus, our approachprovidesresultsof a betterquality whenusingthe diversity
mechanismHowever, thepricepaidfor this higherquality of resultsis aslightdecrease
in robustness. Also, the overall results(providing competitive resultsin all 13 test
functions)are betterwhenthe diversity mechanisnis incorporatednto our SMES. It
is alsoworthremindingthatthegoalof thediversitymechanisnis to allow thesearcho
generatesolutionsin theboundarie®f thefeasibleregion (whichis somethingcritical
whendealingwith constraintghatareactive in the globaloptimum).Hence the useof
suchdiversitymechanisnseems logical choicefor dealingwith active constraints.

To conclude the combinedrecombinatiorseemgo be the dominantmechanism,
which is assistedby the fine mutationmovementsprovided by the reductionof the
initial stepsize Finally, the diversity mechanismhelpsto samplesolutionslocatedon

theboundariedbetweerthe feasibleandinfeasibleregions.

7.2 ESagainstGA

For thecomparisorof performancéetweera geneticalgorithmandanevolution strat-
egy, we useda real-codedGA with non-uniformmutation[24]. Sucha GA usedthe

samecomparisomrmechanismn(with the diversity mechanismpdoptedoy our SMES.

It is importantto notethatwe testeddifferentmutationoperatordor real-codedGAs

and non-uniformmutation provided the bestresults. Furthermorewe intendedthat
the GA usedthe samefeaturesof the ES (exceptfor the self-adaptre mutationwhich

we hypothesizedvasthe main strengthof our ES-basedpproach).Finally, the same
dynamicmechanisnio handlethetoleranceor equalityconstraintsvasemployed.

The parametersisedby our real-codedsA werethefollowing:

¢ Populationsize: 200

Maximumnumberof generations1200

Crosseerrate: 0.8

Mutationrate:0.6

e Numberof objective functionevaluations:240, 000 (the sameperformedby our
SMES).
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We performed30 runsfor eachtest problem. The resultsobtainedby the GA
arepresentedn Tables3, 4 and5 in column7 andthey are comparedagainstthose
provided by the SMESin column6. As canbe seen boththe quality androbustness
of the resultsprovided by the GA are significantly poorerthan thoseobtainedwith
the evolution strategyy in all the testfunctionsadopted. The exceptionsare g08,g11
andg12,in which the GA wasableto find competitize results. Theseresultshighlight
the stronginfluence(positive in this case)of usinga moreadequatesearchengine,in
ourcaseanESoveraGA. Thereforetheresultsseemto confirmourinitial hypothesis
abouttheusefulnessf anESto sampleconstrainedearctspacesn amoreappropriate

way.

8 Reachingthe FeasibleRegion

After discussinghe quality, robustnesandcompetitvenesf our approactandafter
studyingthe effect of its threemain mechanismswe wantedto verify the rate (mea-
suredin termsof generationspat which the algorithmwas ableto reachthe feasible
region. This is animportantissue,becausén mary real-world problemsis normally
desirableo find feasible(evenif not optimal) solutionswith the lowestpossiblenum-
berof fithessfunctionevaluations.This factis dueto differentreasongypically found
in industry:time-expensve evaluationsof theobjective function,restrictedimeto pro-
vide resultsin highly constrainedroblems,etc. Note however that a too fastarrival
to thefeasibleregionis not alwaysdesirable sinceit maybiasthe searchandkeepus
from reachingthe globaloptimum.

To studythis issue we monitoredthe percentagef feasiblesolutionsin the popu-
lation of our SMESat every 200 generationglet’s keepin mind thatthe total number
of generationwvasfixedto 800). Theresultsarepresentedn Figure5(a). As canbe
seenfor all thetestproblemsour approachreacheghe feasibleregion by generation
200. For problemg05, morethan20% of the populationis feasibleby generatior200
andfor theremainingfunctionsalmostall the populationis feasibleby then.Basedon

theresultsfound, we wereinterestedn answeringwo questions:
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1. Whatis the behaior beforegeneratior200 (i.e., how fastdoesthe population
becomealmostfeasible—wheréalmostfeasiblerefersto have a populationin

which atleast50% of theindividualsarefeasible—)?

2. How well is thediversitymaintainedat late stagesof the evolutionaryprocess?

Theresultsobtainedfor thesetwo questionsareshavn in Figure5(b) and5(d) for
questionl andin Figure5(c) for question?. Figure5(b) showns thatthe feasibleregion
is reachedat generatior20 in mostcases.This meansthat (exceptfor g05andg13)
theapproactonly requiress, 100 FFEto find feasiblesolutions.In Table13, we shov
the statisticalresultsobtainedat this stageof the search Notethatalthoughtheresults
arestill far from the optimum, with the exceptionof problemsg05 andg13, mostof
the solutionsarefeasible.In Figure5(d) we obsere in a close-upof Figure5(b) that
the algorithm hasthe capability of maintainingsomeinfeasiblesolutionsdespitethe
almost-feasiblgopulation(which follows the main motivation for usingthe diversity
mechanismadopted)In addition,we shav the statisticalresultsobtainedat generation
200 in Table14. A substantiaimprovementf the quality androbustnes®f theresults
is shawvn at generatior200 whereonly 20, 000 FFE have beenperformed.Indeed the
resultsarecloseto the optimumin mostof the problemgfor problemsgy08andgl12the
algorithmhasreachedhe global optimum). This meanshat the approachis aboutto
corvergein mostcases.This highlightstheimportanceof the diversity mechanismin
orderto avoid thatthe algorithmgetstrappedin local optimaandit canreacha better
solution(eventheglobaloptimum).

