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Abstract

Thispaperintroducesanew Multi-ObjectiveParticleSwarmOptimizer, which
usestheconceptof Paretodominanceanda crowding factorto choosetheleaders
thatwill beincludedin a(limited) list availableateachgeneation.Wealsopropose
the useof a singleswarm but subdivided into threedifferentsubsetsin which a
differentmutation(or turbulence) operatoris used.Finally, theproposedapproach
alsoadoptstheconceptof � -dominanceto selecttheparticlesobtainedasthefinal
solutionsof the algorithm. Our approachis validatedusingseveral standardtest
functionstaken from thespecializedliteratureandis comparedagainstfive state-
of-the-artalgorithms,including threerecentlyproposedPSO-basedapproaches.
Theresultsindicatethattheapproachproposedin thispaperis highly competitive,
beingableto approximatethe true Paretofront even in caseswhereall the other
PSO-basedapproachesfail.

1 Intr oduction

Dueto themulticriterianatureof mostreal-world problems,multi-objectiveoptimiza-
tion problemsareverycommon,particularlyin engineeringapplications.As thename
indicates,multi-objective optimizationproblemsinvolve multiple objectives, which
shouldbeoptimizedsimultaneouslyandthatoftenarein conflictwith eachother. This
resultsin a groupof alternative solutionswhich mustbeconsideredequivalentin the
absenceof informationconcerningtherelevanceof theothers.

SinceEvolutionaryAlgorithms(EAs) dealwith a groupof candidatesolutions,it
seemsnaturalto usethemin multi-objectiveoptimizationproblemsto find a groupof
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optimal solutions. Indeed,EAs have provedvery efficient in solving multi-objective
optimizationproblems[7, 8].

Another population-basedoptimization algorithm, particle swarm optimization,
hasproved to be an efficient optimizationmethodfor single objective optimization
[17], andmorerecentlyhasalsoshown promisingresultsfor solving multi-objective
problems[6, 21].

In this paper, we presenta new proposalfor usingparticleswarmoptimizationto
solve multiobjective optimizationproblems.Our approachis basedon Paretodomi-
nanceandtheuseof acrowdingfactorfor theselectionof leaders.Wealsoincorporate
aschemeby whichtheswarmis subdividedin threeportionsof thesamesize.A differ-
entmutationoperator(takenfrom theevolutionaryalgorithmsliterature)is appliedto
eachof theseportions.However, for all otherpurposes,asingleswarm(or population)
is considered.Finally, we usethe conceptof � -dominanceto selectthe particlesthat
remainin theexternalarchive.

The remainderof this paperis organizedas follows. A brief introductionto the
particleswarmoptimizationstrategy is givenin Section2. In Section3, weprovidethe
definitionof theproblemthatwewantto solve. Thepreviousrelatedwork is reviewed
in Section4. In Section5,wedescribeourproposedapproach.Theobtainedresultsand
their correspondingdiscussionarepresentedin Sections6 and7, respectively. Finally,
theconclusionsandfuturework aredescribedin Section8.

2 Particle Swarm Optimization

KennedyandEberhart[16] initially proposedtheswarmstrategy for optimization.The
particleswarm optimization(PSO)algorithmis a population-basedsearchalgorithm
basedon the simulationof the socialbehavior of birds within a flock. In PSO,indi-
viduals,referredto asparticles,are“flown” throughhyperdimensionalsearchspace.
Changesto thepositionof theparticleswithin thesearchspacearebasedonthesocial-
psychologicaltendency of individualsto emulatethesuccessof otherindividuals.

A swarm consistsof a setof particles,whereeachparticlerepresentsa potential
solution.Thepositionof eachparticleis changedaccordingto its own experienceand
thatof its neighbors.Let

������	��
 denotethe positionof particle � � , at time step � . The
positionof � � is thenchangedby addinga velocity

�
����	��
 to thecurrentposition,i.e.:�� � �	��
�� �� � �	������
�� �
 � ����
 (1)

Thevelocityvectordrivestheoptimizationprocessandreflectsthesociallyexchanged
information. In general,basedon the social information that is exchangedat each
iteration,therearethreedifferentversionsof PSOalgorithm:� Indi vidual best. Eachparticle comparesits currentposition to its own best

position(pbest), only.� Global best.Eachparticleusesits historyof experiencesin termsof its own best
solutionthusfar (pbest) but, in addition,theparticleusesthepositionof thebest
particlefrom theentireswarm(gbest).
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Begin
Initialize swarm�����
While � �!�#"%$#�

For eachparticle
UpdatePosition(Flight)
Evaluation
Update�'&)(+* �

EndFor� ++
EndWhile

End

Figure1: Pseudocodeof thegeneralPSOalgorithm.

� Local best. Particlesareinfluencedby thebestpositionwithin their neighbor-
hood(lbest), aswell astheir own pastexperience(pbest).

In the global bestversion(usedhere)of PSO,the velocity vectorchangesin the fol-
lowing way:�
�������
��-, �
����	������
��/.103240�� ��6587:9<;>=	?@� ��'������
�
A�!.CB32�BD� ��FE37:9<;:=@� ������	��
�
 (2)

where , is the inertiaweight, . 0 and . B arethe learningfactors(usuallydefinedas
constants),and 240+G�2HBJILK �6GH�3M arerandomvalues.

Figure 1 shows the way in which the generalPSOalgorithm works. First, the
swarmis initialized: positionsandvelocities.Thecorrespondingpbestof eachparticle
is initializedandthegbestis located.Then,for a maximumnumberof iterations,each
particleflies throughthesearchspaceupdatingits position(using(1) and(2)) andits
pbestand,finally, thegbestsolutionis updatedtoo.

Thesuccessfulapplicationof PSOin many singleobjectiveoptimizationproblems
reflectstheeffectivenessof PSO[17]. However, PSOmustbemodifiedin orderto ap-
ply it to multi-objectiveproblems.In mostapproaches(whichwill begenericallycalled
MOPSOs,for Multiple-ObjectiveParticleSwarmOptimizers),themajormodifications
of thePSOalgorithmaretheselectionprocessof �'&)(+* � and � &)(+* � [6, 25, 38, 2].

3 Statementof the Problem

We areinterestedin solvingproblemsof thetype:

minimize K N 0 � ��'
3G�N B � ��O
)G8PHP8PHG�N�QR� ��S
>M (3)

subjectto: � � � ��S
1T/�VUA�W�XGZY[GHP8P8P8G�" (4)
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\ ��� ��O
����]U��W�XGZY[GHP8P8P)G � (5)

wherê is thenumberof objectivefunctionsN+�@_X`badce` . Wecall
��f�gK �S0�G��'BXGHP8P8P8G�� a Mih

thevectorof decisionvariables.We thuswish to determinefrom the set j of all the
vectorsthatsatisfy(4) and(5) to thevectors�Sk0 G��OkB G8P8PHP3G��Oka thatareParetooptimal.

We say that a vector of decisionvariables
�� k I j is Pareto optimumif there

doesnot exist another
��lI j suchthat N � � ��'
mTnN � � �� k 
 for every Uo�p�XGHP8P8P8G ^ andNHqX� ��O
C�rNHqD� �� k 
 for at leastones .

Thevectors
�� k correspondingto thesolutionsincludedin theParetooptimalsetare

callednondominated. Theobjective functionvaluescorrespondingto theelementsof
theParetooptimalsetarecalledtheParetofront of theproblem.

4 RelatedWork

Therehave beenseveral proposalsto extendPSOto handlemultiple objectives. We
will review next themostrepresentativeof them:� MooreandChapman[23]: Thisalgorithmwaspresentedin anunpublisheddocu-

mentandit is basedonParetodominance.Theauthorsemphasizetheimportance
of performingbothanindividualandagroupsearch(acognitivecomponentand
asocialcomponent).However, theauthorsdid notadoptany schemeto maintain
diversity.� Ray andLiew [30]: This algorithmusesParetodominanceandcombinescon-
ceptsof evolutionary techniqueswith the particleswarm. The approachuses
crowding to maintaindiversity(by meansof a rouletteselectionschemeof lead-
ersbasedon this value)anda multilevel sieve to handleconstraints(for this, the
authorsadoptthe constraintandobjective matricesproposedin someof their
previousresearch[29]).� Parsopoulosand Vrahatis[28]: Unlike the previous proposals,this algorithm
adoptsan aggregatingfunction (threetypesof approacheswere implemented:
a conventionallinearaggregatingfunction,a dynamicaggregatingfunctionand
thebangbangweightedaggregationapproach[15]). In morerecentwork, Par-
sopouloset al. [27] studieda parallelversionof the VectorEvaluatedParticle
Swarm(VEPSO)methodfor multiobjectiveproblems.VEPSOis amulti-swarm
variantof PSO,which is inspiredon the VectorEvaluatedGeneticAlgorithm
(VEGA) [31]. In VEPSO,eachswarm is evaluatedusingonly oneof the ob-
jective functionsof theproblemunderconsideration,andtheinformationit pos-
sessesfor this objective function is communicatedto theotherswarmsthrough
theexchangeof their bestexperience.� Hu andEberhart[13]: In thisalgorithm,only oneobjectiveis optimizedatatime
usinga schemesimilar to lexicographicordering[7]. Lexicographicordering
tendsto beusefulonly whenfew objectivefunctionsareused(two or three),and
it may be sensitive to the orderingof the objectives. In further work, Hu et al.

