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Abstract

This paperintroducesa new Multi-Objective Particle SwarmOptimizer which
usesthe conceptof Paretodominanceanda crowding factorto choosetheleaders
thatwill beincludedin a (limited) list availableateachgeneation\We alsopropose
the useof a single swarm but subdvided into threedifferentsubsetsn which a
differentmutation(or turbulence operatoris used.Finally, theproposedapproach
alsoadoptsthe concepiof e-dominancedo selectthe particlesobtainedasthefinal
solutionsof the algorithm. Our approachis validatedusing seseral standardest
functionstaken from the specializediteratureandis comparedagainsffive state-
of-the-artalgorithms,including threerecently proposedPSO-basedpproaches.
Theresultsindicatethatthe approachproposedn this paperis highly competitve,
beingableto approximatethe true Paretofront evenin caseswvhereall the other
PSO-basedpproachesail.

1 Intr oduction

Dueto the multicriterianatureof mostreal-world problemsmulti-objective optimiza-
tion problemsarevery common particularlyin engineeringapplications As thename
indicates, multi-objective optimization problemsinvolve multiple objectives, which
shouldbe optimizedsimultaneoushandthatoftenarein conflictwith eachother This
resultsin a groupof alternative solutionswhich mustbe consideredequivalentin the
absencef informationconcerningherelevanceof the others.

SinceEvolutionary Algorithms (EAs) dealwith a groupof candidatesolutions,it
seemaaturalto usethemin multi-objective optimizationproblemsto find a groupof



optimal solutions. Indeed,EAs have proved very efficient in solving multi-objective
optimizationproblemg7, 8].

Another population-baseaptimization algorithm, particle swarm optimization,
hasproved to be an efficient optimization methodfor single objective optimization
[17], andmorerecentlyhasalsoshovn promisingresultsfor solving multi-objective
problemg6, 21].

In this paper we presenta new proposalfor using particle swarm optimizationto
solve multiobjective optimizationproblems. Our approachis basedon Paretodomi-
nanceandtheuseof acrowdingfactorfor the selectiorof leaders We alsoincorporate
aschemdy whichtheswarmis subdvidedin threeportionsof thesamesize. A differ-
entmutationoperator(taken from the evolutionaryalgorithmsliterature)is appliedto
eachof theseportions.However, for all otherpurposesa singleswarm (or population)
is considered Finally, we usethe conceptof e-dominanceto selectthe particlesthat
remainin the externalarchie.

The remainderof this paperis organizedasfollows. A brief introductionto the
particleswarmoptimizationstratay is givenin Section2. In Section3, we provide the
definition of the problemthatwe wantto solve. The previousrelatedwork is reviewed
in Sectiond. In Sections, we describeourproposedipproachTheobtainedesultsand
their correspondingliscussiorarepresentedn Sectionss and7, respectiely. Finally,
the conclusionsandfuturework aredescribedn Section8.

2 Particle Swarm Optimization

KennedyandEberhar{16] initially proposedheswarmstratey for optimization.The
particle swarm optimization(PSO)algorithmis a population-basedearchalgorithm
basedon the simulationof the socialbehaior of birds within a flock. In PSO,indi-
viduals, referredto as particles,are“flown” throughhyperdimensionasearchspace.
Changeso thepositionof the particleswithin the searctspacearebasenthe social-
psychologicatendeny of individualsto emulatethe succes®f otherindividuals.

A swarm consistsof a setof particles,whereeachparticlerepresentsa potential
solution. The positionof eachparticleis changedaccordingto its own experienceand
that of its neighbors.Let Z;(t) denotethe positionof particlep;, attime stept. The
positionof p; is thenchangedy addinga velocity 7;(t) to thecurrentposition,i.e.:

Zi(t) = &(t — 1) + 4i(2) 1)

Thevelocity vectordrivesthe optimizationprocessandreflectsthe sociallyexchanged
information. In general,basedon the social information that is exchangedat each
iteration,therearethreedifferentversionsof PSQOalgorithm:

e Individual best. Each particle comparests currentpositionto its own best
position(pbes}, only.

e Global best. Eachparticleusests historyof experiencesn termsof its own best
solutionthusfar (pbesj but, in addition,the particleusesthe positionof thebest
particlefrom theentireswarm (gbesj.



Begin
Initialize swarm
g=20
While g < gmaz
For eachparticle
UpdatePosition(Flight)

Evaluation
Updatepbest
EndFor
gt+
EndWhile

End

Figurel: Pseudocodef the generalPSOalgorithm.

e Local best. Particlesareinfluencedby the bestpositionwithin their neighbor
hood(lbes), aswell astheir own pastexperiencgpbesj.

In the global bestversion(usedhere)of PSO,the velocity vectorchangesn the fol-
lowing way:

’[);(t) = Wﬁz(t — ].) + Cim (fpbegti - f@(t)) + C2r2(fgbest - fz(t)) (2)

whereW is theinertiaweight,C; andC, arethelearningfactors(usuallydefinedas
constants)andry, 2 € [0, 1] arerandomvalues.

Figure 1 shaws the way in which the generalPSO algorithm works. First, the
swarmis initialized: positionsandvelocities. Thecorrespondingbestof eachparticle
is initialized andthe gbestis located.Then,for amaximumnumberof iterations,each
particleflies throughthe searchspaceupdatingits position(using(1) and(2)) andits
pbestand,finally, the gbestsolutionis updatedoo.

Thesuccessfuapplicationof PSOin mary singleobjective optimizationproblems
reflectsthe effectivenessof PSO[17]. However, PSOmustbe modifiedin orderto ap-
ply it to multi-objective problems.In mostapproachegvhichwill begenericallycalled
MOPSOsfor Multiple-Objective Particle Swarm Optimizers) themajormodifications
of thePSOalgorithmarethe selectionprocesf pbest andgbest [6, 25, 38, 2].

3 Statementof the Problem

We areinterestedn solving problemsof thetype:

minimize [fl(f)7f2(f)77fk(f)] (3)
subjectto:
g:(£) <0 i=1,2,...,m 4)



hi(F) =0 i=1,2,...,p (5)

wherek isthenumberof objectivefunctionsf; : R — R. WecallZ = [z1, 3, . .. ,mn]T
the vectorof decisionvariables.We thuswish to determinefrom the setF of all the
vectorsthatsatisfy(4) and(5) to thevectorsey, 23, . . ., =, thatareParetooptimal

We say that a vector of decisionvariables¥* € F is Pareto optimumif there
doesnot exist anotherZ € F suchthat f;(Z) < f;(Z*) for everyi = 1,...,k and
f; (@) < f;(&*) for atleastonej.

Thevectorsz* correspondingo thesolutionsincludedin the Paretooptimalsetare
callednondominated The objective function valuescorrespondingo the elementsof
the Paretooptimal setarecalledthe Paretofront of the problem.

4 RelatedWork

Therehave beenseveral proposalgo extend PSOto handlemultiple objectives. We
will review next the mostrepresentatie of them:

¢ MooreandChapman23]: Thisalgorithmwaspresenteih anunpublishealocu-
mentandit is basednParetodominanceTheauthorsemphasizéheimportance
of performingbothanindividualanda groupsearcha cognitive componenand
asocialcomponent)However, theauthorsdid notadoptary schemeo maintain
diversity.

e RayandLiew [30]: This algorithmusesParetodominanceandcombinescon-
ceptsof evolutionary techniqueswith the particle swarm. The approachuses
crowding to maintaindiversity (by meansof arouletteselectionschemeof lead-
ersbasedn this value)anda multilevel sieve to handleconstraintgfor this, the
authorsadoptthe constraintand objectve matricesproposedn someof their
previousresearch29]).

e Parsopoulosand Vrahatis[28]: Unlike the previous proposalsthis algorithm
adoptsan aggreyating function (threetypesof approachesvereimplemented:
a corventionallinear aggreyatingfunction, a dynamicaggreyatingfunctionand
the bangbangweightedaggregationapproacH15]). In morerecentwork, Par-
sopouloset al. [27] studieda parallelversionof the Vector EvaluatedParticle
Swarm(VEPSO)methodfor multiobjective problems.VEPSOQis a multi-swarm
variantof PSO,which is inspiredon the Vector EvaluatedGeneticAlgorithm
(VEGA) [31]. In VEPSO,eachswarmis evaluatedusingonly one of the ob-
jective functionsof the problemunderconsiderationandtheinformationit pos-
sessesor this objective functionis communicatedo the otherswarmsthrough
theexchangeof their bestexperience.

e HuandEberhar{13]: In thisalgorithm,only oneobjectiveis optimizedatatime
using a schemesimilar to lexicographicordering[7]. Lexicographicordering
tendsto be usefulonly whenfew objective functionsareused(two or three),and
it may be sensitve to the orderingof the objectives. In furtherwork, Hu etal.