Ontheotherhand,Figure5(c) shavs azoomingof Figure5(a), whereit is possible
to seeagainin detail the smoothoscillation on the percentagef feasiblesolutions
during the evolutionary processafter generatior200. This behaior suggestshatthe
diversity mechanisnstill works well, maintainingnearfeasiblesolutionswith a good
valueof the objective functionin the population(betweeril and3 infeasiblesolutions
areenoughbasednthepreviousresultsof the (1 + A)-ESapproach20], whichis able
to avoid local optimawith only a few copiesof the bestinfeasiblesolution).

The final results(on generation800) provided in Table 2, comparedwith those

on generatiom200 (Table 14), suggestthat our diversity mechanisndoesits job of
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avoiding prematurecornvergenceand, whencoupledwith the combinationof discrete
andintermediateecombinatiorandthe self-adaptatiomechanisnof the ESleadsthe
evolutionarysearchtowardsthe globaloptimumof a problem.

It isimportantto remarkthattheproces®f findingtheglobaloptimumtakesalmost
3/4 of the evolutionarysearchandonly 1/4 (or less)is necessaryo find the feasible
region of thesearctspace We arguethatthis behaior dependsostlyof thelandscape
of thefunction,but suchideais notexploredary furtherin thiswork.

Thepointwe wantto make hereis thatour approachs fastatreachinghefeasible
region while managingo avoid local attractorsasto corvergeto the global optimum

or its closevicinity.

9 Conclusions

A new approacho handleconstraintsn evolutionaryoptimizationwasproposedn this
paper Theproposedpproackdoesnotrequirethe useof apenaltyfunction,it useshe
original self-adaptatiomechanisnof amultimemberedSto samplethe searchspace
in orderto reachthe feasibleregion andit adoptsa simple comparisonmechanism
basedon feasibility to guidethe searchtowardsthe global optimum. Furthermorethe
proposedechniqueadoptsa combinationof discreteandintermediatepanmicticre-
combinationin orderto improve the exploitation effort. Additionally, to favor finer
movementsn the searchspacetheinitial valuesof the stepsizesigmavalues)arede-
creasedn 60% with respecto thevaluesnormallyadoptedvith amultimembereES.
Finally, theapproachusesadiversitymechanisnwhich consistsof allowing infeasible
solutionscloseto theboundarie®f thefeasibleregionto remainin thenext population.
This approactis very easyto implementandits computationatost(basedon the
numberof fithessfunction evaluations)s considerabljower thanthe costreportedoy
threeotherconstraint-handlingechniquesvhich arerepresentatie of the state-of-the-

artin evolutionaryoptimization.
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10 FutureWork

Oneissuethat deseres somefurther studyis the sensitvity of our approachto the
initial stepsizesinceit is importantto have a betterunderstandingf the influence
of this parametepn the performanceof our algorithm. Besidesdueto therelevance
shavn by thecombined-ecombinatioroperatoywe areinterestedn testingothertypes
of recombinatioroperatordik e generalizeghanmicticintermediateecombination.
Anotherpathof future researctconsistsof applyingour approacho the solution
of real-world (engineeringpptimizationproblems.Additionally we arealsointerested
in implementingour constrainhandlingmechanisnusingotherheuristicssuchasDif-
ferential Evolution [27] and Particle Swarm Optimization[16]. This aimsto explore
the possibility of decreasingts computationatost(measuredn termsof the number
of fitnessfunction evaluations) afterreachingthe feasibleregion, sincein the current

approachalmost75% of the searchprocesss spenton thistask.
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Appendix: TestFunctions

1. gOL
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Minimize: f(Z) = 5%+, @i — 53 1, &2 — Y1, x; subjectto:

91(%) =221 + 222 + 19+ 211 —10<0
92(%) = 221 + 223 + 10 + 212 — 10 <0
93(%) = 222 + 223 + 11 + 212 — 10 <0
94(Z) = —8x1 + 2190 <0
95(Z) = —8x2 + 211 <0
96(%) = —8z3 + 12 <0

—

97(%) = —2x4 — x5+ 210 <0

8y

98( ):—2$6—$7+$11 SO

gg(f) = —2.’173 — T9 + 12 S 0

wheretheboundsare0 < z; <1(:=1,...,9),0 <z; <100 (¢ = 10,11,12)
and0 < z;3 < 1. Theglobaloptimumisatz* = (1,1,1,1,1,1,1,1,1,3,3,3,1)

wheref(z*) = —15. Constraintsy, g2, g3, 94, g5 andgs areactie.