4



[14] adoptedasecondarypopulation(called“extendedmemory”)andintroduced
somefurtherimprovementsto their dynamicneighborhoodPSOapproach.� FieldsendandSingh[11]: This approachusesanunconstrainedelite archive (in
which a specialdatastructurecalled“dominatedtree” is adopted)to storethe
nondominatedindividualsfoundalongthesearchprocess.Thearchive interacts
with theprimarypopulationin orderto definelocal guides.This approachalso
usesa“turbulence”operatorthatis basicallyamutationoperatorthatactson the
velocityvalueusedby PSO.� Coelloet al. [5, 6]: This proposalis basedon theideaof having a globalrepos-
itory in which every particlewill depositits flight experiencesafter eachflight
cycle. Additionally, the updatesto the repositoryareperformedconsideringa
geographically-basedsystemdefinedin termsof the objective function values
of eachindividual; this repositoryis usedby the particlesto identify a leader
thatwill guidethesearch.It alsousesa mutationoperatorthatactsbothon the
particlesof theswarm,andon therangeof eachdesignvariableof theproblem
to be solved. In more recentwork, ToscanoandCoello [34] usethe concept
of Paretodominanceto determinetheflight directionof a particle. Theauthors
adoptclusteringtechniquesin order to divide the populationof particlesinto
severalswarmsin orderto haveabetterdistributionof solutionsin decisionvari-
ablespace.In eachsub-swarm,a PSOalgorithmis executedand,at somepoint,
the differentsub-swarmsexchangeinformation: the leadersof eachswarm are
migratedto a differentswarmsin orderto variatethe selectionpressure.Also,
this approachdoesnot useanexternalpopulationsinceelitism in this caseis an
emergentprocessderivedfrom themigrationof leaders.� MostaghimandTeich [25]: They proposeda sigmamethodin which the best
localguidesfor eachparticleareadoptedto improvetheconvergenceanddiver-
sity of a PSOapproachusedfor multiobjective optimization. They alsousea
“turbulence”operator, but appliedon decisionvariablespace.The ideaof the
sigmamethodis similar to compromiseprogramming.Theuseof thesigmaval-
uesincreasestheselectionpressureof PSO(whichwasalreadyhigh). This may
causeprematureconvergencein somecases.In further work, Mostaghimand
Teich [24] studiedthe influenceof � -dominance[19] on MOPSOmethods. � -
dominanceis comparedwith existingclusteringtechniquesfor fixing thearchive
sizeandthesolutionsarecomparedin termsof computationaltime,convergence
anddiversity. Theresultsshow that the � -dominancemethodcanfind solutions
much fasterthan the clusteringtechniquewith a comparable(andeven better
in somecases)convergenceanddiversity. The authorssuggesta new diversity
measure(sigmamethod)inspiredon their previouswork [25]. Also, basedon
the ideathat the initial archive from which the particleshave to selecta local
guidehasinfluenceon thediversityof solutions,theauthorsproposetheuseof
successive improvementsusinga previousarchive of solutions.In morerecent
work, MostaghimandTeich[26] proposeanew methodcalledcoveringMOPSO
(cvMOPSO).Thismethodworksin two phases.In phase1, aMOPSOalgorithm
is runwith arestrictedarchivesizeandthegoalis to obtainagoodapproximation
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of thePareto-front. In the phase2, the non-dominatedsolutionsobtainedfrom
thephase1 areconsideredasthe input archive of thecvMOPSO.Theparticles
in thepopulationof thecvMOPSOaredividedinto subswarmsaroundeachnon-
dominatedsolutionafter the first generation.The taskof the subswarmsis to
cover thegapsbetweenthenon-dominatedsolutionsobtainedfrom thephase1.
No restrictionson thearchivearemadein thephase2.� Li [20]: Thisapproachincorporatesthemainmechanismsof theNSGA-II [9] to
thePSOalgorithm. It combinesthepopulationof particlesandall thepersonal
bestpositionsof eachparticle,andselectsthebestparticlesamongthemto con-
form the next population. It alsoselectsthe leadersrandomlyfrom the leaders
setamongthebestof them,basedon two differentmechanisms:usinga niche
countandusinga crowdingdistance.In morerecentwork, Li [21] proposesthe
maximinPSO, which usesa fitnessfunctionderived from the maximin strategy
[1] to determinePareto-domination.Theauthorshowsthatoneadvantageof this
approachis that no additionalclusteringor niching techniqueis needed,since
themaximinfitnessof asolutioncantell usnotonly if asolutionis dominatedor
not,but alsoif it is clusteredwith othersolutions,i.e.,theapproachalsoprovides
diversityinformation.� SrinivasanandHou [32]: This approach,calledParticle Swarm InspiredEvo-
lutionaryAlgorithm (PS-EA),is a hybrid betweenPSOandanevolutionaryal-
gorithm. Themainaim is to useEA operatorsto emulatetheworkingsof PSO
mechanisms.� Zhanget al. [38]: This approachattemptsto improve theselectionof �D7:9<;:= and� 7:9<;:= whenthevelocity of eachparticleis updated.For eachobjective function,
thereexists both a �D7:9<;:= anda � 7:9<;:= for eachparticle. In order to updatethe
velocity of a particle,thealgorithmdefinesthe �D7:9<;:= of a particleastheaverage
of thecompletesetof �D7:9<;:= particles.Analogously, the � 7:9<;:= is computedusing
eitherarandomchoiceor theaveragefrom thecompletesetof � 7:9<;:= values.This
choicedependson the dispersiondegreebetweenthe � 7:9<;:= and � 7:9<;:= valuesof
eachparticle.� Bartzetal. [2]: Thisapproachstartsfrom theideaof introducingelitism(archiv-
ing) into PSO.Differentmethodsfor selectinganddeletingparticlesfrom the
archiveareanalyzedto generateasatisfactoryapproximationof theParetofront.
Theselectionmethodsanalyzedarebasedon thecontributionof eachparticleto
the diversity of the Paretofront. Deletingmethodsareeither inverselyrelated
to the selectionfitnessor basedon the previous successof eachparticle. The
authorsprovidesomestatisticalanalysisin orderto assesstheimpactof eachof
theparametersusedby their approach.� Baumgartneret al. [3]: This approachusesweightedsums(i.e., linear aggre-
gating functions). In this approach,the swarm is equally partitionedinto t
subswarms,eachof which usesa differentsetof weightsandevolvesinto the
directionof its own swarmleader. Theapproachadoptsa gradienttechniqueto
identify theParetooptimalsolutions.
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� Chow andTsui [4]: In this paper, a novel autonomousagentresponselearning
algorithmis presented.The authorsproposeto decomposethe award function
into asetof localawardfunctionsand,in thisway, to modeltheresponseextrac-
tion processasa multiobjective optimizationproblem. A modifiedPSOcalled
“Multi-SpeciesPSO” is introducedby consideringeachobjective function as
a speciesswarm. A communicationchannelis establishedbetweenthe neigh-
boringswarmsfor transmittingthe informationof thebestparticles,in orderto
provideguidancefor improving theirobjectivevalues.Also, theauthorspropose
to modify theequationusedto updatethevelocity of eachparticle,considering
alsotheglobalbestparticleof its neighboringspecies.

Ourapproachis basedonParetodominanceandtheuseof acrowdingfactorfor the
selectionof leaders.It is worth noticing thatwe alsousethecrowding factorto filter
out the list of leaderswhenever themaximumlimit imposedon suchlist is exceeded.
Additionally, we alsousemutation.However, someof our preliminarystudiesin this
regardhave indicatedthat it is considerablydifficult to balancethe adequateamount
of mutationrequiredwhenusingPSOfor multiobjective optimization. This led us to
proposeaschemein whichwesubdividethepopulation(or swarm)into threedifferent
subsets.A differentmutationoperatoris appliedto eachsubset(eachof whichcontains
onethird of thetotal numberof particlesin thepopulation).Notehowever, that for all
otherpurposes,a singleswarm is considered(e.g.,for selectingleaders).Finally, we
alsoincorporatetheconceptof � -dominanceto selecttheparticlesthatwill remainin
theexternalarchive. Themotivationfor incorporatingthis mechanismis theprevious
evidenceof its effectivenesswhenusedwith otherevolutionaryalgorithms[19].

5 Description of Our Approach

It shouldbe obvious that the main issuewhenextendingPSOto dealwith multiple
objectivesis how to generalizetheconceptof leaderin thepresenceof several(equally
good)solutions. The moststraightforwardapproachis simply to considerevery non
dominatedsolution as a new leader. This approachhas,however, the drawback of
increasingthesizeof thesetof leadersveryquickly. For example,basedon theresults
reportedby Li [21], we canconcludethatalmosta 70%of theparticlesin theswarm
enterinto thesetof leadersat eachgeneration.This increaseon thesizeof theleaders
setis veryimportantbecausesuchsethasto beupdatedateachgeneration,andthiscan
becomea very expensive process.Also, thesizeof thesetof leadershasa significant
impacton the selectionof a leaderin order to make a movementthroughthe search
spaceat eachgeneration. If the set of leadersbecomestoo large, the electionof a
goodleaderturnsout to be difficult (how do we discriminatefrom amongmany non
dominatedindividuals?).This particularissuehasnot beenaddressedin mostof the
researchconductedin this areaandis themainfocusof this work.