[14] adoptedasecondaryopulation(called“extendednemory”)andintroduced
somefurtherimprovementgo their dynamicneighborhood®SOapproach.

FieldsendandSingh[11]: This approachusesanunconstrainealite archive (in

which a specialdatastructurecalled “dominatedtree” is adopted)to storethe
nondominatedndividualsfoundalongthe searchprocessThe archive interacts
with the primary populationin orderto definelocal guides. This approactalso
usesa“turbulence”operatotthatis basicallya mutationoperatothatactson the
velocity valueusedby PSO.

Coelloetal. [5, 6]: This proposalis basedon theideaof having a globalrepos-
itory in which every particlewill depositits flight experiencesafter eachflight

cycle. Additionally, the updatego the repositoryare performedconsideringa

geographicallybasedsystemdefinedin termsof the objective function values
of eachindividual; this repositoryis usedby the particlesto identify a leader
thatwill guidethe search.lt alsousesa mutationoperatorthatactsbothonthe

particlesof the swarm,andon the rangeof eachdesignvariableof the problem
to be solved. In morerecentwork, Toscanoand Coello [34] usethe concept
of Paretodominanceo determinethe flight directionof a particle. The authors
adoptclusteringtechniquedn orderto divide the populationof particlesinto

severalswarmsin orderto have a betterdistribution of solutionsin decisionvari-

ablespaceln eachsub-svarm,a PSQalgorithmis executedand,at somepoint,

the differentsub-svarmsexchangeinformation: the leadersof eachswarm are
migratedto a differentswarmsin orderto variatethe selectionpressure.Also,

this approactdoesnot usean externalpopulationsinceelitismin this caseis an

emegentprocesgderivedfrom the migrationof leaders.

Mostaghimand Teich [25]: They proposeda sigmamethodin which the best
local guidesfor eachparticleareadoptedo improvethecorvergenceanddiver
sity of a PSOapproachusedfor multiobjective optimization. They alsousea
“turbulence” operatoy but appliedon decisionvariablespace. The ideaof the
sigmamethodis similarto compromisgrogramming.Theuseof the sigmaval-
uesincreaseshe selectionpressuref PSO(which wasalreadyhigh). This may
causeprematurecorvergencein somecases.In further work, Mostaghimand
Teich[24] studiedthe influenceof e-dominancg19] on MOPSOmethods. e-
dominances comparedvith existing clusteringtechniquegor fixing thearchive
sizeandthesolutionsarecomparedn termsof computationatime, corvergence
anddiversity Theresultsshav thatthe e-dominanceanethodcanfind solutions
much fasterthan the clusteringtechniquewith a comparablgand even better
in somecases)onvergenceanddiversity The authorssuggest new diversity
measurgsigmamethod)inspiredon their previous work [25]. Also, basedon
the ideathat the initial archive from which the particleshave to selecta local
guidehasinfluenceon the diversity of solutions,the authorsproposethe useof
successie improvementsusinga previous archive of solutions. In morerecent
work, MostaghimandTeich[26] proposea new methodcalledcoveringlOPSO
(cvMOPSO).Thismethodworksin two phasesln phasel, aMOPSQalgorithm
is runwith arestrictedarchive sizeandthegoalis to obtainagoodapproximation



of the Pareto-front. In the phase2, the non-dominatedolutionsobtainedfrom

the phasel areconsideredasthe input archive of the cvMOPSO.The particles
in the populationof thecvMOPSQaredividedinto subsvarmsaroundeachnon-
dominatedsolution after the first generation. The task of the subsvarmsis to

coverthe gapsbetweerthe non-dominatedolutionsobtainedfrom the phasel.

No restrictionsonthearchive aremadein the phase2.

Li [20]: Thisapproachncorporateshemainmechanismsf theNSGA-II [9] to
the PSOalgorithm. It combineghe populationof particlesandall the personal
bestpositionsof eachparticle,andselectghe bestparticlesamongthemto con-
form the next population. It alsoselectsthe leadersandomlyfrom the leaders
setamongthe bestof them, basedon two differentmechanismsusinga niche
countandusinga crowding distance.In morerecentwork, Li [21] proposeghe
maximinPSQwhich usesa fitnessfunction derived from the maximin stratgy
[1] to determinePareto-dominationTheauthorshavs thatoneadvantageof this
approachs that no additionalclusteringor niching techniqueis neededsince
themaximinfitnessof asolutioncantell usnotonly if asolutionis dominatecbr
not, but alsoif it is clusteredwith othersolutions,.e.,theapproactalsoprovides
diversityinformation.

Srinivasanand Hou [32]: This approachcalled Particle Swarm Inspired Evo-
lutionary Algorithm (PS-EA),is a hybrid betweenPSOandan evolutionaryal-
gorithm. Themainaimis to useEA operatordo emulatethe workingsof PSO
mechanisms.

Zhangetal. [38]: This approachattemptsto improve the selectionof gs.s¢: and
Prest Whenthevelocity of eachparticleis updated For eachobjective function,
thereexists both a gp.,; anda pyes¢ for eachparticle. In orderto updatethe
velocity of a particle,the algorithmdefinesthe g;.,; Of a particleasthe average
of the completesetof g.s; particles.Analogously the py.,; is computedusing
eitherarandomchoiceor theaveragefrom the completesetof py.s; values.This
choicedependon the dispersiondegreebetweenthe gy.s; andpyes: Valuesof
eachpatrticle.

Bartzetal. [2]: Thisapproactstartsirom theideaof introducingelitism (archiv-

ing) into PSO.Differentmethodsfor selectingand deletingparticlesfrom the
archive areanalyzedo generata satisactoryapproximatiorof the Paretofront.

Theselectionrmethodsanalyzedarebasedn the contribution of eachparticleto

the diversity of the Paretofront. Deletingmethodsare eitherinverselyrelated
to the selectionfitnessor basedon the previous succes®f eachparticle. The
authorsprovide somestatisticalanalysisin orderto assessheimpactof eachof

theparametersisedby their approach.

Baumgartneet al. [3]: This approachusesweightedsums(i.e., linear aggre-
gating functions). In this approach,the swarm is equally partitionedinto n
subsvarms,eachof which usesa differentset of weightsandevolvesinto the
directionof its own swarmleader The approachadoptsa gradienttechniqueto
identify the Paretooptimal solutions.



e Chow andTsui[4]: In this paper a novel autonomousgentresponsdearning
algorithmis presented.The authorsproposeto decomposé¢he award function
into asetof local awardfunctionsand,in thisway, to modeltheresponsextrac-
tion processasa multiobjective optimizationproblem. A modified PSOcalled
“Multi-Species PSO” is introducedby consideringeachobjective function as
a speciesswarm. A communicatiorchannelis establishedetweenthe neigh-
boring swarmsfor transmittingthe informationof the bestparticles,in orderto
provide guidancefor improving their objective values.Also, theauthorgpropose
to modify the equationusedto updatethe velocity of eachparticle,considering
alsothe globalbestparticleof its neighboringspecies.