. g02
s e | 2 cos*(zi)—2[]7_, cos® (i) : .
Maximize: f (%) = S subjectto:
n
0@ = 075-J[z:<0
i=1
n
g2(%) = sz —75n<0 (10)
i=1

wheren = 20 and0 < z; < 10 (i = 1,...,n). The global maximumis

unknown; the bestreportedsolutionis [29] f(z*) = 0.803619. Constraintg; is

closeto beingactive (g; = —107%).

. g03
Maximize: f(£) = (v/n)" 11, zi

subjectto:
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W@ =i, 2t —1=0

wheren = 10 and0 < z; < 1 (i = 1,...,n). Theglobal maximumis at
zf =1/y/n(i=1,...,n) wheref(z*) = 1.

. g04

Minimize: f(&) = 5.3578547x3 + 0.8356891z1 x5 + 37.293239z; — 40792.141
subjectto:

91(Z) = 85.334407 + 0.0056858x2x5 + 0.0006262x1x4 — 0.00220532325 —
92<0

92(F) = —85.334407—0.005685822x5 —0.0006262x124 +0.0022053 2325 < 0
93(%) = 80.51249+0.0071317z575+0.002995521 72 +0.0021813z3—-110 < 0
94(Z) = —80.51249 — 0.0071317z2z5 — 0.0029955x1 75 — 0.00218132%+ 90 <
0

95(Z) = 9.300961+0.0047026z325 +0.001254 72123 +0.00190852324 — 25 <
0

96(Z) = —9.300961 — 0.0047026x325 — 0.0012547x123 — 0.0019085x324 +
20<0

where: 78 <z < 102,33 < 22 < 45,27 < x; < 45 (i = 3,4,5). Theopti-
mumsolutionis z* = (78, 33, 29.995256025682, 45, 36.775812905788) where
f(z*) = —30665.539. Constraintgy; y ge areactive.

. g05

Minimize:f (&) = 3z + 0.000001z3 + 2z5 + (0.000002/3)3

subjectto:

91(%) = —24+23—0.55<0

92(%) = —23+ 24 —0.55 <0

h3(£) = 1000 sin(—z3 — 0.25) +

1000 sin(—z4 — 0.25) + 894.8 —z; =0
h4(Z) = 1000 sin(x3 — 0.25) +
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1000 sin(x3 — x4 — 0.25) + 894.8 — 2 =0
hs(Z) = 1000 sin(z4 — 0.25) +
1000 sin(x4 — z3 — 0.25) +1294.8 =0

where0 < z; < 1200, 0 < z5 < 1200, —0.55 < z3 < 0.55, and—0.55 <
x4 < 0.55. Thebestknown solutionis z* = (679.9453, 1026.067,0.1188764,
—0.3962336) wheref(z*) = 5126.4981.

. g06

Minimize: f(£) = (1 — 10)3 + (22 — 20)3
subjectto:

91(%) = —(z1 — 5)* — (x2 — 5)> + 100 < 0
g2(Z) = (71 — 6)2 + (22 — 5)2 — 82.81 <0

wherel3 < z; < 100 and0 < z5 < 100. The optimumsolutionis z* =
(14.095,0.84296) where f(z*) = —6961.81388. Both constraintsireactive.

. go7

Minimize: f(£) = 2% + 22 + 122 — 1421 — 1625 + (23 — 10)% +4(24 — 5)% +
(w5 —3)2 + 2(z6 — 1)% + 522 + 7(zs — 11)% + 2(z9 — 10)% + (10 — 7)? + 45
subjectto:

= —105+ 421 + 5z — 3x7 + 925 <0

o

=

—~

&
|

N
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|
oo
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N
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(Y41
g
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|
N
8
5
o
|
f—
[\]
IA
(en]

(

(

(%) =3(x1 —2)? +4(z2 — 3)2 + 222 — T2, — 120 <0
95(%) = 522 + 822 + (23 — 6)% — 224 — 40 < 0
96(%) = 22 + 2(z2 — 2)? — 2z122 + 145 — 676 < 0
97(Z) = 0.5(z1 — 8)2 +2(z2 —4)2 + 322 — 26 —30< 0

(

where—10 < z; <10 (i = 1,...,10). Theglobaloptimumis z* = (2.171996,
2.363683, 8.773926, 5.095984,0.9906548, 1.430574,1.321644, 9.828726,
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10.

8.280092, 8.375927) where f(z*) = 24.3062091. Constraintsgy, g2, g3, 94,

gs andgg areactive.