In our approach,we usea crowding factor[9] in orderto establisha seconddis-
criminationcriterion (additionalto Paretodominance).This criterion is alsoadopted
to decidewhat leadersto keepover generationswhenthemaximumlist sizehasbeen
exceeded.For eachparticle,we selectthe leaderby meansof a binary tournament
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basedon thecrowdingvalueof theleaders.Themaximumsizeof thesetof leadersis
fixedequalto thesizeof theswarmor population(thisvalueis providedby theuseras
aparameter).After eachgeneration,thesetof leadersis updated,andsoarethecorre-
spondingcrowdingvalues.If thesizeof thesetof leadersis greaterthanthemaximum
allowablesize,only the bestleadersareretainedbasedon their crowding value. The
restof theleadersareeliminated.Althoughtherearepreviousapproachesthatusethe
crowding factor to selectthe leaders(seefor example[30, 20]), our approachis the
first to adoptthis informationto fix the sizeof thesetof leaders.This featureof our
algorithmconsiderablysimplifiesthemechanismto control thesetof leaderswithout
requiringany additionalparameteror selectioncriterion (e.g.,in [20], a parameteris
requiredto definetheportionof thelist of leadersto beretained).Additionally, theuse
of thisselectioncriterionpromotesdiversitywithin theswarm.

WhenadoptingPSOfor solvingmulti-objectiveoptimizationproblems,theuseof a
mutationoperatoris veryimportantin orderto escapefrom localoptimaandto improve
the exploratorycapabilitiesof PSOwhich, in somecases,becomesseverely limited
(seefor example[6]). Several researchershave usedmutationoperatorsbefore. For
example,Fieldsend& Singh[11] adopta mutationoperatorthatmodifiesthevelocity
of a particleby addingit a randomfactor (with a normaldistribution) that allows a
particleto move within a 10%distancefrom its original position(definedin termsof
the valuesof the decisionvariables).Coello & Lechuga[5] usea mutationoperator
that actson the position (decisionvariables)of the updatedparticlesof the swarm.
Thismutationoperatormodifiestherangeof mobility of theparticles:at thebeginning
of the process,the particlesareallowed to move throughthe completerangeof the
decisionvariables,andthismobility is reducedastheevolutionaryprocessprogresses.
Mostaghim& Teich [25] usea mutationoperatorthat (asin [5]) actson the updated
positionof theparticles.In this case,therangeof mobility of theparticlesdependson
theactualpositionof theparticle.It is worthnoticingthatall of thepreviousproposals
requireof someuser-definedparameter.

Fromourperspective,theelectionof agoodmutationoperatoris adifficult taskthat
hasa significantimpacton performance.Thus,in thiswork weproposetheuseof two
mutationoperatorsthatarewell-known in theEA literature:uniformmutation(i.e., the
variability rangeof eachdecisionvariableis keptconstantover generations)[12] and
non-uniformmutation(i.e., the variability rangeof eachdecisionvariabledecreases
over time) [22]. Both operatorsact on the decisionvariablesof the updatedparticle.
Theseoperatorsmodify thevaluesof thedecisionvariablesof a particlewith a certain
probability. This makesa significantdifferencewith respectto thepreviousproposals
in which all the decisionvariablesare modified when the turbulence(or mutation)
operatoris applied.Additionally, we consideredthepossibilityof not usingmutation
at all, sincein someof our previous researchwe found that suchconditionmay be
beneficialin somecases[6].

Giventheuncertaintyregardinghow muchmutationto apply, weproposeascheme
by which theswarm is subdivided in threeparts(of equalsize). Eachsub-partof the
swarmwill adopta differentmutationscheme:thefirst sub-partwill haveno mutation
at all, thesecondsub-partwill have uniform mutationandthethird sub-partwill have
non-uniformmutation.Thisprocessis illustratedin theFigure2. With theuseof these
differentoperatorswe areaiming to have the ability of exploring (uniform mutation)
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No Mutation Uniform Mutation Non−uniform Mutation

Figure2: Graphicalillustrationof thesubdivisionof theswarmadoptedby ourscheme.

andexploiting (non-uniformmutation)thesearchspaceastheprocessprogresses.The
availablesetof leadersis thesamefor eachof thesesub-parts.Additionally, eachpar-
ticle canuseasa leadera particleproducedby a differentsub-partof the swarm. In
this way, the threedifferentsub-partsof theswarmwill sharetheir particularsuccess
andthefinal resultswill bea combinationof usingdifferentbehaviors insidethesame
swarm. In orderto avoid thedefinitionof extra parametersfor themutationoperators,
we adopta rule of thumbcommonlyusedin theEA literature:themutationrateis de-
finedas �4u�v3w+x (4* U>y ( , wherev3w+x (4* U>y ( refersto thetotal lengthof thestringthatencodes
all thedecisionvariablesof theproblem.Sincereal-numbersencodingis adopted,in
ourcasev3w+x (+* U>y ( is equalto thenumberof decisionvariablesof eachproblem.

Finally, we adoptthe conceptof � -dominance[19] in order to fix the sizeof the
externalarchive that containsthe (non-dominated)solutionsthat will be reportedby
thealgorithm.A decisionvector � 0 is saidto � -dominateadecisionvector � B for some�{z � if f: N � �	� 0 
�u6�<�C� � 
1T�N � ��� B 
)G<|'U��}�DG8P~P�P~G�" and N � �	� 0 
�u[�<��� � 
1��N � ��� B 
)G for at
leastone U��W�XG8P~P~P�G�" .

It is worth noting that, when using � -dominance,the size of the final external
archive dependson the � -value,which is normallya user-definedparameter[19]. For
thesakeof simplicity, in thispaper, weconsiderthesamevalueof � for all theobjective
functions.

Figure 3 shows the way in which our algorithm works. We have marked with
italics theprocessesthatmakethisalgorithmdifferentfrom thegeneralPSOalgorithm.
First, we initialize the swarm. The non-dominatedparticlesfound in the swarm will
be introducedinto the set of leaders. Later on, the crowding factor of eachleader
is calculated.At eachgeneration,for eachparticle,we performthe flight andapply
thecorrespondingmutationoperatorbasedon thesubdivisionof theswarmpreviously
described.In orderto performthe flight of eachparticle,the changesto the velocity
vectoraredonein thefollowing way:�
�������
��-, �
����	������
��/.103240�� ��6587:9<;>=	?@� ��'������
�
A�!.CB32�BD� ��FE37:9<;:=@� ������	��
�

where ,���2+$ t x#w4"����6P~�XG��6P��X
 , . 0 GZ. B ��2+$ t xDw4"��<�DP �6G�Y[P �D
 , and 2 0 G�2 B ��2+$ t x#w4"���FP �FG8�DP �#
 . Note thatmostof thepreviousPSOproposalsfix thevaluesof ,�GZ. 0 and. B insteadof usingrandomvaluesasin ourcase.Theonly exceptionthatweknow (in
thespecificcaseof MOPSOs)is someof ourown previouswork [34]. Weadoptedthis
schemesincewe foundit asa moreconvenientway of dealingwith thedifficultiesof
fine tuningtheparameters, , .�0 and .CB for eachspecifictestfunction.
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Begin
Initialize swarm
Initialize leaders
Sendleaders to � -archive
crowding(leaders)���r�
While � �!�#"%$#�

For eachparticle
Selectleader
Flight
Mutation
Evaluation
Update�'&)(+* �

EndFor
Updateleaders
Sendleaders to � -archive
crowding(leaders)� ++

EndWhile
Reportresultsin � -archive

End

Figure3: Pseudocodeof ouralgorithm.

Then,weproceedto evaluatetheparticleandupdateits personalbestvalue(� 7:9<;:= ).
A new particlereplacesits � 7:9<;>= valueif suchvalueis dominatedby thenew particleor
if bothareincomparable(i.e., they arebothnon-dominatedwith respectto eachother).
After all theparticleshavebeenupdated,thesetof leadersis updated,too. Obviously,
only the particlesthat outperformtheir � 7:9<;:= value will try to enterthe leadersset.
Oncetheleaderssethasbeenupdated,the � -archiveis updated.Finally, weproceedto
updatethecrowding valuesof thesetof leadersandwe eliminateasmany leadersas
necessaryin orderavoid exceedingtheallowablesizeof the leadersset. This process
is repeatedafixednumber( �#"%$#� ) of iterations.

Theparametersneededby ourapproachare:

1. *H� $#24" * U>y ( : sizeof theswarm(definedby theuser).

2. �R"%$D� : numberof iterations(definedby theuser).

3. � " : bit mutationprobability(fixedby thealgorithm).