Ourapproachs basedn Paretodominanceandtheuseof acrowding factorfor the
selectionof leaders.It is worth noticing thatwe alsousethe crowding factorto filter
outthelist of leadersvhenerer the maximumlimit imposedon suchlist is exceeded.
Additionally, we alsousemutation. However, someof our preliminarystudiesin this
regard have indicatedthatit is considerablydifficult to balancethe adequateamount
of mutationrequiredwhenusing PSOfor multiobjective optimization. This led usto
proposeaschemén whichwe subdvide the population(or swarm)into threedifferent
subsetsA differentmutationoperatoiis appliedto eachsubse{eachof which contains
onethird of thetotal numberof particlesin the population).Note however, thatfor all
otherpurposesa singleswarmis considerede.g.,for selectingleaders).Finally, we
alsoincorporatethe conceptof e-dominanceo selectthe particlesthatwill remainin
the externalarchive. The motivationfor incorporatingthis mechanismis the previous
evidenceof its effectivenessvhenusedwith otherevolutionaryalgorithms[19].

5 Description of Our Approach

It shouldbe olvious that the main issuewhen extendingPSOto dealwith multiple
objectivesis how to generalizahe concepiof leaderin the presencef several (equally
good)solutions. The moststraightforward approachs simply to considerevery non
dominatedsolutionas a new leader This approachhas, however, the dravback of
increasinghesizeof thesetof leadersvery quickly. For example basedn theresults
reportedby Li [21], we canconcludethatalmosta 70% of the particlesin the swarm
enterinto the setof leadersat eachgenerationThis increaseon the sizeof theleaders
setis veryimportantbecaussuchsethasto beupdatedateachgenerationandthis can
becomea very expensve process.Also, the sizeof the setof leadershasa significant
impacton the selectionof a leaderin orderto make a movementthroughthe search
spaceat eachgeneration. If the setof leadershecomegoo large, the electionof a
goodleaderturnsout to be difficult (how do we discriminatefrom amongmary non
dominatedindividuals?). This particularissuehasnot beenaddresseih mostof the
researcttonductedn this areaandis themainfocusof this work.

In our approachwe usea crowding factor[9] in orderto establisha seconddis-
criminationcriterion (additionalto Paretodominance).This criterionis alsoadopted
to decidewhatleadergo keepover generationsvhenthe maximumlist sizehasbeen
exceeded. For eachparticle, we selectthe leaderby meansof a binary tournament



basedon the crowding valueof theleaders.The maximumsizeof the setof leaderss
fixedequalto the sizeof the swarmor population(this valueis providedby theuseras
aparameter)After eachgenerationthe setof leaderds updatedandsoarethecorre-
spondingcrowvding values.If thesizeof thesetof leaderds greatetthanthe maximum
allowablesize,only the bestleadersareretainedbasedon their crowding value. The
restof theleadersareeliminated.Althoughtherearepreviousapproachethatusethe
crowding factorto selectthe leaders(seefor example[30, 20]), our approachis the
first to adoptthis informationto fix the sizeof the setof leaders.This featureof our
algorithmconsiderablysimplifiesthe mechanisnto control the setof leaderswithout
requiringary additionalparametenr selectioncriterion (e.g.,in [20], a parameteis
requiredto definethe portionof thelist of leadergo beretained).Additionally, theuse
of this selectiorcriterion promotediversitywithin the swarm.

WhenadoptingP SOfor solvingmulti-objective optimizationproblemstheuseof a
mutationoperatoiis veryimportantin orderto escapdrom local optimaandto improve
the exploratory capabilitiesof PSOwhich, in somecasesbecomessererely limited
(seefor example[6]). Several researcherbave usedmutationoperatorsbefore. For
example,Fieldsend® Singh[11] adopta mutationoperatorthatmodifiesthe velocity
of a particle by addingit a randomfactor (with a normal distribution) that allows a
particleto move within a 10% distancefrom its original position (definedin termsof
the valuesof the decisionvariables). Coello & Lechuga[5] usea mutationoperator
that actson the position (decisionvariables)of the updatedparticlesof the swarm.
This mutationoperatomodifiesthe rangeof mobility of the particles:atthebeginning
of the processthe particlesare allowed to move throughthe completerangeof the
decisionvariablesandthis mobility is reducedasthe evolutionaryprocesgrogresses.
Mostaghim& Teich [25] usea mutationoperatorthat (asin [5]) actson the updated
positionof the particles.In this case therangeof mobility of the particlesdepend®n
theactualpositionof the particle. It is worth noticingthatall of the previousproposals
requireof someuserdefinedparameter

Fromour perspectie,theelectionof agoodmutationoperatoiis adifficult taskthat
hasa significantimpacton performanceThus,in thiswork we proposeheuseof two
mutationoperatorghatarewell-known in the EA literature:uniform mutation(i.e., the
variability rangeof eachdecisionvariableis keptconstanbover generationsj12] and
non-uniformmutation(i.e., the variability rangeof eachdecisionvariabledecreases
overtime) [22]. Both operatorsacton the decisionvariablesof the updatedparticle.
Theseoperatorsnodify the valuesof the decisionvariablesof a particlewith a certain
probability. This makesa significantdifferencewith respecto the previous proposals
in which all the decisionvariablesare modified when the turbulence (or mutation)
operatoris applied. Additionally, we consideredhe possibility of not usingmutation
at all, sincein someof our previous researchwe found that suchcondition may be
beneficialin somecaseg6].

Giventheuncertaintyregardinghow muchmutationto apply, we proposeascheme
by which the swarm s subdvidedin threeparts(of equalsize). Eachsub-partof the
swarmwill adopta differentmutationschemethefirst sub-partwill have no mutation
atall, the secondsub-partwill have uniform mutationandthethird sub-partwill have
non-uniformmutation. This processs illustratedin the Figure2. With theuseof these
differentoperatorave areaimingto have the ability of exploring (uniform mutation)



Figure2: Graphicalllustrationof thesubdiision of theswarmadopteddy ourscheme.

andexploiting (non-uniformmutation)the searclspaceasthe procesgrogressesrhe
availablesetof leaderss the samefor eachof thesesub-parts Additionally, eachpar
ticle canuseasa leadera particle producedby a differentsub-partof the swarm. In
this way, the threedifferentsub-partsof the swarmwill sharetheir particularsuccess
andthefinal resultswill beacombinationof usingdifferentbehaiorsinsidethesame
swarm. In orderto avoid the definition of extra parameter$or the mutationoperators,
we adopta rule of thumbcommonlyusedin the EA literature:the mutationrateis de-
finedasl/codesize, wherecodesize refersto thetotal lengthof thestringthatencodes
all the decisionvariablesof the problem. Sincereal-numbergncodingis adoptedjn
our casecodesize is equalto the numberof decisionvariablesof eachproblem.

Finally, we adoptthe conceptof e-dominance19] in orderto fix the size of the
externalarchive that containsthe (non-dominated¥olutionsthat will be reportedby
thealgorithm.A decisionvectorz; is saidto e-dominatea decisionvectorz, for some
e>0iff: fi(z1)/(1+¢€) < fi(z2),Vi=1,...,mandf;(z1)/(1+¢€) < fi(z2), for at
leastonei =1, ...,m.

It is worth noting that, when using e-dominance the size of the final external
archive depend®on the e-value,which is normally a userdefinedparametef19]. For
thesale of simplicity, in this paperwe considethesamevalueof ¢ for all theobjective
functions.