. go8

sin® (27 1) sin(27wzs)
z3(z1+m2)

Maximize: f(Z) =

subjectto:
g1(%) =22 —2,+1<0
gz(f) = ].—.731 +(ZU2 —4)2 SO

where0 < z; < 10 and0 < z» < 10. The optimumsolutionis locatedat
x* = (1.2279713,4.2453733) where f (z*) = 0.095825.

. g09

Minimize: f(Z) = (1 — 10)2 + 5(z2 — 12)2 + 23 + 3(24 — 11)% + 102§ +
71’% + 1’% — 4xgx7 — 1026 — 827

subjectto:

g1(Z) = —127 + 223 + 323 + x3 + 427 + 525 <0
g2(Z) = —282 + 7wy + 322 + 1023 + 34 — 25 < 0
93(%) = —196 + 23z1 + 22 + 622 — 827 <0

(

94(%) = 4m% + m% —3x122 + 2m§ + 5xg — 11lx7; <0

where—10 < z; <10 (i = 1,...,7). Theglobaloptimumis z* = (2.330499,
1.951372, —0.4775414,4.365726, —0.6244870, 1.038131, 1.594227) where
f(z*) = 680.6300573. Two constraintsareactive (g; andg,).

gl10

Minimize: f(Z) = x1 + 22 + 23

subjectto: g1 () = —1 + 0.0025(z4 + x6) <0

92(Z) = =14 0.0025(z5 + 27 —x24) <0

93(%) = —14+0.01(zs —z5) <0

94(%) = —x126 + 833.33252x4 + 1002, — 83333.333 <0
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11.

12.

13.

—

95(%) = —xax7 + 12505 + xows — 125024 < 0
96(%) = —z3xs + 1250000 + 325 — 250025 < 0

where100 < z; < 10000, 1000 < z; < 10000, (i = 2,3), 10 < z; < 1000,
(i =4,...,8). Theglobaloptimumis: z* = (579.19, 1360.13, 5109.92,
182.0174, 295.5985, 217.9799, 286.40, 395.5979), wheref (z*) = 7049.25. g1,

g» andgs areactive.

gl1
Minimize: f(&) = z% + (z2 — 1)?
subjectto:

hME) =22 —27=0

where: -1 < z; < 1, =1 < x5 < 1. The optimum solutionis z* =

(£1/+/2,1/2) wheref(z*) = 0.75.

gl2

Maximize: f(#) = 100—(e1-8)"(22-5)" (za-5)"

subjectto:
a1 (%) = (1 —p)? + (x2 — ¢)* + (x3 —7)? = 0.0625 < 0

where0 < z; < 10 (i = 1,2,3) andp,q,r = 1,2,...,9. Thefeasiblere-
gion of the searchspaceconsistsof 92 disjointedspheres A point (z1, z2, z3)
is feasibleif andonly if thereexist p, ¢, suchthe above inequality(12) holds.

Theglobaloptimumis locatedat z* = (5, 5, 5) wheref(z*) = 1.

g13

Minimize: f(Z) = e*1¥2%3%4%5

subjectto:

@) =2 +23+23+23+22-10=0
hz(.’f) = I2x3 — 5$4.Z’5 =0

ha(B) =23 +23+1=0
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where—2.3 < z; < 23 (i =1,2)and-3.2 < z; < 3.2 (i = 3,4,5). The
optimumsolutionis z* = (—1.717143,1.595709, 1.827247, —0.7636413,
—0.763645) where f (z*) = 0.0539498.
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Figure Captions

Figure1: Algorithm of the variationof a (u + 1)-ES usedin thefirst versionof the

approach.

Figure2: Pseudocodef the generatiorof the populationfor the next generatiorwith
the diversity mechanisnincorporated. flip(P) is a function that returnsTRUE with

probability P.

Figure3: Pseudocodef the panmicticcombined(discrete-intermediataecombina-
tion operatorusedby our approach. flip(P) is a function that returnsTRUE with

probability P

Figure4: Algorithm of our (u+ A)-ES.Thethick boxesindicatethethreemodifications

madeto theoriginal ES.

Figure5: Percentagef FeasibleSolutions(a) every 200 generationgfrom O to 800),
(b) every 20 generationgfrom 0 to 200),(c) adetailedoscillationof feasibleandinfea-
sible solutions(from 0 to 800) and(d) a detailedoscillationof feasibleandinfeasible
solutions(from 0 to 200)
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Create random solution x(0)

Create "u" mutations of x(0)

I

Create 1 chilél c¢(t) combining
the "u" mutations

I

A

X(0)=best(x(0),c(t))

I

Use the "i/5" rule to
adapt the sigma value

I

\l

t=t+1
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function population_for_next.generation()
For i=1 to u Do
If flip(0.97)
Selectthebestindividual basecbn the comparisormechanism
from theunionof the parentsaandoffspring population,
addit to the populationfor the next generatioranddelete
it from this union.
Else
If flip(0.5)
Selectthebestinfeasibleindividual from the parents
populationandaddit to the populationfor the next
generation.
Else
Selectthe bestinfeasibleindividual from the offspring
populationandaddit to the populationfor thenext
generation.
End If
End If
End For
End
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function combined.recombination()
Selectrandomlymate 1 from the parentpopulation
For i=1 to NUMBER_OF_VARIABLES Do
Selectrandomlymate2 from the parentgpopulation
If flip(0.5)
If flip(0.5)
child; = mate_1;
Else
child; = mate_2;
End If
Else
child; = mate_1; + ((mate_2; — mate_1;/2,0)
End If
End For
End
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Create "u" random solutions p(p)
with reduced initial stepsize

]
| t=1 |

1

‘ Evaluate p(0) ‘
¥

| =0 |

.