4. � : valuefor theboundingthesizeof the � -archive(definedby theuser).
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6 Comparisonof Results

To validateour approach,we performedbothquantitative (adoptingfour performance
measures)andqualitative comparisons(plotting the Paretofronts produced)with re-
spectto two MOEAs that are representative of the state-of-the-artin the area: the
StrengthParetoEvolutionaryAlgorithm 2 (SPEA2)[41], andtheNondominatedSort-
ing GeneticAlgorithm II (NSGA-II) [9]. We also comparedour approachagainst
threePSO-basedapproachesrecentlyproposed:MOPSO[7], Sigma-MOPSO[25] and
Cluster-MOPSO[34]. For our comparativestudy, we implementedtwo unaryandtwo
binarymeasuresof performance.Thefollowing aretheunarymeasures:� SuccessCounting (SCC): We definethismeasurebasedon theideaof themea-

surecalledError Ratio proposedby Van Veldhuizen[35] which indicatesthe
percentageof solutions(from the nondominatedvectorsfound so far) that are
not membersof thetrueParetooptimalset.In thiscase,wecountthenumberof
vectors(in thecurrentsetof nondominatedvectorsavailable)thataremembers
of theParetooptimalset: � .�.g� a� ���A0 * ��G
where t is the numberof vectorsin the currentset of nondominatedvectors
available; * � = 1 if vector U is a memberof the Paretooptimal set,and * �����
otherwise. It shouldthenbe clear that

� .�.�� t indicatesan ideal behavior,
sinceit wouldmeanthatall thevectorsgeneratedby ouralgorithmbelongto the
trueParetooptimalsetof theproblem.For a fair comparison,whenwe usethis
measure,all the algorithmsshouldlimit their final numberof non-dominated
solutionsto the samevalue. Note that SCCavoids the bias introducedby the
Error Ratio measure,which normalizesthe numberof solutionsfound (which
belongto thetrueParetofront) and,therefore,providesonly a percentageof so-
lutions thatreachedthetrueParetofront. This percentagedoesnot provide any
idearegardingtheactualnumberof non-dominatedsolutionsthateachalgorithm
produced.

� Inverted Generational Distance(IGD) : The conceptof generationaldistance
was introducedby Van Veldhuizen& Lamont [36, 37] asa way of estimating
how far are the elementsin the Paretofront producedby our algorithm from
thosein thetrueParetofront of theproblem.Thismeasureis definedas:

��� ��� � a�~��0 x B�t (6)

where t is the numberof nondominatedvectorsfound by the algorithmbeing
analyzedand x � is theEuclideandistance(measuredin objectivespace)between
eachof theseand the nearestmemberof the true Pareto front. It shouldbe
clear that a valueof

��� ��� indicatesthat all the elementsgeneratedare in
the true Paretofront of the problem. Therefore,any othervaluewill indicate
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how “f ar” we arefrom theglobalParetofront of our problem. In our case,we
implementedan“inverted”generationaldistancemeasure(IGD) in whichweuse
asa referencethe true Paretofront, andwe compareeachof its elementswith
respectto the front producedby an algorithm. In this way, we arecalculating
how far aretheelementsof thetrueParetofront, from thosein theParetofront
producedby our algorithm. Computingthis “inverted” generationaldistance
valuereducesthe bias that canarisewhenan algorithmdidn’t fully cover the
trueParetofront.

Thebinarymeasuresadoptedarethefollowing:� Two Set Coverage (SC): This measurewas proposedin [42], and it can be
termedrelativecoverage comparisonof two sets. Consider��� G ��� � astwo sets
of phenotypedecisionvectors. SC is definedasthe mappingof the orderpair� ��� G ��� � 
 to theinterval K �6GH�3M :� .�� � � G � � � 
�������$ � � ��� � ����� $ � ��� � _X$ �O  $ � ��¡ � u6� � � � �
If all points in �¢� dominateor are equalto all points in ��� � , thenby defini-
tion

� .£�¤� .
� .¥�¦� implies the opposite. In general,

� .�� �¢� G ��� � 
 and
� .�� ��� � G ��� 
 bothhaveto beconsidereddueto setintersectionsnotbeingempty.
If

� .�� ��� G �¢� � 
��-� and

� .�� ��� � G ��� 
��l� , we saythat �¢� � is betterthan ��� .
� Two Set Differ enceHypervolume (HV) : This measurewasproposedin [39].

Consider� � G � � � astwo setsof phenotypedecisionvectors.HV is definedby:§¢¨ � � � G � � � 
��-©[� � � � � � � 
��L©[� � � � 

wheretheset � � � � � � is definedasthenondominatedvectorsobtainedfrom the
unionof ��� and ��� � , and © is theunaryhypervolumemeasure.©[� � 
 is defined
asthehypervolumeof theportionof theobjectivespacethatis dominatedby X.
In this way,

§�¨ � ��� G ��� � 
 givesthehypervolumeof theportionof theobjective
spacethatis dominatedby ��� but not for ��� � .
In thispaper, weusetheorigin asareferencepoint to computethehypervolume.
So,sinceall thetestfunctionshaveto beminimized,with thismeasureweobtain
a differencebetweentheareasthatdominatetheanalyzedParetofronts. In this
way, if

§�¨ � ��� G ��� � 
C�ª� and
§�¨ � ��� � G ��� 
���� , we saythat ��� � is betterthan� � .

For eachof the testfunctionsshown below, we performed20 runsperalgorithm.
The parametersof eachapproachwere set suchthat they all performed20000ob-
jective function evaluations.The codesof NSGA-II andSPEA2wereobtainedfrom
PISA.1 Thecodeof MOPSOwasobtainedfrom theEMOO repository.2 Thecodesof

1http://www.tik.ee.ethz.ch/pisa/
2http://delta.cs.cinvestav.mx/˜ccoello/EMOO
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Sigma-MOPSOandCluster-MOPSOwereprovidedby their authors.Thecodeof the
approachproposedin this paperis availablevia emailrequestto thefirst author.

Thetestfunctionsadoptedin ourcomparativestudywerethefollowing:� TestFunctionZDT1 [40]:

Minimize �«ND0+� ��O
)GZN+BX� ��S
�
 (7)NX04� ��S
¬� �S0N+B�� ��S
¬� �O� ��'
 \ �­NX0�G<�6

�S� ��'
��W�®� ¯�°� �~��B � � u[��"��/�4
)G \ �­NA�XG<�6
@�g��� � N 0 u4�

where"±��²X� , and ����I [0,1].

� TestFunctionZDT2 [40]:

Minimize �­N 0 � ��S
3G�N B � ��'
�
 (8)NX0�� ��O
¬� �O0N+BD� ��O
¬� �O� ��S
 \ �«NX0+G<�6

�S� ��S
��W�³� ¯r°� �~��B � � u[��"�����
)G \ �­NA�XG��[
@�l���´�«N 0 u4�[
 B

where"±��²X� , and ����I [0,1].

� TestFunctionZDT3 [40]:

Minimize �­N 0 � ��'
3G�N B � ��O
�
 (9)N 0 � ��S
µ� � 0N�BX� ��S
µ� �O� ��O
 \ �«ND04G<�6

�O� ��O
��W���¶¯ °� �~��B � � u[��"�����
 G \ �«NA�DG<�6
@�g��� � N 0 u��J�´�«N 0 u4�[
 * U t ���H��·¸N 0 

where"±��²X� , and � � I [0,1].

� TestFunctionZDT4 [40]:
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Minimize �­NX0X� ��'
3G�N+BD� ��O
�
 (10)ND0+� ��O
¬� �O0N�BX� ��O
¬� �O� ��O
 \ �«ND04G<�6

�O� ��'
��l�����H�F��"�����
¬� °� ���¸B ��� B� �/���Xv3w * �	¹D·O���­
�
)G \ �­NA�XG��[
��g��� � NX08u4�
where"±�g�H� , � 0 I [0,1] and � � I [-5,5], U��ªY[GHP�P~P�G�" .

� TestFunctionDTLZ2 [10]:

Minimize �­N 0 � ��'
3G�N B � ��O
)GZN+ºX� ��S
�
 (11)ND0+� ��O
¬� ���C�»�S� ��'
�
�v3w * �	�O03·�uXYX
�v3w * �	��B8·�u�YD
N�BX� ��O
¬� ���C�»�S� ��'
�
�v3w * �	�O03·�uXYX
 * U t ����B3·�uXYX
N º � ��O
¬� ���C�»�S� ��'
�
 * U t ���S03·�u�YD

�O� ��O
¬� °� ��� º �����¸�L�FP �D
 B

where"±�g��Y and � � I [0,1].

� TestFunctionDTLZ4 [10]:

Minimize �­NX0X� ��'
3G�N+BD� ��O
)GZN º � ��S
�
 (12)N 0 � ��O
¬� ���C�»�S� ��'
�
�v3w * �	�S¼0 ·�uXYX
�v3w * �	�'¼B ·�u�YD
N B � ��O
¬� ���C�»�S� ��'
�
�v3w * �	� ¼ 0 ·�uXYX
 * U t ��� ¼B ·�uXYX
N�ºX� ��O
¬� ���C�»�S� ��'
�
 * U t ��� ¼ 0 ·�u�YD

�O� ��O
¬� °� ��� º ��� � �L�FP �D
 B

where ½ =100, "¾�g�4Y and ����I [0,1].