Figure 3 shavs the way in which our algorithm works. We have marked with
italics the processethatmake this algorithmdifferentfrom thegeneraPSQalgorithm.
First, we initialize the swarm. The non-dominatedarticlesfoundin the swarm will
be introducedinto the setof leaders. Later on, the crowding factor of eachleader
is calculated. At eachgenerationfor eachparticle, we performthe flight and apply
thecorrespondingnutationoperatoibasedn the subdvision of the swarm previously
described.In orderto performthe flight of eachparticle,the changego the velocity
vectoraredonein thefollowing way:

'171(15) = Wﬁz(t - 1) + 017'1 (fpbesti - fz(t)) + CQTQ(fgbest - :Z:Z(t))

whereW = random(0.1,0.5), Cy,C> = random(1.5,2.0), andry,r. = random
(0.0,1.0). Notethatmostof the previous PSOproposaldix the valuesof W, C; and
(s insteadof usingrandomvaluesasin our case.Theonly exceptionthatwe know (in
the specificcaseof MOPSOs)s someof our own previouswork [34]. We adoptedhis
schemesincewe foundit asa morecorvenientway of dealingwith the difficulties of
fine tuningthe parameter$?’, C; andC: for eachspecifictestfunction.



Begin
Initialize swarm
Initialize leades
Sendeadessto e-archive
crowdingleaders)
g=>0
While g < gmazx
For eachparticle
Selecteader
Flight
Mutation
Evaluation
Updatepbest
EndFor
Updateleadeis
Sendeadesto e-archive
crowdingleaders)
gt+
EndWhile
Reportresultsin e-archive
End

Figure3: Pseudocodef ouralgorithm.

Then,we proceedo evaluatethe particleandupdateits personabestvalue(ppes: ).
A new particlereplacests py.s; Valueif suchvalueis dominatedy thenew particleor
if bothareincomparabléi.e., they arebothnon-dominatedvith respecto eachother).
After all the particleshave beenupdatedthe setof leaderss updatedtoo. Obviously,
only the particlesthat outperformtheir py.s; valuewill try to enterthe leadersset.
Oncetheleaderssethasbeenupdatedthe e-archive is updated Finally, we proceedo
updatethe crowding valuesof the setof leadersandwe eliminateasmary leadersas
necessann orderavoid exceedingthe allowablesize of the leadersset. This process
is repeatedh fixednumber(gmax) of iterations.

Theparameterseededyy our approactare:

1. swarmsize: sizeof theswarm (definedby theuser).
2. gmaz: numberof iterations(definedby the user).
3. pm: bit mutationprobability (fixed by the algorithm).

4. ¢: valuefor theboundingthe sizeof the e-archive (definedby the user).
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6 Comparison of Results

To validateour approachwe performedboth quantitatve (adoptingfour performance
measuresand qualitatve comparisongplotting the Paretofronts produced)with re-
spectto two MOEASs that are representatie of the state-of-the-arin the area: the
StrengthParetoEvolutionaryAlgorithm 2 (SPEA2)[41], andthe Nondominatedort-
ing GeneticAlgorithm Il (NSGA-II) [9]. We also comparedour approachagainst
threePSO-basedpproacheeecentlyproposedMOPSQ[7], Sigma-MOPS({25] and
ClusterMOPSO[34]. For our comparatie study we implementedwo unaryandtwo
binary measuresf performanceThefollowing aretheunarymeasures:

e Succes€ounting (SCC). We definethis measurdasedn theideaof themea-
surecalled Error Ratio proposedby Van Veldhuizen[35] which indicatesthe
percentagef solutions(from the nondominatedrectorsfound so far) that are
notmemberof thetrue Paretooptimal set.In this case we countthe numberof
vectors(in the currentsetof nondominatediectorsavailable)thataremembers
of the Paretooptimal set:

SCC = Xn: 8,
=1

wheren is the numberof vectorsin the currentset of hondominatedsectors
available; s; = 1 if vectori is a memberof the Paretooptimal set,ands; = 0
otherwise. It shouldthenbe clearthat SCC' = n indicatesan ideal behaior,
sinceit would meanthatall thevectorsgeneratedby our algorithmbelongto the
true Paretooptimal setof the problem. For a fair comparisonywhenwe usethis
measureall the algorithmsshouldlimit their final numberof non-dominated
solutionsto the samevalue. Note that SCC avoids the biasintroducedby the
Error Ratio measurewhich normalizesthe numberof solutionsfound (which
belongto thetrue Paretofront) and,therefore providesonly a percentagef so-
lutionsthatreachedhetrue Paretofront. This percentag&oesnot provide ary
idearegardingtheactualnumberof non-dominatedolutionsthateachalgorithm
produced.

¢ Inverted Generational Distance (IGD): The conceptof generationatlistance
wasintroducedby Van Veldhuizen& Lamont[36, 37] asa way of estimating
how far are the elementsin the Paretofront producedby our algorithm from
thosein thetrue Paretofront of the problem.This measurés definedas:

GD = V E?:l d% (6)

n

wheren is the numberof nondominatedrectorsfound by the algorithmbeing
analyzedandd; is the Euclideardistancgmeasuredh objective spacepetween
eachof theseand the nearestmemberof the true Paretofront. It shouldbe
clearthata valueof GD = 0 indicatesthat all the elementsgeneratedarein
the true Paretofront of the problem. Therefore,ary othervaluewill indicate

11



how “far” we arefrom the global Paretofront of our problem. In our case we
implementedan“inverted’generationatlistancaneasur€lGD) in whichweuse
asareferencethe true Paretofront, andwe compareeachof its elementswith
respecto the front producedby an algorithm. In this way, we are calculating
how far arethe elementf the true Paretofront, from thosein the Paretofront
producedby our algorithm. Computingthis “inverted” generationaldistance
value reduceshe biasthat canarisewhenan algorithmdidn't fully cover the
true Paretofront.

Thebinarymeasuresdoptedarethe following:

e Two Set Coverage (SC): This measurewas proposedin [42], andit canbe
termedrelative coverage comparisornof two sets ConsiderX’, X" astwo sets
of phenotypedecisionvectors. SCis definedasthe mappingof the order pair
(X', X" totheinterval [0, 1]:

SC(X',X") £ |{a"eX";3a'eX' :a' < a"}|/|X"|

If all pointsin X’ dominateor are equalto all pointsin X", thenby defini-
tion SC = 1. SC = 0 implies the opposite. In general, SC(X', X"') and
SC(X", X") bothhaveto beconsiderediueto setintersectionsmotbeingempty
If SC(X',X")=0andSC(X",X") =1, wesaythatX" is betterthan X',

e Two SetDifferenceHypervolume (HV): This measuravasproposedn [39].
ConsiderX’, X" astwo setsof phenotypedecisionvectors.HV is definedby:

HV(X', X") = §(X' + X") — §(X")

wherethesetX’ + X" is definedasthenondominatedectorsobtainedrom the
unionof X’ and X", andd is theunaryhypenolumemeasured(X) is defined
asthe hypenolumeof the portionof the objective spacehatis dominatedby X.
In thisway, HV (X', X") givesthe hypenolumeof the portion of the objectve
spacehatis dominatedby X' but notfor X".