Apply combined crossover

to create one new_solution(l)

!

Mutate new_solution(l)
|

]
I=1+1 \
no
I=lambda
yes (/ Diversity
| tz:“ 4 Mechanism
p(t)=replace best "u" -t I

from the u+lambda solutions

t=TMAX

Final Population
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(a) FeasibleSolutionsfrom GeneratiorD to 800

Percentage of Feasible Solutions from Generation 0 to 800

(b) FeasibleSolutionsfrom GeneratiorD to 200

Percentage of Feasible Solutions from Generation 0 to 200
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Table Captions

Tablel: Valuesof p for the 13testproblemschosen.

Table 2: Statisticalresultsobtainedby our SMES for the 13 testfunctionsover 30
independentuns. A resultin boldface indicatesthat the global optimum (or best

known solution)wasreached.

Table3: Comparisorof the bestsolutionsfound by our SMESagainsthe Homomor
phousMaps(HM), StochastidRanking(SR),ASCHEA, our GA versionandtwo other
versionf our SMES:onethatusesonly recombinatiorandanotheonethatusesoth
recombinatiorandstepsizeeduction.A resultin boldfaceindicateghattheglobalop-
timum (or bestknown solution)wasreached:-" meanghatnofeasiblesolutionswere

found. NA = Not available.

Table4: Comparisorof the meansolutionsfound by our SMES againstthe Homo-
morphousMaps (HM), StochastidRanking(SR),ASCHEA, our GA versionandtwo
otherversionsof our SMES: one that usesonly recombinatiorand anotherone that
usesboth recombinationand stepsizereduction. A resultin boldface indicatesthat

the global optimum(or bestknown solution)wasreached.”-” meanghatno feasible

solutionswerefound. NA = Not available.

Table5: Comparisorof the worst solutionsfound by our SMES againstthe Homo-
morphousMaps (HM), StochastidRanking(SR), ASCHEA, our GA versionandtwo
otherversionsof our SMES: one that usesonly recombinatiorand anotherone that
usesboth recombinationand stepsizereduction. A resultin boldface indicatesthat
the global optimum (or bestknown solution)wasreached.”-” meanshatno feasible

solutionswerefound. NA = Not available.

Table6: Numberof runs(outof 30)wheretheglobaloptimum(or bestknown solution)
wasfound. We alsoshav the bestandaveragegeneratiomumberat which the global

optimum(or bestknown solution)wasfound.
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Table7: Bestsolutionsfound by our SMESwith its threemechanismanalyzedsep-
arately “*” meandnfeasible. A resultin boldface indicatesthatthe global optimum

(or bestknown solution)wasfound.

Table8: Meansolutionsfound by our SMESwith its threemechanismsinalyzedsep-
arately “*” meandnfeasible. A resultin boldface indicatesthatthe global optimum

(or bestknown solution)wasfound.

Table9: Worstsolutionsfound by our SMESwith its threemechanismanalyzedsep-
arately “*” meansnfeasible.A resultin boldface indicatesthat the global optimum

(or bestknown solution)wasfound.

Table10: Bestsolutionsfound by our SMESwith all possiblecombinationsf two of
its (three)mechanisms:*” meansinfeasible. A resultin boldface indicatesthatthe

globaloptimum(or bestknown solution)wasfound.

Table11: Meansolutionsfoundby our SMESwith all possiblecombinationf two of
its (three)mechanismsA resultin boldfaceindicateshattheglobaloptimum(or best

known solution)wasfound.

Table12: Worst solutionsfound by our SMESwith all possiblecombinationsof two
of its (three)mechanismsA resultin boldfaceindicatesthatthe global optimum (or

bestknown solution)wasfound.

Table 13: Statisticalresultsof our approachafter 20 generations(“*” meansnfeasi-
ble). A resultin boldface indicatesthatthe global optimum (or bestknown solution)

wasreached.

Table14: StatisticalResultsof our approachafter 200 generations(**” meansnfea-
sible). A resultin boldfaceindicateghatthe globaloptimum(or bestknown solution)

wasreached.