� TestFunctionDTLZ6 [10]:

Minimize �­NX0X� ��'
3G�N+BD� ��O
)GZN º � ��S
�
 (13)ND0+� ��S
µ� �O0N�BX� ��S
µ� �'BN º � ��S
µ� ���C�»�S� ��'
�
 \ �­NX0�G�N+B+G��[

�O� ��O
��W���¶¯Ru[�	"��»YX
 °� ��� º � � G \ �«N 0 G�N B G<�6
��-²b� B� �~��0 K N���¿�»� �<��� * U t �«²�·¸N � 
�
>M
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where"±�-YXY and ���@I [0,1].

All thealgorithmscomparedadoptedreal-numbersencoding.Theparametersfor
SPEA2were ½ �ÁÀ���Â¶�n�H�X� and200generations,andfor the NSGA-II we used� w �S* U:y ( =100 and200 generations.As recommendedin [10], for the NSGA-II, the
crossover probability �'Ã was set to 1.0 and the mutationprobability � ° was set to�4u�v3w+x (4* U>y ( . For our proposedapproachand the MOPSOalgorithm the parameters
were: swarm sizeof 100 particlesand200 iterations. Cluster-MOPSOused40 par-
ticles, 4 swarms,5 iterationsper swarm anda total numberof iterationsof 100. In
the caseof Sigma-MOPSO,200 particleswereusedthrough100 iterations(this was
donebecausethe authorsuggestedto uselargerpopulationsizeswith herapproach).
As recommendedin [25], the Sigma-MOPSOuseda turbulenceprobability of �FP �F�
for all functions,exceptfor ZDT4 in which theturbulenceprobabilityusedwas �FP �#� .
As recommendedby its authors,theMOPSOuseda mutationprobabilityof �6P�� . Our
proposedapproachuseda probabilitymutationof �+u+v3w+x (+* U:y ( . For eachof theexam-
plesincluded,weempiricallydefinedasuitablevaluefor � by doingsomepreliminary
runsin which the aim wasto obtain100 solutionsin the externalarchive. The PSO
approacheswill beidentifiedwith thefollowing labels:MOPSOrefersto theapproach
reportedin [5, 6], sMOPSOrefersto the approachreportedin [25], cMOPSOrefers
to theapproachreportedin [34], andOMOPSO(Our Multi-ObjectiveParticleSwarm
Optimizer)refersto theapproachreportedin this paper.

The Paretofronts that we will show correspondto the nondominatedvectorsob-
tainedfrom theunionof the20obtainedParetofronts. It shouldbenotedthatthePareto
frontsshown werealsousedto applythebinarymeasuresof performance.All thealgo-
rithms,exceptfor theCluster-MOPSO,weresetsuchthat they providedParetofronts
with 100points.TheCluster-MOPSOdoesnothaveaschemeto fix thesizeof its final
archive. Thus,in orderto allow a fair comparisonwith respectto theCluster-MOPSO,
thevaluesof theSCCmeasureswerescaledto theinterval [0,100].

FromTable1 to Table14weshow thevaluesof theperformancemeasuresobtained
for eachof thealgorithmscompared.
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TestFunctionZDT1
OMOPSO NSGA-II SPEA2 MOPSO sMOPSO cMOPSO

best 82 38 47 0 93 37
median 43 20 26 0 58 7Ä�Å�Å
worst 5 9 15 0 23 1

average 40 21 27 0 59 8
std.dev. 21.5 7.5 8.1 0 24.2 7.9

best 0.0009 0.0008 0.0006 0.0240 0.0031 0.0016
median 0.0010 0.0008 0.0007 0.0276 0.0260 0.0029ÆXÇ1È
worst 0.0013 0.0011 0.0008 0.0385 0.0448 0.0041

average 0.0010 0.0009 0.0007 0.0286 0.0269 0.0030
std.dev. 0.00008 0.00009 0.00006 0.0040 0.0095 0.0007

Table1: Comparisonof resultsbetweenourapproach(denotedby OMOPSO),NSGA-
II [9], SPEA2[41], MOPSO[5], sMOPSO[25] andcMOPSO[34], for testfunction
ZDT1 with respectto theunarymeasures.

TestFunctionZDT1 - Two SetCoverageMeasure
Ä�ÅÄ�ÅÊÉÌË�Í

OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.00 0.64 0.55 0.96 0.03 0.95
NSGA-II 0.05 0.00 0.22 1.00 0.01 0.99
SPEA2 0.11 0.49 0.00 1.00 0.01 1.00
MOPSO 0.00 0.00 0.00 0.00 0.00 0.00
sMOPSO 0.50 0.69 0.66 0.99 0.00 0.90
cMOPSO 0.00 0.01 0.00 1.00 0.00 0.00

TestFunctionZDT1 - Two SetHypervolumeMeasureÎÐÏÎÐÏ ÉÌË�Í OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.000000 -0.001834 -0.001339 -0.323693 0.006828 -0.019389
NSGA-II 0.001304 0.000000 -0.000037 -0.322274 0.007647 -0.016607
SPEA2 0.001302 -0.000534 0.000000 -0.322771 0.007733 -0.017104
MOPSO 0.001719 0.000000 0.000000 0.000000 0.000000 0.000000
sMOPSO -0.000922 -0.003241 -0.002658 -0.333162 0.000000 -0.020032
cMOPSO 0.000356 0.000000 0.000000 -0.305667 0.007463 0.000000

Table2: Comparisonof resultsusingthebinarymeasuresfor testfunctionZDT1. Our
algorithmis denotedby OMOPSO.
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Figure4: Paretofronts obtainedby all the approachesfor test function ZDT1. Our
algorithmis denotedby OMOPSOand,in this case,it used� =0.0075.
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TestFunctionZDT2
OMOPSO NSGA-II SPEA2 MOPSO sMOPSO cMOPSO

best 99 30 34 0 1 94
median 49 0 0 0 1 0Ä�Å�Å
worst 0 0 0 0 1 0

average 43 6 7 0 1 29
std.dev. 34.1 9.8 10.4 0 0 38.9

best 0.0006 0.0008 0.0007 0.0271 0.0723 0.0030
median 0.0009 0.0724 0.0723 0.1098 0.0723 0.0723ÆXÇ1È
worst 0.0303 0.0737 0.0736 0.3525 0.0723 0.0852

average 0.0034 0.0512 0.0404 0.1561 0.0723 0.0680
std.dev. 0.0078 0.0337 0.0367 0.0952 0.0000 0.0152

Table3: Comparisonof resultsbetweenourapproach(denotedby OMOPSO),NSGA-
II [9], SPEA2[41], MOPSO[5], sMOPSO[25] andcMOPSO[34], for testfunction
ZDT2 with respectto theunarymeasures.

TestFunctionZDT2 - Two SetCoverageMeasure
Ä�ÅÄ�ÅÊÉÌË�Í

OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.00 0.93 0.94 1.00 0.00 0.21
NSGA-II 0.01 0.00 0.34 1.00 0.00 0.21
SPEA2 0.01 0.21 0.00 1.00 0.00 0.21
MOPSO 0.00 0.00 0.00 0.00 0.00 0.00
sMOPSO 0.01 0.01 0.01 0.44 0.00 0.00
cMOPSO 0.01 0.02 0.02 0.99 0.00 0.00

TestFunctionZDT2 - Two SetHypervolumeMeasureÎÐÏÎÐÏ ÉÌË�Í OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.000000 -0.004947 -0.005765 -0.342087 -0.666684* -0.036710
NSGA-II 0.000547 0.000000 -0.000493 -0.336593 -0.672178* -0.031559
SPEA2 0.000708 0.000486 0.000000 -0.335614 -0.673157* -0.030560
MOPSO 0.000000 0.000000 0.000000 0.000000 -0.897843* 0.000000
sMOPSO 0.000000 0.000000 0.000000 -0.110928 0.000000 0.000000
cMOPSO 0.000126 -0.000217 -0.000197 -0.305251 -0.703520* 0.000000

Table4: Comparisonof resultsusingthebinarymeasuresfor testfunctionZDT2. Our
algorithmis denotedby OMOPSO.
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Figure5: Paretofronts obtainedby all the approachesfor test function ZDT2. Our
algorithmis denotedby OMOPSOand,in this case,it used� =0.0075.
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TestFunctionZDT3
OMOPSO NSGA-II SPEA2 MOPSO sMOPSO cMOPSO

best 66 56 50 0 89 0
median 51 42 39 0 15 0Ä�Å�Å
worst 19 33 25 0 0 0

average 46 44 39 0 26 0
std.dev. 14.9 6.8 6.0 0 25.4 0

best 0.0008 0.0008 0.0007 0.0281 0.0023 0.0028
median 0.0008 0.0009 0.0009 0.0316 0.0249 0.0054ÆXÇ1È
worst 0.0107 0.0104 0.0106 0.0447 0.0374 0.0096

average 0.0014 0.0013 0.0018 0.0334 0.0245 0.0062
std.dev. 0.0022 0.0021 0.0030 0.0048 0.0095 0.0020

Table5: Comparisonof resultsbetweenourapproach(denotedby OMOPSO),NSGA-
II [9], SPEA2[41], MOPSO[5], sMOPSO[25] andcMOPSO[34], for testfunction
ZDT3 with respectto theunarymeasures.