In this paperwe usethe origin asareferencgointto computethe hypenolume.
So,sinceall thetestfunctionshave to be minimized,with this measurave obtain
a differencebetweerthe areaghatdominatethe analyzedParetofronts. In this
way, if HV (X', X") = 0andHV (X", X') < 0, we saythat X" is betterthan
X'

For eachof the testfunctionsshavn below, we performed20 runsper algorithm.
The parameterof eachapproachwere set suchthat they all performed20000 ob-
jective function evaluations. The codesof NSGA-II and SPEA2were obtainedfrom
PISA! The codeof MOPSOwasobtainedrom the EMOO repository? The codesof

Ihttp://iwww.tik.ee.ethz.ch/pisa/
2http://delta.cs.cinvestav.mx/ ccoello/EMOO
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Sigma-MOPSGandClusterMOPSOwereprovided by their authors.The codeof the
approactproposedn this paperis availablevia emailrequesto thefirst author
Thetestfunctionsadoptedn our comparatie studywerethefollowing:

e TestFunctionZDTL1 [4Q]:

Minimize (f1(®), fo(D)) (7)
(@) = o
f2(%) = (”) (f1,9)

9@ =1 + 92%/ h(fl,9)=1-V/filg
wherem = 30, andz; €[0,1].

e TestFunctionZDT2 [40]:

Minimize (f1(@), f2(2)) (8)
[(@) = o
(%) = (") (f1,9)

g(@) =1 + 92%/ h(f1,9) =1-(f1/9)*

wherem = 30, andz; €[0,1].

e TestFunctionZDT3 [40]:

Minimize (f1(@), fa(2)) 9)
(@) = =
f(Z) = g(@h(f1,9)

+9) zi/(m=1) , h(fl,9) =1=+/fi/g— (f1/9)sin(107 f1)
=2

wherem = 30, andz; €[0,1].

e TestFunctionZDT4 [4Q]:
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Minimize (f1(D), f2(2)) (10)
fi@) = @
@) = g@h(f1,9)
9(&) =1+10(m —1) + (27 —10cos(4nz)),h(f1,9) = 1= /fi/g

wherem = 10, z; €[0,1] andx; €[-5,5],7i = 2, ...,m.

e TestFunctionDTLZ2 [10]:

Minimize (f1(@), f2(Z), f5(2)) (11)
i@ = 1+ g(@))cos(z17/2)cos(zam/2)
f2(®) = 1+ g(&))cos(x17/2)sin(zam/2)
fs(Z) = (1+g(2))sin(z17/2)
9(@& = Y (2:—-05)
i=3
wherem = 12 andz; €[0,1].
e TestFunctionDTLZ4 [10]:
Minimize (f1(Z), f2(@), f3(Z)) (12)
A@) = (14 g(@)cos(ain/2)cos(@gm/2)
f2(®) = (14 g(@))cos(zSn/2)sin(x5m/2)
fs(Z) = (1+g(@))sin(zi7/2)
9@ = Y (@i—05)
1=3
wherea=100,m = 12 andz; €[0,1].
e TestFunctionDTLZ6 [10]:
Minimize (f1(2), f2(Z), f3(T)) (13)
@) = o
LX) = x
fs(Z) = (1 +g@)h(f1, f2,9)

T

IV

Il
w

9(Z) =14+9/(m — 2)

K2

2 f
h(f17f27g) =3- Z[l—;

i=1

. (1 + sin(37 f;))]
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wherem = 22 andz; €[0,1].

All the algorithmscomparedadoptedreal-numbergncoding. The parametersor
SPEA2werea = p = A = 100 and200 generationsandfor the NSGA-II we used
popsize=100and 200 generations.As recommendedhn [10], for the NSGA-II, the
crosswer probability p. was setto 1.0 and the mutation probability p,, was setto
1/codesize. For our proposedapproachand the MOPSOalgorithmthe parameters
were: swarm size of 100 particlesand 200 iterations. ClusterMOPSOused40 par
ticles, 4 swarms,5 iterationsper swarm and a total numberof iterationsof 100. In
the caseof Sigma-MOPSO0200 particleswere usedthrough100 iterations(this was
donebecausehe authorsuggestedo uselarger populationsizeswith herapproach).
As recommendedh [25], the Sigma-MOPSQuseda turbulenceprobability of 0.01
for all functions,exceptfor ZDT4 in which the turbulenceprobability usedwas0.05.
As recommendetby its authors the MOPSOuseda mutationprobability of 0.5. Our
proposedapproactuseda probability mutationof 1/codesize. For eachof the exam-
plesincluded,we empirically defineda suitablevaluefor e by doingsomepreliminary
runsin which the aim wasto obtain 100 solutionsin the externalarchive. The PSO
approachewill beidentifiedwith thefollowing labels:MOPSOrefersto theapproach
reportedin [5, 6], SMOPSOrefersto the approachreportedin [25], cMOPSOrefers
to theapproachreportedin [34], andOMOPSO(Our Multi-Objective Particle Swarm
Optimizer)refersto the approacheeportedn this paper

The Paretofronts that we will shawv correspondo the nondominatedrectorsob-
tainedfrom theunionof the20obtainedParetofronts. It shouldbenotedthatthePareto
frontsshowvn werealsousedto applythebinarymeasuresf performanceAll thealgo-
rithms, exceptfor the ClusterMOPSO,weresetsuchthatthey provided Paretofronts
with 100points. The ClusterMOPSOdoesnot have aschemeo fix thesizeof its final
archive. Thus,in orderto allow afair comparisorwith respecto the ClusterMOPSO,
thevaluesof the SCCmeasuresverescaledo theinterval [0,100].

FromTablel to Table14we shav thevaluesof theperformanceneasuresbtained
for eachof thealgorithmscompared.
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TestFunctionZDT1

OMOPSO | NSGA-Il | SPEA2 | MOPSO | SMOPSO| cMOPSO
best 82 38 47 0 93 37
median 43 20 26 0 58 7
SccC worst 5 9 15 0 23 1
average 40 21 27 0 59 8
std. dev. 21.5 75 8.1 0 24.2 7.9
best 0.0009 0.0008 0.0006 | 0.0240 0.0031 0.0016
median 0.0010 0.0008 0.0007 | 0.0276 0.0260 0.0029
IGD worst 0.0013 0.0011 0.0008 | 0.0385 0.0448 0.0041
average 0.0010 0.0009 0.0007 | 0.0286 0.0269 0.0030
std. dev. 0.00008 | 0.00009 | 0.00006| 0.0040 0.0095 0.0007

Tablel: Comparisorof resultsbhetweerour approaci{denotecoy OMOPSO) NSGA-
Il [9], SPEA2[41], MOPSOI5], sMOPSO[25] andcMOPSO[34], for testfunction
ZDT1 with respecto theunarymeasures.

TestFunctionZDT1 - Two SetCoverageMeasureSC

SC(X, OMOPSO) | NSGA-Il) | SPEA2) | MOPSO) | sSMOPSO)| cMOPSO)
OMOPSO 0.00 0.64 0.55 0.96 0.03 0.95
NSGA-II 0.05 0.00 0.22 1.00 0.01 0.99

SPEA2 0.11 0.49 0.00 1.00 0.01 1.00
MOPSO 0.00 0.00 0.00 0.00 0.00 0.00
sMOPSO 0.50 0.69 0.66 0.99 0.00 0.90
cMOPSO 0.00 0.01 0.00 1.00 0.00 0.00

TestFunctionZDT1 - Two SetHypenolumeMeasureHV

HV (X, | OMOPSO)| NSGA-Il) | SPEA2) | MOPSO) | SMOPSO)| cMOPSO)
OMOPSO| 0.000000 | -0.001834| -0.001339| -0.323693| 0.006828 | -0.019389
NSGA-II 0.001304 | 0.000000 | -0.000037| -0.322274| 0.007647 | -0.016607

SPEA2 0.001302 | -0.000534| 0.000000 | -0.322771| 0.007733| -0.017104
MOPSO | 0.001719 | 0.000000 | 0.000000| 0.000000 | 0.000000 | 0.000000
sMOPSO | -0.000922 | -0.003241| -0.002658| -0.333162| 0.000000 | -0.020032
cMOPSO | 0.000356 | 0.000000 | 0.000000 | -0.305667| 0.007463 | 0.000000

Table2: Comparisorof resultsusingthe binary measuresor testfunctionZDT1. Our
algorithmis denotedby OMOPSO.
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TestFunctionZDT2
OMOPSO | NSGA-Il | SPEA2| MOPSO | sMOPSO| cMOPSO
best 99 30 34 0 1 94
median 49 0 0 0 1 0
SCcC worst 0 0 0 0 1 0
average 43 6 7 0 1 29
std. dev. 34.1 9.8 10.4 0 0 38.9
best 0.0006 0.0008 | 0.0007 | 0.0271 0.0723 0.0030
median 0.0009 0.0724 | 0.0723| 0.1098 0.0723 0.0723
IGD worst 0.0303 0.0737 | 0.0736 | 0.3525 0.0723 0.0852
average 0.0034 0.0512 | 0.0404 | 0.1561 0.0723 0.0680
std. dev. 0.0078 0.0337 | 0.0367 | 0.0952 0.0000 0.0152

Table3: Comparisorof resultsbhetweerour approaci{denotecoy OMOPSO) NSGA-
Il [9], SPEA2[41], MOPSOI5], sMOPSO[25] andcMOPSO[34], for testfunction
ZDT2 with respecto theunarymeasures.