42



Tableson Individual Pages

43



Problem | n | Type of function p LI | NI | LE | NE
go1 13 quadratic 0.0003% | 9 | 0| O 0
g02 20 nonlinear 99.9973% | 1 | 1 | O 0
g03 10 nonlinear 0.0026% | 0| O | O 1
go4 5 quadratic 27.0079% | 0 | 6 | O 0
g05 4 nonlinear 0.0000% | 2 | 0| O 3
g06 2 nonlinear 0.0057% | 0 | 2 0 0
g0o7 10 quadratic 0.0000% | 3| 5| 0 0
g08 2 nonlinear 08581% | 0| 2 | O 0
g09 7 nonlinear 05199% | 0 | 4 | O 0
gl0 8 linear 0.0020% | 3| 3| O 0
gl1 2 quadratic 0.0973% | 0| O | O 1
g12 3 quadratic 4.7697% | 0 | 92| O | O
g13 5 nonlinear 0.0000% | 0 | O 1 2
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Statistical Resultsof the Simple Multimember ed Evolution Strategy (SMES)

Problem Optimal Best Mean Median Worst St. Dev.
g01 —15.000 —15.000 —15.000 —15.000 —15.000 0
g02 0.803619 0.803601 0.785238 0.792549 0.751322 1.67E-2
g03 1.000 1.000 1.000 1.000 1.000 2.09E-4
go4 —30665.539 | —30665.539 | —30665.539 | —30665.539 | —30665.539 0
g05 5126.498 5126.599 5174.492 5160.198 5304.167 50.06E+0
g06 —6961.814 —6961.814 —6961.284 —6961.814 —6952.482 1.85E+0
g07 24.306 24.327 24.475 24.426 24.843 1.32E-1
g08 0.095825 0.095825 0.095825 0.095825 0.095825 0
g09 680.63 680.632 680.643 680.642 680.719 1.55E-2
gl0 7049.25 7051.903 7253.047 7253.603 7638.366 136.02E+0
gll 0.75 0.75 0.75 0.75 0.75 1.52E-4
gl2 1.000 1.000 1.000 1.000 1.000 0
g13 0.053950 0.053986 0.166385 0.061873 0.468294 1.77E-1
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Comparison of the bestsolution obtained.

P Optimal HM SR ASCHEA SMES GA Recomh Recomh&
Step.Reduc.
g01 —15.000 —14.7886 —15.000 —15.0 —15.000 —14.440 —15.000 —15.000
g02 0.803619 0.79953 0.803515 0.785 0.803601 0.796231 0.803589 0.803592
g03 1.000 0.9997 1.000 1.0 1.000 0.990 0.800 1.000
g04 | —30665.539 —30664.5 —30665.539 —30665.5 —30665.539 —30626.053 —30665.445 —30665.422
g05 5126.498 — 5126.497 5126.5 5126.599 — 5133.935 5126.988
g06 —6961.814 —6952.1 —6961.814 —6961.81 —6961.814 —6952.472 —6961.814 —6961.814
g07 24.306 24.620 24.307 24.3323 24.327 31.097 24.360 24.343
g08 0.095825 0.0958250 0.095825 0.095825 0.095825 0.095825 0.095825 0.095825
g09 680.63 680.91 680.630 680.630 680.632 685.994 680.632 680.631
gl0 7049.25 7147.9 7054.316 7061.13 7051.903 9079.770 7231.497 7062.754
gll 0.75 0.75 0.750 0.75 0.75 0.75 0.75 0.75
gl2 1.000 0.999999857 1.000000 NA 1.000 1.000 1.000 1.000
gl13 0.053950 NA 0.053957 NA 0.053986 0.134057 0.171855 0.058037
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Comparison of the meansolution obtained.

P Optimal HM SR ASCHEA SMES GA Recomh Recomh&
Step.Reduc.
g01 —15.000 —14.7082 —15.000 —14.84 —15.000 —14.236 —15.000 —15.000
g02 0.803619 0.79671 0.781975 0.59 0.785238 0.788588 0.802376 0.798786
g03 1.000 0.9989 1.000 0.99989 1.000 0.976 0.529 1.000
g04 | —30665.539 —30655.3 —30665.539 —30665.5 —30665.539 —30590.455 —30665.445 —30661.106
g05 5126.498 — 5128.881 5141.65 5174.492 — 5133.935 5158.739
g06 —6961.814 —6342.6 —6875.940 —6961.81 —6961.284 —6872.204 —6961.814 —6961.814
g07 24.306 24.826 24.374 24.66 24.475 34.980 24.472 24.474
g08 0.095825 0.0891568 0.095825 0.095825 0.095825 0.095799 0.095825 0.095825
g09 680.63 681.16 680.656 680.641 680.643 692.064 680.637 680.637
gl0 7049.25 8163.6 7559.192 7193.11 7253.047 10003.225 7355.564 7193.887
gll 0.75 0.75 0.750 0.75 0.75 0.75 0.752 0.752
gl2 1.000 0.999134613 1.000000 NA 1.000 1.000 1.000 1.000
gl13 0.053950 NA 0.057006 NA 0.166385 — 0.787648 0.247404
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Comparison of the worst solution obtained.