TestFunctionZDT3 - Two SetCoverageMeasure
Ä�ÅÄ�ÅÊÉÌË�Í

OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.00 0.39 0.51 0.99 0.14 0.92
NSGA-II 0.15 0.00 0.66 1.00 0.14 1.00
SPEA2 0.08 0.08 0.00 1.00 0.13 1.00
MOPSO 0.00 0.00 0.00 0.00 0.00 0.00
sMOPSO 0.39 0.42 0.41 0.99 0.00 0.75
cMOPSO 0.00 0.00 0.00 1.00 0.01 0.00

TestFunctionZDT3 - Two SetHypervolumeMeasureÎÐÏÎÐÏ ÉÌË�Í OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.000000 -0.001699 -0.003702 -0.506543 0.004034 -0.037177
NSGA-II 0.002657 0.000000 -0.002404 -0.503446 0.006138 -0.032923
SPEA2 0.003130 0.000072 0.000000 -0.500970 0.007052 -0.030447
MOPSO 0.001259 0.000000 0.000000 0.000000 0.000000 0.000000
sMOPSO -0.000233 -0.002485 -0.004047 -0.512069 0.000000 -0.028319
cMOPSO 0.000102 0.000000 0.000000 -0.470523 0.013227 0.000000

Table6: Comparisonof resultsusingthebinarymeasuresfor testfunctionZDT3. Our
algorithmis denotedby OMOPSO.
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Figure6: Paretofronts obtainedby all the approachesfor test function ZDT3. Our
algorithmis denotedby OMOPSOand,in this case,it used� =0.0026.
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TestFunctionZDT4
OMOPSO NSGA-II SPEA2 MOPSO sMOPSO cMOPSO

best 98 0 0 0 0 0
median 88 0 0 0 0 0Ä�Å�Å
worst 0 0 0 0 0 0

average 77 0 0 0 0 0
std.dev. 26.2 0 0 0 0 0

best 0.0009 0.0126 0.0256 4.6415 0.1541 0.4203
median 0.0009 0.1317 0.0811 12.407 0.7393 1.6404ÆXÇ1È
worst 0.0432 0.3219 0.3464 15.250 1.2865 4.1864

average 0.0030 0.1508 0.1224 9.9195 0.7591 1.8621
std.dev. 0.0095 0.0973 0.0943 4.0106 0.3147 0.9357

Table7: Comparisonof resultsbetweenourapproach(denotedby OMOPSO),NSGA-
II [9], SPEA2[41], MOPSO[5], sMOPSO[25] andcMOPSO[34], for testfunction
ZDT4 with respectto theunarymeasures.

TestFunctionZDT4 - Two SetCoverageMeasure
Ä¸ÅÄ�ÅÊÉÌË�Í

OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.00 0.92 0.94 0.00 0.00 0.00
NSGA-II 0.00 0.00 1.00 1.00 1.00 1.00
SPEA2 0.00 0.00 0.00 1.00 1.00 1.00
MOPSO 0.00 0.00 0.00 0.00 0.00 0.00
sMOPSO 0.00 0.00 0.00 1.00 0.00 1.00
cMOPSO 0.00 0.00 0.00 1.00 0.00 0.00

TestFunctionZDT4 - Two SetHypervolumeMeasureÎÐÏÎÐÏ ÉÌË�Í OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.000000 -0.164026 -0.343057 -0.333325* -0.333325* -0.333325*
NSGA-II 0.000574 0.000000 -0.179995 -0.497925* -0.497925* -0.497925*
SPEA2 0.001538 0.000000 0.000000 -0.677920* -0.677920* -0.677920*
MOPSO 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
sMOPSO 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000
cMOPSO 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000

Table8: Comparisonof resultsusingthebinarymeasuresfor testfunctionZDT4. Our
algorithmis denotedby OMOPSO.
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Figure7: Paretofronts obtainedby all the approachesfor test function ZDT4. Our
algorithmis denotedby OMOPSOand,in this case,it used� =0.0075.
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TestFunctionDTLZ2
OMOPSO NSGA-II SPEA2 MOPSO sMOPSO cMOPSO

best 25 24 26 98 32 31
median 13 17 20 92 24 15Ä�Å�Å
worst 6 11 12 50 16 7

average 13 16 20 89 25 16
std.dev. 4.1 3.2 4.3 10.2 4.2 6.7

best 0.0015 0.0018 0.0013 0.0101 0.0013 0.0013
median 0.0016 0.0020 0.0013 0.0118 0.0014 0.0021ÆXÇ1È
worst 0.0022 0.0025 0.0014 0.0213 0.0015 0.0027

average 0.0017 0.0020 0.0013 0.0129 0.0014 0.0021
std.dev. 0.0002 0.0002 0.00004 0.0030 0.00005 0.0004

Table9: Comparisonof resultsbetweenourapproach(denotedby OMOPSO),NSGA-
II [9], SPEA2[41], MOPSO[5], sMOPSO[25] andcMOPSO[34], for testfunction
DTLZ2 with respectto theunarymeasures.

TestFunctionDTLZ2 - Two SetCoverageMeasure
Ä¸ÅÄ�ÅÊÉÌË�Í

OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.00 0.10 0.04 0.00 0.02 0.42
NSGA-II 0.24 0.00 0.06 0.00 0.03 0.51
SPEA2 0.48 0.39 0.00 0.00 0.07 0.64
MOPSO 0.21 0.24 0.21 0.00 0.21 0.40
sMOPSO 0.60 0.53 0.35 0.00 0.00 0.97
cMOPSO 0.11 0.08 0.04 0.00 0.00 0.00

TestFunctionDTLZ2 - Two SetHypervolumeMeasureÎÐÏÎÐÏ ÉÌË�Í OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.000000 0.002911 0.003373 -0.243514* 0.003036 -0.024646
NSGA-II 0.000674 0.000000 0.004201 -0.242413* 0.003977 -0.034526
SPEA2 -0.008894 -0.005829 0.000000 -0.235493* 0.003266 -0.047018
MOPSO 0.006987* 0.005851* 0.002741* 0.000000 0.002248* 0.013356*
sMOPSO -0.012553 -0.009375 -0.000056 -0.232664* 0.000000 -0.050838
cMOPSO 0.011731 0.004088 0.001626 -0.273522* 0.001128 0.000000

Table10: Comparisonof resultsusingthe binary measuresfor testfunction DTLZ2.
Our algorithmis denotedby OMOPSO.
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Figure8: Paretofrontsobtainedby all the approachesfor testfunction DTLZ2. Our
algorithmis denotedby OMOPSOand,in this case,it used� =0.066.
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TestFunctionDTLZ4
OMOPSO NSGA-II SPEA2 MOPSO sMOPSO cMOPSO

best 98 88 91 92 68 10
median 31 20 18 34 42 0Ä�Å�Å
worst 1 13 11 6 8 0

average 43 34 35 37 39 1.4
std.dev. 38.3 27.1 32.8 22.9 14.8 3.3

best 0.0015 0.0016 0.0013 0.0026 0.0051 0.0074
median 0.0019 0.0018 0.0014 0.0047 0.0068 0.0234ÆXÇ1È
worst 0.0169 0.0168 0.0168 0.0117 0.0073 0.0342

average 0.0048 0.0047 0.0045 0.0060 0.0064 0.0223
std.dev. 0.0042 0.0054 0.0057 0.0031 0.0007 0.0074

Table 11: Comparisonof resultsbetweenour approach(denotedby OMOPSO),
NSGA-II [9], SPEA2[41], MOPSO[5], sMOPSO[25] andcMOPSO[34], for test
functionDTLZ4 with respectto theunarymeasures.

7 Discussionof Results

Throughtheuseof binarymeasuresof performance,andundercertainconditions,we
canconcludethat a certainalgorithmis betterthananother[43]. In this work, since
weusetwo differentbinarymeasures,wewill concludethatanalgorithmis betterthan
anotherwhenat leastoneof the measuresindicatesso, accordingto the definitions
givenin Section6.

Sincetheconditionsto concludethatanalgorithmis betterthatanotherusingthe
binarymeasuresarevery difficult to satisfyin mostcases,we will usethe valuesob-
tainedby theSCbinarymeasurein orderto concludepartial results:We will saythat
an algorithmA is relativelybetterthanalgorithmB when

� . (A,B) z
� . (B,A), and

almostbetterthanB when

� . (B,A)=0 and

� . (A,B) z 0.9. Thevaluesof theHV bi-
narymeasurewill beusedto make only conclusionsof thetype: algorithmA is better
thanalgorithmB, just like it wasdefinedin Section6.

Function ZDT1. From Table1, we canconcludethat the bestresultswith respect
to the SCCmeasurewereobtainedby the sMOPSOalgorithmwith an averageof �X¯
pointsbelongingto the true Paretofront. In this case,our proposedapproachis the
secondbestwith anaverageof ¹#� pointsbelongingto thetrueParetofront. However,
the sMOPSOalgorithmwasunableto generatethe completetrueParetofront, aswe
canappreciatein Figure4. This fact is reflectedin the valuesof the IGD measurein
Table1. With respectto the IGD measure,our approachobtainedresultsasgoodas
thoseobtainedby all the otherMOEAs compared,improving the resultsobtainedby
theotherthreePSO-basedapproaches.