TestFunctionZDT2 - Two SetCoverageMeasureSC

SC(X, OMOPSO) | NSGA-Il) | SPEA2) | MOPSO) | sMOPSO) | cMOPSO)
OMOPSO 0.00 0.93 0.94 1.00 0.00 0.21
NSGA-II 0.01 0.00 0.34 1.00 0.00 0.21

SPEA2 0.01 0.21 0.00 1.00 0.00 0.21
MOPSO 0.00 0.00 0.00 0.00 0.00 0.00
sMOPSO 0.01 0.01 0.01 0.44 0.00 0.00
cMOPSO 0.01 0.02 0.02 0.99 0.00 0.00

TestFunctionZDT2 - Two SetHypenolumeMeasureHV

HV (X, | OMOPSO)| NSGA-Il) | SPEA2) | MOPSO) | sMOPSO) | cMOPSO)
OMOPSO| 0.000000 | -0.004947| -0.005765| -0.342087| -0.666684* | -0.036710
NSGA-II 0.000547 | 0.000000 | -0.000493| -0.336593| -0.672178* | -0.031559

SPEA2 0.000708 | 0.000486 | 0.000000 | -0.335614| -0.673157* | -0.030560
MOPSO | 0.000000 | 0.000000| 0.000000| 0.000000 | -0.897843*| 0.000000
sMOPSO | 0.000000 | 0.000000 | 0.000000 | -0.110928| 0.000000 | 0.000000
cMOPSO | 0.000126 | -0.000217| -0.000197| -0.305251| -0.703520* | 0.000000

Table4: Comparisorof resultsusingthe binary measuresor testfunctionZDT2. Our
algorithmis denotedhy OMOPSO.
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TestFunctionZDT3
OMOPSO | NSGA-Il | SPEA2| MOPSO | sMOPSO| cMOPSO
best 66 56 50 0 89 0
median 51 42 39 0 15 0
SCcC worst 19 33 25 0 0 0
average 46 44 39 0 26 0
std. dev. 14.9 6.8 6.0 0 25.4 0
best 0.0008 0.0008 | 0.0007 | 0.0281 0.0023 0.0028
median 0.0008 0.0009 | 0.0009 | 0.0316 0.0249 0.0054
IGD worst 0.0107 0.0104 | 0.0106 | 0.0447 0.0374 0.0096
average 0.0014 0.0013 | 0.0018 | 0.0334 0.0245 0.0062
std. dev. 0.0022 0.0021 | 0.0030| 0.0048 0.0095 0.0020

Table5: Comparisorof resultsbhetweerour approaci{denotecoy OMOPSO) NSGA-
Il [9], SPEA2[41], MOPSQ[5], sSMOPSQ[25] andcMOPSOJ[34], for testfunction

ZDT3 with respecto theunarymeasures.

TestFunctionZDT3 - Two SetCoverageMeasureSC

SC(X, OMOPSO) | NSGA-Il) | SPEA2) | MOPSO) | sSMOPSO)| cMOPSO)
OMOPSO 0.00 0.39 0.51 0.99 0.14 0.92
NSGA-II 0.15 0.00 0.66 1.00 0.14 1.00

SPEA2 0.08 0.08 0.00 1.00 0.13 1.00
MOPSO 0.00 0.00 0.00 0.00 0.00 0.00
sMOPSO 0.39 0.42 0.41 0.99 0.00 0.75
cMOPSO 0.00 0.00 0.00 1.00 0.01 0.00

TestFunctionZDT3 - Two SetHypenolumeMeasureHV

HV (X, | OMOPSO)| NSGA-Il) | SPEA2) | MOPSO) | SMOPSO)| cMOPSO)
OMOPSO| 0.000000 | -0.001699| -0.003702| -0.506543| 0.004034 | -0.037177
NSGA-II 0.002657 | 0.000000 | -0.002404| -0.503446| 0.006138 | -0.032923

SPEA2 0.003130 | 0.000072 | 0.000000 | -0.500970| 0.007052 | -0.030447
MOPSO | 0.001259 | 0.000000 | 0.000000| 0.000000 | 0.000000 | 0.000000
sMOPSO | -0.000233 | -0.002485| -0.004047| -0.512069| 0.000000 | -0.028319
cMOPSO | 0.000102 | 0.000000 | 0.000000 | -0.470523| 0.013227 | 0.000000

Table6: Comparisorof resultsusingthe binary measuresor testfunctionZDT3. Our
algorithmis denotedhy OMOPSO.
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TestFunctionZDT4
OMOPSO | NSGA-Il | SPEA2| MOPSO | sMOPSO| cMOPSO
best 98 0 0 0 0 0
median 88 0 0 0 0 0
SCcC worst 0 0 0 0 0 0
average 77 0 0 0 0 0
std. dev. 26.2 0 0 0 0 0
best 0.0009 0.0126 | 0.0256 | 4.6415 0.1541 0.4203
median 0.0009 0.1317 | 0.0811| 12.407 0.7393 1.6404
IGD worst 0.0432 0.3219 | 0.3464 | 15.250 1.2865 4.1864
average 0.0030 0.1508 | 0.1224 | 9.9195 0.7591 1.8621
std. dev. 0.0095 0.0973 | 0.0943| 4.0106 0.3147 0.9357

Table7: Comparisorof resultsbhetweerour approaci{denotecoy OMOPSO) NSGA-
Il [9], SPEA2[41], MOPSOI5], sMOPSO[25] andcMOPSO[34], for testfunction
ZDT4 with respecto theunarymeasures.

TestFunctionZDT4 - Two SetCoverageMeasureSC

SC(X, OMOPSO) | NSGA-Il) | SPEA2) MOPSO) | sMOPSO) | cMOPSO)
OMOPSO 0.00 0.92 0.94 0.00 0.00 0.00
NSGA-II 0.00 0.00 1.00 1.00 1.00 1.00

SPEA2 0.00 0.00 0.00 1.00 1.00 1.00
MOPSO 0.00 0.00 0.00 0.00 0.00 0.00
sMOPSO 0.00 0.00 0.00 1.00 0.00 1.00
cMOPSO 0.00 0.00 0.00 1.00 0.00 0.00

TestFunctionZDT4 - Two SetHypenolumeMeasureHV

HV (X, | OMOPSO)| NSGA-Il) | SPEA2) MOPSO) | sMOPSO) | cMOPSO)
OMOPSO| 0.000000 | -0.164026| -0.343057| -0.333325* | -0.333325* | -0.333325*
NSGA-II 0.000574 | 0.000000 | -0.179995| -0.497925* | -0.497925* | -0.497925*

SPEA2 0.001538 | 0.000000 | 0.000000 | -0.677920*| -0.677920* | -0.677920*

MOPSO | 0.000000 | 0.000000| 0.000000| 0.000000 | 0.000000 | 0.000000
sMOPSO | 0.000000 | 0.000000 | 0.000000| 0.000000 | 0.000000 | 0.000000
cMOPSO | 0.000000 | 0.000000 | 0.000000| 0.000000 [ 0.000000 [ 0.000000

Table8: Comparisorof resultsusingthe binary measuresor testfunctionZDT4. Our
algorithmis denotedhy OMOPSO.
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TestFunctionDTLZ2
OMOPSO | NSGA-Il | SPEA2 | MOPSO | SMOPSO| cMOPSO
best 25 24 26 98 32 31
median 13 17 20 92 24 15
SCccC worst 6 11 12 50 16 7
average 13 16 20 89 25 16
std. dev. 4.1 3.2 4.3 10.2 4.2 6.7
best 0.0015 0.0018 0.0013 | 0.0101 0.0013 0.0013
median 0.0016 0.0020 0.0013 | 0.0118 0.0014 0.0021
IGD worst 0.0022 0.0025 0.0014 | 0.0213 0.0015 0.0027
average 0.0017 0.0020 0.0013 | 0.0129 0.0014 0.0021
std. dev. 0.0002 0.0002 | 0.00004| 0.0030 | 0.00005 0.0004

Table9: Comparisorof resultshetweerour approaci{denotecoy OMOPSO) NSGA-
Il [9], SPEA2[41], MOPSOI5], sMOPSO[25] andcMOPSO[34], for testfunction
DTLZ2 with respecto theunarymeasures.