P Optimal HM SR ASCHEA SMES GA Recomh Recomb&
Step.Reduc.
g01 —15.000 —14.6154 —15.000 NA —15.000 —14.015 —15.000 —15.000
g02 0.803619 0.79119 0.726288 NA 0.751322 0.779140 0.787626 0.785255
g03 1.000 0.9978 1.000 NA 1.000 0.956 0.294 0.999
g04 | —30665.539 —30645.9 —30665.539 NA —30665.539 —30567.105 —30649.424 —30647.484
g05 5126.498 — 5142.472 NA 5304.167 — 5246.968 5201.935
g06 —6961.814 —5473.9 —6350.262 NA —6952.482 —6784.255 —5218.657 —6961.814
g07 24.306 25.069 24.642 NA 24.843 38.686 24.658 24.789
g08 0.095825 0.0291438 0.095825 NA 0.095825 0.095723 0.095825 0.095825
g09 680.63 683.18 680.763 NA 680.719 698.297 680.649 680.664
gl0 7049.25 9659.3 8835.655 NA 7638.366 11003.533 7548.530 7368.333
gll 0.75 0.75 0.750 NA 0.75 0.752 0.785 0.767
gl2 1.000 0.991950498 1.000000 NA 1.000 0.999 1.000 1.000
gl13 0.053950 NA 0.216915 NA 0.468294 — — 0.466266
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Problem | Runsthat find the optimum | Lowestgeneration | Average
g01 30 634 671
g03 30 41 184
g04 30 113 129
g06 15 47 249
g08 30 11 18
g1l 30 28 88
g12 30 63 77
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Bestsolutionsobtained by our SMES with

its thr eemechanismsanalyzedseparately

Problem Optimal Only Combined Recombination | Only Diversity Mech. | Only StepsizeReduction
g01 —15.000 —15.000 —15.000 —15.000
g02 0.803619 0.803589 0.763226 0.744524
g03 1.000 0.800 0.995 0.482
go4 —30665.539 —30665.445 —30663.625 —30664.609
g05 5126.498 5133.935 5127.187 5126.938
g06 —6961.814 —6961.814 —6961.814 —6961.814
g07 24.306 24.360 24.576 24.429
g08 0.095825 0.095825 0.095825 0.095825
g09 680.63 680.632 680.654 680.654
gl0 7049.25 7231.497 7078.823 7059.549
gll 0.75 0.75 0.75 0.75
gl2 1.000 1.000 1.000 1.000
g13 0.053950 0.171855 0.025667% 0.013617%
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Mean solutionsobtained by our SMES with its thr eemechanismsanalyzedseparately

Problem Optimal Only Combined Recombination | Only Diversity Mech. | Only StepsizeReduction
g01 —15.000 —15.000 —14.055 —14.493
g02 0.803619 0.802376 0.674 0.627237
g03 1.000 0.529 0.692 0.212
go4 —30665.539 —30665.445 —30630.231 —30633.003
g05 5126.498 5133.935 5373.424 5271.296
g06 —6961.814 —6961.814 —6950.373 —6961.439
g07 24.306 24.472 26.883 26.694
g08 0.095825 0.095825 0.095825 0.095825
g09 680.63 680.637 681.098 681.299
gl0 7049.25 7355.564 7783.965 7527.588
gll 0.75 0.752 0.755 0.752
gl2 1.000 1.000 1.000 1.000
g13 0.053950 0.787648 0.052238% 0.201332%
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Worst solutionsobtained by our SMES with its thr eemechanismsanalyzedseparately

Problem Optimal Only Combined Recombination | Only Diversity Mech. | Only StepsizeReduction
g01 —15.000 —15.000 —10.875 —12.585
go2 0.803619 0.787626 0.586408 0.499773
g03 1.000 0.294 0.441 0.021
go4 —30665.539 —30649.424 —30447.381 —30582.023
g05 5126.498 5246.968 6018.426 6090.623
g06 —6961.814 —5218.657 —6618.615 —6952.750
g07 24.306 24.658 38.710 31.982
g08 0.095825 0.095825 0.095825 0.095825
g09 680.63 680.649 681.752 683.611
gl0 7049.25 7548.530 9089.470 8585.027
gll 0.75 0.785 0.824 0.767
gl2 1.000 1.000 0.999 1.000
g13 0.053950 1.0004x 0.06212 1.965371x%
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Bestsolutionsobtained by our SMES with two of its mechanismscombined.