Regardingthe binary measures(Table 2) and consideringboth of them, we can
concludethat theNSGA-II, SPEA2,sMOPSOandcMOPSOarebetterthanMOPSO.
Also, we can concludethat NSGA-II andSPEA2are betterthan cMOPSO.On the
otherhand,we canconcludethat OMOPSOandsMOPSOare relativelybetterthan
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TestFunctionDTLZ4 - Two SetCoverageMeasure
Ä¸ÅÄ�ÅÊÉÌË�Í

OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.00 0.23 0.21 0.09 0.06 0.99
NSGA-II 0.07 0.00 0.10 0.24 0.25 1.00
SPEA2 0.07 0.19 0.00 0.28 0.25 1.00
MOPSO 0.06 0.14 0.11 0.00 0.27 0.94
sMOPSO 0.05 0.09 0.08 0.10 0.00 1.00
cMOPSO 0.00 0.00 0.00 0.00 0.00 0.00

TestFunctionDTLZ4 - Two SetHypervolumeMeasureÎÐÏÎÐÏ ÉÌË�Í OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.000000 -0.007024 -0.006349 -0.025751* -0.395378* -0.492672*
NSGA-II 0.027684 0.000000 0.005186 -0.046700* -0.430067* -0.527380*
SPEA2 0.024974 0.001801 0.000000 -0.043671* -0.426669* -0.523995*
MOPSO 0.013743 0.000016* 0.000341 0.000000 -0.383423* -0.480664*
sMOPSO 0.000364* 0.000383* 0.000396* 0.000311* 0.000000 0.000000
cMOPSO 0.000000 0.000000 0.000000 0.000000 0.000000 0.000000

Table12: Comparisonof resultsusingthe binary measuresfor testfunction DTLZ4.
Our algorithmis denotedby OMOPSO.

TestFunctionDTLZ6
OMOPSO NSGA-II SPEA2 MOPSO sMOPSO cMOPSO

best 93 1 2 0 1 0
median 23 0 0 0 1 0Ä�Å�Å
worst 0 0 0 0 1 0

average 32 0.1 0.6 0 1 0
std.dev. 30.9 0.3 0.9 0 0 0

best 0.0024 0.0064 0.0037 0.0375 0.0673 0.0110
median 0.0029 0.0088 0.0045 0.0583 0.0673 0.0345ÆXÇ1È
worst 0.0213 0.0314 0.0214 0.1185 0.0673 0.0742

average 0.0065 0.0132 0.0067 0.0658 0.0673 0.0373
std.dev. 0.0060 0.0083 0.0051 0.0205 0.0000 0.0172

Table 13: Comparisonof resultsbetweenour approach(denotedby OMOPSO),
NSGA-II [9], SPEA2[41], MOPSO[5], sMOPSO[25] andcMOPSO[34], for test
functionDTLZ6 with respectto theunarymeasures.
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Figure9: Paretofrontsobtainedby all the approachesfor testfunction DTLZ4. Our
algorithmis denotedby OMOPSOand,in this case,it used� =0.059.
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Figure10: Paretofrontsobtainedby all theapproachesfor testfunctionDTLZ6. Our
algorithmis denotedby OMOPSOand,in this case,it used� =0.05.
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TestFunctionDTLZ6 - Two SetCoverageMeasure
Ä¸ÅÄ�ÅÊÉÌË�Í

OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.00 0.68 0.64 0.92 0.00 0.57
NSGA-II 0.01 0.00 0.31 1.00 0.00 0.80
SPEA2 0.01 0.30 0.00 0.98 0.00 0.57
MOPSO 0.00 0.00 0.00 0.00 0.00 0.00
sMOPSO 0.00 0.07 0.12 0.45 0.00 0.24
cMOPSO 0.00 0.04 0.12 1.00 0.00 0.00

TestFunctionDTLZ6 - Two SetHypervolumeMeasureÎÐÏÎÐÏ ÉÌË�Í OMOPSO) NSGA-II) SPEA2) MOPSO) sMOPSO) cMOPSO)
OMOPSO 0.000000 -0.109957 -0.095828 -0.333723 -3.606059* -0.629977
NSGA-II 0.109963 0.000000 0.001996 -0.113803 -3.825408* -0.410346
SPEA2 0.141673 0.019577 0.000000 -0.096222 -3.843163* -0.392616
MOPSO 0.000000 0.000000 0.000000 0.000000 -3.880365* 0.000000
sMOPSO 0.000000 0.000572* 0.000398* 0.059418* 0.000000 0.001163*
cMOPSO 0.000180 -0.000109 0.000040 0.296434 -4.235054* 0.000000

Table14: Comparisonof resultsusingthe binary measuresfor testfunction DTLZ6.
Our algorithmis denotedby OMOPSO.

the restof the algorithms,in particular, OMOPSOis almostbetterthanMOPSOand
cMOPSO.Finally, sMOPSOis relativelybetterthanOMOPSO.

We will now analyzein moredetail theresultsobtainedby our algorithmin these
measures. We can’t concludethat OMOPSOis better than the NSGA-II (for ex-
ample) since

� . (OMOPSO,NSGA-II)Ñ�Ò� and

� . (NSGA-II,OMOPSO)Ñ�Ó� , but,
since

� . (OMOPSO,NSGA-II)z
� . (NSGA-II,OMOPSO),OMOPSOis relatively

betterthanNSGA-II. On the otherhand,we have

� . (MOPSO, OMOPSO)��� and
� . (OMOPSO,MOPSO)� 0.95,soOMOPSOis almostbetterthanMOPSO.Although
it shouldbe clear that OMOPSOis betterthanMOPSO,the resultsobtaineddo not
allow to reachthis conclusionsinceOMOPSOlost the extremesuperiorpoint of the
front, aswecanseein Figure4. This is dueto theuseof the � -dominanceschemeto fix
thenumberof solutionsin theexternalarchive. This alsoexplainsthepositive values
obtainedfor thebinaryhypervolumemeasurein thecolumnof OMOPSOin Table2.
In Figure11, we show the Paretofront obtainedfrom the union of the MOPSOand
OMOPSOfronts. We canseethat thehypervolumecorrespondingto thefront shown
in Figure11 is marginally biggerthanthe hypervolumecorrespondingto the front of
OMOPSO,giving a positivevalueto thedifferencein thebinarymeasure.This exem-
plifies thesortof anomalousbehavior thatcango undetectedevenwhenusingbinary
performancemeasures.

Function ZDT2. FromTable3, we canconcludethatour algorithm(OMOPSO)ob-
tainedthe bestresultsin both unarymeasures,with the largestnumberof points(on
average)belongingto thetrueParetofront andtheminimumIGD (on average).

Regardingthebinarymeasures(consideringbothof them)(Table4), we cancon-
cludethatOMOPSO,NSGA-II, SPEA2andcMOPSOalgorithmsarebetterthanMOPSO
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Figure11: Paretofront obtainedfrom the union of the fronts obtainedby OMOPSO
andMOPSO,in thefirst testfunction.

andsMOPSO.Also, wecansaythatOMOPSOis almostbetterthanNSGA-II, SPEA2
andcMOPSO.

In this case,therearetwo interestingissuesto discuss.First, we canseein theSC
binary measurevaluesthat almost80% of the pointsof the cMOPSOalgorithmare
concentratedon thetop partof thetrueParetofront. Thus,althoughthemajorpartof
the observedfront of the cMOPSOalgorithm(seeFigure5) is not on the truePareto
front, the correspondingresultson the SC measurearenot asexpected.Second,the
sMOPSOalgorithmobtainedjustonepoint: (0.0,1.0).It is very interestingto notethat
noneof theotheralgorithmswereableto generatethis point, aswe canseein theSC
measurevaluesfrom Table4. For example,in thiscase,ouralgorithm(OMOPSO)pre-
servedtwo extremepoints: ���FP �FG8�DP �D�X�D�D
 and �­�dÔ¶���[Õ 0<Ö GH�XP �D
 (althoughthey arenot
visible in Figure5). Thesetwo pointslet thefront obtainedby OMOPSOto completely
dominatethefront obtainedby MOPSO,but not thefront obtainedby sMOPSO.For-
tunately, theseproblemswith theSCmeasureareovercomeby theHV measurewith
a small modification: the valuesthat we have markedwith an asterisk(*) in Table4
wereoriginally positive. However, we changedthemto correspondmorecloselywith
reality, sincethehypervolumecorrespondingto thefront of sMOPSOis zero.

Function ZDT3. Fromthe resultsshown in Table5, we canconcludethatour algo-
rithm (OMOPSO)obtainedthe bestresult in the SCCmeasureandalmostthe same
quality (on average)thanthebestresultin the IGD measure(obtainedin this caseby
theNSGA-II).

Regardingthebinarymeasures(seeTable6), theresultsobtainedarevery similar
to thoseon thefunctionZDT1: theOMOPSOalgorithmis almostbetterthanMOPSO
andcMOPSO,it is relativelybetterthantheNSGA-II andSPEA2,andit is relatively
outperformedonly by sMOPSO.WecanseetheParetofrontsobtainedfor thisfunction
in Figure6.
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Function ZDT4. Basedon the resultsshown in Table7, we canconcludethat our
algorithm(OMOPSO)obtainedthebestresultswith respectto thetwo unarymeasures
adopted,with the largestnumberof points(on average)belongingto the true Pareto
front andtheminimumIGD (onaverage).