TestFunctionDTLZ2 - Two SetCoverageMeasureSC

SC(X, OMOPSO) | NSGA-II) SPEA2) MOPSO) | sMOPSO) | cMOPSO)
OMOPSO 0.00 0.10 0.04 0.00 0.02 0.42
NSGA-II 0.24 0.00 0.06 0.00 0.03 0.51

SPEA2 0.48 0.39 0.00 0.00 0.07 0.64
MOPSO 0.21 0.24 0.21 0.00 0.21 0.40
sMOPSO 0.60 0.53 0.35 0.00 0.00 0.97
cMOPSO 0.11 0.08 0.04 0.00 0.00 0.00

TestFunctionDTLZ2 - Two SetHypenolumeMeasureHV

HV (X, | OMOPSO)| NSGA-II) SPEA2) MOPSO) | sMOPSO)| cMOPSO)
OMOPSO| 0.000000 | 0.002911 | 0.003373 | -0.243514* | 0.003036 | -0.024646
NSGA-II 0.000674 | 0.000000 | 0.004201 | -0.242413*| 0.003977 | -0.034526

SPEA2 | -0.008894 | -0.005829| 0.000000 | -0.235493*| 0.003266 | -0.047018
MOPSO | 0.006987* | 0.005851* | 0.002741*| 0.000000 | 0.002248*| 0.013356*
sMOPSO | -0.012553 | -0.009375| -0.000056 | -0.232664* | 0.000000 | -0.050838
cMOPSO | 0.011731 | 0.004088 | 0.001626 | -0.273522*| 0.001128 | 0.000000

Table 10: Comparisorof resultsusingthe binary measuregor testfunction DTLZ2.
Our algorithmis denotechy OMOPSO.
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TestFunctionDTLZ4
OMOPSO | NSGA-Il | SPEA2 | MOPSO | sMOPSO| cMOPSO

best 98 88 91 92 68 10

median 31 20 18 34 42 0

SCC worst 1 13 11 6 8 0
average 43 34 35 37 39 1.4
std. dev. 38.3 27.1 32.8 22.9 14.8 3.3

best 0.0015 0.0016 | 0.0013| 0.0026 0.0051 0.0074
median 0.0019 0.0018 | 0.0014 | 0.0047 0.0068 0.0234
IGD worst 0.0169 0.0168 | 0.0168| 0.0117 0.0073 0.0342
average | 0.0048 0.0047 | 0.0045| 0.0060 0.0064 0.0223
std. dev. 0.0042 0.0054 | 0.0057 | 0.0031 0.0007 0.0074

Table 11: Comparisonof results betweenour approach(denotedby OMOPSO),
NSGA-II [9], SPEA2[41], MOPSO[5], sMOPSO[25] andcMOPSOI[34], for test
functionDTLZ4 with respecto theunarymeasures.

7 Discussionof Results

Throughthe useof binary measuresf performanceandundercertainconditions,we
canconcludethat a certainalgorithmis betterthananother[43]. In this work, since
we usetwo differentbinarymeasuresye will concludethatanalgorithmis betterthan
anotherwhen at leastone of the measuresndicatesso, accordingto the definitions
givenin Section6.

Sincethe conditionsto concludethatan algorithmis betterthatanotherusingthe
binary measuresirevery difficult to satisfyin mostcaseswe will usethe valuesob-
tainedby the SCbinary measuren orderto concludepartial results:We will saythat
analgorithmA is relativelybetterthanalgorithmB when SC(A,B)> SC(B,A), and
almostbetterthanB when SC(B,A)=0 and SC(A,B)>0.9. The valuesof the HV bi-
nary measurewill beusedto make only conclusionof thetype: algorithmA is better
thanalgorithmB, justlike it wasdefinedin Section6.

Function ZDT1. From Table 1, we can concludethat the bestresultswith respect
to the SCCmeasurenere obtainedby the SMOPSOalgorithmwith an averageof 59
points belongingto the true Paretofront. In this case,our proposedapproachs the
secondbestwith anaverageof 40 pointsbelongingto the true Paretofront. However,
the sMOPSOQalgorithmwasunableto generatehe completetrue Paretofront, aswe
canappreciatén Figure4. This factis reflectedin the valuesof the IGD measurén
Table1. With respectto the IGD measurepur approachobtainedresultsasgoodas
thoseobtainedby all the other MOEAs comparedjmproving the resultsobtainedby
theotherthreePSO-basedpproaches.

Regardingthe binary measuregTable 2) and consideringboth of them, we can
concludethatthe NSGA-II, SPEA2,sMOPSOandcMOPSOarebetterthanMOPSO.
Also, we can concludethat NSGA-Il and SPEA2are betterthan cMOPSO.On the
otherhand,we can concludethat OMOPSOand sMOPSOare relatively betterthan
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TestFunctionDTLZ4 - Two SetCoverageMeasureSC

SC(X, | OMOPSO)| NSGA-I) | SPEA2) | MOPSO) | sMOPSO)| cMOPSO)
OMOPSO 0.00 0.23 0.21 0.09 0.06 0.99
NSGA-II 0.07 0.00 0.10 0.24 0.25 1.00
SPEA2 0.07 0.19 0.00 0.28 0.25 1.00
MOPSO 0.06 0.14 0.11 0.00 0.27 0.94
sMOPSO 0.05 0.09 0.08 0.10 0.00 1.00
cMOPSO 0.00 0.00 0.00 0.00 0.00 0.00
TestFunctionDTLZ4 - Two SetHypenolumeMeasureHV
HV(X, | OMOPSO)[ NSGA-ll) [ SPEA2) | MOPSO) | sSMOPSO) | cMOPSO)
OMOPSO| 0.000000 | -0.007024| -0.006349| -0.025751* | -0.395378* | -0.492672*
NSGA-II 0.027684 | 0.000000 | 0.005186 | -0.046700*| -0.430067*| -0.527380*
SPEA2 0.024974 | 0.001801 | 0.000000 | -0.043671*| -0.426669*| -0.523995*
MOPSO 0.013743 | 0.000016*| 0.000341 | 0.000000 | -0.383423*| -0.480664*
sMOPSO | 0.000364* | 0.000383*| 0.000396* | 0.000311* | 0.000000 [ 0.000000
cMOPSO | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000 | 0.000000

Table12: Comparisorof resultsusingthe binary measuregor testfunction DTLZ4.
Our algorithmis denotedoy OMOPSO.