Problem Optimal Combined Recombination& | Combined Recombination& | StepsizeReduction&
Diversity Mechanism StepsizeReduction Diversity Mechanism
g01 —15.000 —15.000 —15.000 —15.000
g02 0.803619 0.803549 0.803592 0.741027
g03 1.000 0.998 1.000 0.725
go4 —30665.539 —30665.539 —30665.422 —30665.318
g05 5126.498 5105.347% 5126.988 5126.534
g06 —6961.814 —6961.814 —6961.814 —6961.814
g07 24.306 24.353 24.343 24.478
g08 0.095825 0.095825 0.095825 0.095825
g09 680.63 680.633 680.631 680.671
gl0 7049.25 7092.887 7062.754 7095.610
gl1 0.75 0.75 0.75 0.75
gl2 1.000 1.000 1.000 1.000
g13 0.053950 0.055491 0.058037 0.033529%
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Mean solutionsobtained by our SMES with two of its mechanismscombined.

Problem Optimal Combined Recombination& | Combined Recombination& | StepsizeReduction&
Diversity Mechanism StepsizeReduction Diversity Mechanism
g01 —15.000 —15.000 —15.000 —14.125
g02 0.803619 0.775841 0.798786 0.609223
g03 1.000 0.808 1.000 0.315
go4 —30665.539 —30665.539 —30661.106 —30637.253
g05 5126.498 5249.087% 5158.739 5303.175
g06 —6961.814 —6900.247 —6961.814 —6961.814
g07 24.306 24.559 24.474 26.327
g08 0.095825 0.095825 0.095825 0.095825
g09 680.63 680.643 680.637 681.040
g10 7049.25 7605.077 7193.887 7823.012
gl1 0.75 0.754 0.752 0.757
gl2 1.000 1.000 1.000 1.000
g13 0.053950 0.372581 0.247404 0.108290%
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Worst solutionsobtained by our SMES with two of its mechanismscombined.

Problem Optimal Combined Recombination& | Combined Recombination& | StepsizeReduction&
Diversity Mechanism StepsizeReduction Diversity Mechanism
g01 —15.000 —15.000 —15.000 —11.694
g02 0.803619 0.647445 0.785255 0.446562
g03 1.000 0.243 0.999 0.088
go4 —30665.539 —30665.539 —30647.484 —30523.984
g05 5126.498 *DH877.772 5201.935 6005.305
g06 —6961.814 —6173.165 —6961.814 —6961.808
g07 24.306 25.136 24.789 30.682
g08 0.095825 0.095825 0.095825 0.095825
g09 680.63 680.664 680.664 681.724
g10 7049.25 13883.840 7368.333 9099.229
gl1 0.75 0.854 0.767 0.909
gl2 1.000 1.000 1.000 1.000
g13 0.053950 1.229679% 0.466266 0.469699+
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SMES after 20 generations.

Problem Optimal Best Mean Median Worst St. Dev.
g01 —15.000 —7.291 —5.686 —5.685 —3.820 9.05E-1
go2 0.803619 0.442641 0.372686 0.370697 0.317450 2.65E-2
g03 1.000 0.949 0.785 0.827 0.526 1.13E-1
go4 —30665.539 | —30563.615 | —30473.319 | —30462.027 | —30401.756 40.26E+0
g05 5126.498 *5067.897 5211.511 5199.974 %5643.923 103.26E+0
g06 —6961.814 —6890.164 —6235.589 —6188.203 —5552.386 371.89E+0
g07 24.306 62.136 135.969 121.868 682.452 107.72E+0
g08 0.095825 0.095825 0.095825 0.095825 0.095817 2.0E-6
g09 680.63 686.592 704.351 704.377 719.151 8.91E+0
gl0 7049.25 12777.324 17407.559 17284.081 25774.398 2368.59E+0
gl1 0.75 0.750 0.783 0.764 x(0.897 4.07E-2
gl2 1.000 0.999 0.999 0.999 0.999 7.0E-5
g13 0.053950 %(0.001348 x0.009035 x(0.004388 %0.026345 8.45E-3
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SMES after 200 generations.

Problem Optimal Best Mean Median Worst St. Dev.
g01 —15.000 —14.999 —14.960 —14.999 —13.828 2.10E-1
go2 0.803619 0.801158 0.777458 0.787125 0.678203 2.43E-2
g03 1.000 1.000 0.999 0.999 0.987 3.74E-3
go4 —30665.539 | —30665.539 | —30665.531 | —30665.536 | —30665.473 1.35E-2
g05 5126.498 5126.988 5179.163 5162.323 5379.227 63.5E+0
g06 —6961.814 —6961.808 —6959.910 —6961.624 —6938.690 4.39E+0
g07 24.306 24.473 24.734 24.711 25.401 2.15E-1
g08 0.095825 0.095825 0.095825 0.095825 0.095825 0
g09 680.63 680.643 680.680 680.680 680.736 2.43E-2
gl0 7049.25 7076.725 7330.398 7319.405 7816.830 153.72E40
gll 0.75 0.75 0.75 0.75 0.76 3.07E-3
gl2 1.000 1.000 1.000 1.000 1.000 0
g13 0.053950 %0.041436 0.145069 %0.045766 0.387152 1.53E-1
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