Regardingthebinarymeasuresandconsideringbothof them(seeTable8), wecan
concludethat OMOPSO,NSGA-II andSPEA2arebetterthan the other threePSO-
basedapproaches.Also, we cansaythat theNSGA-II is betterthanSPEA2,andthat
OMOPSOis almostbetterthanNSGA-II andSPEA2.

In this case,our approachis only almostbetterthantheNSGA-II andSPEA2for
the samereasonthat we discussedin the caseof function ZDT1. OMOPSOlost the
top extremepoint of the Paretofront dueto the useof the � -dominancescheme.For
this reason,OMOPSOcan’t dominatecompletelythe fronts producedby NSGA-II
andSPEA2. In fact, it can’t even dominatethe isolatedpointsobtainedby the other
PSO-basedapproaches.Additionally, for this samereasonwe find positive valuesin
the columnof OMOPSOfor the binary hypervolumemeasure.However, the binary
hypervolumemeasureleadusto concludethesuperiorityof OMOPSOcomparedwith
theotherPSO-basedapproaches.

It is very importantto notethat our algorithmwasthe only PSO-basedapproach
that wasableto generatethe entireParetofront of this function. This illustratesthe
effectivenessof themechanismsadoptedin our approachto maintaindiversityandto
selectandfilter out leaders.

Function DTLZ2. FromTable9,wecanconcludethattheMOPSOalgorithmobtained
thebestresultsin this functionwith respectto theSCCmeasurewith anaverageof 89
points belongingto the true Paretofront. However, as we can seein Figure 8, all
the pointsobtainedby the MOPSOalgorithmareconcentratedon oneof the inferior
cornersof the true Paretofront. This fact is reflectedby the valuesobtainedby the
MOPSOalgorithmin the IGD measure,giving the worst valuesin this case. In this
case,althoughin theSCCmeasureour proposedapproachdidn’t obtainbetterresults
comparedwith theotherPSO-basedapproaches,thecorrespondingvaluesof theIGD
measureindicatethatouralgorithmobtainedasgoodapproximationsto thetruePareto
front astheotherapproaches.

Regardingthe binary measuresandconsideringboth of them(seeTable10), we
canconcludethat no algorithmwasbetterthanany other. Also, we cansaythat the
MOPSOis relativelybetterthanall thealgorithmsandall thealgorithmsarerelatively
betterthan the cMOPSOalgorithm. The sMOPSOis relatively betterthanSPEA2,
theSPEA2is relativelybetterthantheNSGA-II andtheNSGA-II is relativelybetter
thanOMOPSO.As in functionZDT2 andZDT4, the signof thevaluesthatwe have
markedwith anasterisk(*) in Table10 waschangedto correspondmorecloselywith
reality, sincethe hypervolumecorrespondingto the front of MOPSOis lessthanthe
hypervolumeof theotheralgorithms,but this factis dueto thepoordistributionof the
solutionsobtainedby MOPSO.

Function DTLZ4. From the resultsshown in Table 11, we can concludethat our
algorithm (OMOPSO)obtainedthe bestresult in the SCC measureand almost the
samequality(onaverage)thanthebestresultin theIGD measure(obtainedin thiscase
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by theSPEA2).
Regardingthe binary measuresandconsideringboth of them(seeTable12), we

canconcludethat all the algorithmsarebetterthancMOPSO.Also, we cansaythat
OMOPSOis relativelybetterthanSPEA2,NSGA-II, MOPSOandsMOPSO.Theval-
uesmarked with an asterisk(*) in Table 12 were changedfor the samereasonsof
functionDTLZ2. We canseetheParetofrontsobtainedfor this functionin Figure9.

Function DTLZ6. FromTable13,wecanconcludethatouralgorithm(OMOPSO)ob-
tainedthebestresultswith respectto thetwo unarymeasuresadopted,with thelargest
numberof points(onaverage)belongingto thetrueParetofront andtheminimumIGD
(onaverage).

Regardingthe binary measuresandconsideringboth of them(seeTable14), we
canconcludethatOMOPSO,NSGA-II, SPEA2andcMOPSOarebetterthanMOPSO,
andthat OMOPSOis betterthansMOPSO.Also, OMOPSOis relativelybetterthan
NSGA-II, SPEA2andcMOPSO.The valuesmarkedwith an asterisk(*) in Table14
werechangedto correspondmorecloselywith reality, sincethe hypervolumecorre-
spondingto the front of sMOPSOis zero. We canseethe Paretofronts obtainedfor
this functionin Figure10.

7.1 Overall Discussion

With respectto the unaryperformancemeasures,our approachobtainedthe bestre-
sultsin all functions,exceptfor ZDT1 andDTLZ2. In thesetwo functions(ZDT1 and
DTLZ2), our algorithmwasoutperformedwith respectto the SCC measure.In the
caseof functionZDT1, thebestresultswith respectto theSCCmeasurewereobtained
by the sMOPSOalgorithmand, in the caseof function DTLZ2, by the MOPSOal-
gorithm. However, in bothcases,althoughthosetwo PSO-basedalgorithmsobtained
morepointsbelongingto thetrueParetofront, bothalgorithmswereunableto obtaina
gooddistributedsetof solutions.Thiswasreflectedby theIGD measure,sincein those
two functions(ZDT1 y DTLZ2), thosetwo PSO-basedalgorithmsobtainedpoorresults
(sMOPSOin ZDT1 andMOPSOin DTLZ2), whereasour approachobtainedasgood
resultsasthebestresultsobtainedin eachcase.Thus,this indicatesthatOMOPSOwas
ableto obtaina goodapproximationanda goodnumberof pointsof thetrueParetoof
all thetestfunctionsusedin this paper.

Regardingthe binary measures,given the samereasonsdiscussedpreviously, our
approachwas relativelyoutperformedonly in three(out of seven) functions(ZDT1,
ZDT3, andDTLZ2). Note that the “ relativelybetter”criterion is basedon thevalues
of the SC binary measure,relateddirectly with the SCC unary measure.However,
OMOPSOwasat leastrelativelybetterthanalmostall thealgorithmsin all functions,
exceptin functionDTLZ2. In fact,dueto the useof � -dominance,our approachlost
theextremesuperiorpointsof theParetofronts,andfor this reasonit wasnot possible
to concludeits superiorityover someof theotheralgorithmsin several functions(for
examplefunctionZDT4).

In general,OMOPSOwas clearly superiorcomparedwith the other PSO-based
approachesadoptedin our comparativestudy. Also, theresultsobtainedby OMOPSO
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showedthat it is highly competitive with respectto bothNSGA-II andSPEA2,which
aretwo algorithmsrepresentativeof thestate-of-the-artin evolutionarymulti-objective
optimization.

8 Conclusionsand Futur e Work

We have proposeda new multi-objective particleswarm optimizerwhich usesPareto
dominanceanda crowding-basedselectionmechanismto identify theleadersto bere-
movedwhentherearetoo many of them. Theselectionof suchin-excessleadershas
beena topic oftendisregardedin the literatureof multi-objectiveparticleswarmopti-
mizers,but it is a key issueto designrobustandeffective PSO-basedmulti-objective
optimizers. This is clearly illustratedin this paper, sinceour approachwas able to
outperformtheotherPSO-basedalgorithms.Additionally, our approachwastheonly
algorithmableto generatetheParetofront of aproblemfor whichnootherPSO-based
approachwasableto work properly.

Ourapproachusesasinglepopulation(orswarm).However, for mutationpurposes,
the swarm is subdivided in threepartsof equalsizeanddifferentmutationoperators
(taken from the EA literature)areappliedto eachof them(including no mutationat
all). We alsoadoptthe � -dominanceconceptto fix thesizeof thesetof final solutions
producedby thealgorithm.

After performinga comparative studywith respectto threeotherPSO-basedap-
proachesandtwo highlycompetitivemulti-objectiveevolutionaryalgorithms(theNSGA-
II andSPEA2),we foundour proposedapproachto behighly competitive. Our results
indicatesuperiorityof our techniquewith respectto the otherPSO-basedapproaches
anda verysimilarbehavior with respectto theNSGA-II andSPEA2.

As partof our futurework, we areinterestedon improving the distribution of the
final setof solutionsobtainedby our algorithm. We intend to fix the problemwith
the lossof the extremaof the Paretofronts causedby the useof � � dominance.This
problemwasobservedin all thetestfunctionsusedin this paper, however, it wasmore
evident in the three-objective functions. So, it seemsthat the lossof extremapoints
tendsto intensifyasthenumberof objectivesgrows. In addition,weplanto implement
anon-lineadaptationmechanismof the � parameter. In this way, theuserwon’t need
to tunethis parameterof thealgorithm.

We arealsointerestedin studyingtheconvergencepropertiesof thePSOstrategy
with theaim of exploring mechanismsthatcanaccelerateconvergencewhile keeping
thesamequality of resultscurrentlyachieved.

Furthermore,we have in mind to investigateprocessesthatallow our approachto
stop the searchautomatically(i.e., without having to definea maximumnumberof
iterations)[18, 33].

Finally, we planto studythe impactof theuseof differentmutationoperatorsand
alsothe effect of the differentparametersthatareinvolved in the flight formula used
by thePSOstrategy, which is themainoperatorof thisheuristic.
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