TestFunctionDTLZ6
OMOPSO | NSGA-Il | SPEA2 | MOPSO | sMOPSO| cMOPSO
best 93 1 2 0 1 0
median 23 0 0 0 1 0
SCC worst 0 0 0 0 1 0
average 32 0.1 0.6 0 1 0
std. dev. 30.9 0.3 0.9 0 0 0
best 0.0024 0.0064 | 0.0037| 0.0375 0.0673 0.0110
median 0.0029 0.0088 | 0.0045| 0.0583 0.0673 0.0345
IGD worst 0.0213 0.0314 | 0.0214| 0.1185 0.0673 0.0742
average 0.0065 0.0132 | 0.0067 | 0.0658 0.0673 0.0373
std. dev. 0.0060 0.0083 | 0.0051| 0.0205 0.0000 0.0172

Table 13: Comparisonof results betweenour approach(denotedby OMOPSO),
NSGA-II [9], SPEA2[41], MOPSO[5], sSMOPSO[25] andcMOPSOI[34], for test
functionDTLZ6 with respecto theunarymeasures.
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TestFunctionDTLZ6 - Two SetCoverageMeasureSC

SC(X, OMOPSO) | NSGA-II) SPEA2) | MOPSO) | sMOPSO) | cMOPSO)
OMOPSO 0.00 0.68 0.64 0.92 0.00 0.57
NSGA-II 0.01 0.00 0.31 1.00 0.00 0.80

SPEA2 0.01 0.30 0.00 0.98 0.00 0.57
MOPSO 0.00 0.00 0.00 0.00 0.00 0.00
sMOPSO 0.00 0.07 0.12 0.45 0.00 0.24
cMOPSO 0.00 0.04 0.12 1.00 0.00 0.00

TestFunctionDTLZ6 - Two SetHypenolumeMeasureHV

HV(X, | OMOPSO)| NSGA-II) SPEA2) | MOPSO) | sMOPSO) | cMOPSO)
OMOPSO| 0.000000 | -0.109957 | -0.095828 | -0.333723| -3.606059* | -0.629977
NSGA-II 0.109963 | 0.000000 | 0.001996 | -0.113803| -3.825408* | -0.410346

SPEA2 0.141673 | 0.019577 | 0.000000 | -0.096222| -3.843163* | -0.392616
MOPSO | 0.000000 | 0.000000 | 0.000000 | 0.000000 | -3.880365*| 0.000000
sMOPSO | 0.000000 | 0.000572*| 0.000398* | 0.059418*| 0.000000 | 0.001163*
cMOPSO | 0.000180 | -0.000109| 0.000040 | 0.296434 | -4.235054* | 0.000000

Table 14: Comparisorof resultsusingthe binary measuregor testfunction DTLZ6.
Our algorithmis denotedoy OMOPSO.

therestof the algorithms,in particulay OMOPSOis almostbetterthanMOPSOand
cMOPSO Finally, sMOPSQOis relativelybetterthanOMOPSO.

We will now analyzein moredetailthe resultsobtainedby our algorithmin these
measures. We can't concludethat OMOPSOis betterthan the NSGA-II (for ex-
ample) since SC(OMOPSO,NSGA-II} 1 and SC(NSGA-1I,0OMOPSO} 0, but,
since SC(OMOPSO,NSGA-II}» SC(NSGA-II,OMOPSO),0OMOPSOis relatively
betterthanNSGA-II. On the otherhand,we have SC(MOPSO, OMOPSO¥ 0 and
SC(OMOPSO,MOPSG}0.95,s00MOPSOQis almostbetterthanMOPSO Although
it shouldbe clearthat OMOPSOQis betterthan MOPSO,the resultsobtaineddo not
allow to reachthis conclusionsince OMOPSOlost the extremesuperiorpoint of the
front, aswe canseein Figure4. Thisis dueto theuseof thee-dominanceschemeo fix
the numberof solutionsin the externalarchive. This alsoexplainsthe positive values
obtainedfor the binary hypenolumemeasuren the columnof OMOPSOQin Table2.
In Figure 11, we shav the Paretofront obtainedfrom the union of the MOPSOand
OMOPSOfronts. We canseethatthe hypenolumecorrespondindo the front shavn
in Figure11is maminally biggerthanthe hypenolumecorrespondingo the front of
OMOPSO giving a positive valueto the differencein the binary measureThis exem-
plifies the sortof anomalousehaior thatcango undetecte@venwhenusingbinary
performanceneasures.

Function ZDT2. From Table 3, we canconcludethat our algorithm (OMOPSO)ob-
tainedthe bestresultsin both unary measureswith the largestnumberof points(on
averagebelongingto thetrue Paretofront andtheminimumIGD (on average).
Regardingthe binary measuregconsideringooth of them)(Table4), we cancon-
cludethatOMOPSONSGA-II, SPEA2andcMOPSCQalgorithmsarebettethanMOPSO

30



T T T
omopso+mopso  +

g,
. h

L L L L L L L
0 01 02 03 0.4 05 0.6 0.7 08 0.9 1

Figure11: Paretofront obtainedfrom the union of the fronts obtainedby OMOPSO
andMOPSO,in thefirst testfunction.

andsMOPSOAlso, we cansaythatOMOPSOQis almostbetterthanNSGA-II, SPEA2
andcMOPSO.

In this case therearetwo interestingissuesto discuss.First, we canseein the SC
binary measurevaluesthat almost80% of the points of the cMOPSOalgorithmare
concentratedn the top partof the true Paretofront. Thus,althoughthe major part of
the obsenedfront of the cMOPSOalgorithm (seeFigure5) is not on the true Pareto
front, the correspondingesultson the SC measureare not as expected. Second the
sMOPSGQalgorithmobtainedustonepoint; (0.0,1.0).It is very interestingto notethat
noneof the otheralgorithmswereableto generatehis point, aswe canseein the SC
measurevaluesfrom Table4. For example,in thiscasepuralgorithm(OMOPSO)pre-
senedtwo extremepoints: (0.0,1.0005) and (5 x 10719, 1.0) (althoughthey arenot
visiblein Figureb). Thesawo pointslet thefront obtainecoy OMOPSOto completely
dominatethe front obtainedoy MOPSO,but not the front obtainedoy sMOPSO For-
tunately theseproblemswith the SC measureare overcomeby the HV measurewith
a small modification: the valuesthat we have marked with an asterisk(*) in Table4
wereoriginally positive. However, we changedhemto correspondnorecloselywith
reality, sincethe hypenolumecorrespondingo thefront of SMOPSGis zero.

Function ZDT3. Fromtheresultsshovn in Table5, we canconcludethat our algo-
rithm (OMOPSO)obtainedthe bestresultin the SCC measureand almostthe same
quality (on average)thanthe bestresultin the IGD measurgobtainedin this caseby
the NSGA-II).

Regardingthe binary measuregseeTable6), the resultsobtainedarevery similar
to thoseonthefunctionZDT1: the OMOPSOQalgorithmis almostbetterthanMOPSO
andcMOPSO,it is relativelybetterthanthe NSGA-Il andSPEA2,andit is relatively
outperformednly by sSMOPSO We canseethe Paretofrontsobtainedor thisfunction
in Figure6.
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Function ZDT4. Basedon the resultsshovn in Table 7, we can concludethat our
algorithm(OMOPSO)obtainedhebestresultswith respecto thetwo unarymeasures
adoptedwith the largestnumberof points (on average)belongingto the true Pareto
front andthe minimumIGD (on average).

Regardingthe binarymeasuregsndconsideringothof them(seeTable8), we can
concludethat OMOPSO,NSGA-II and SPEA2are betterthanthe otherthree PSO-
basedapproachesAlso, we cansaythatthe NSGA-II is betterthan SPEA2,andthat
OMOPSQis almostbetterthanNSGA-1l andSPEA2.

In this caseour approachs only almostbetterthanthe NSGA-II and SPEA2for
the samereasonthat we discussedn the caseof functionZDT1. OMOPSOlost the
top extremepoint of the Paretofront dueto the useof the e-dominancescheme.For
this reason,OMOPSOcan't dominatecompletelythe fronts producedby NSGA-II
andSPEAZ2. In fact, it can't even dominatethe isolatedpoints obtainedby the other
PSO-base@pproachesAdditionally, for this samereasonwe find positive valuesin
the column of OMOPSOfor the binary hypenolume measure.However, the binary
hypenolumemeasurdeadusto concludethe superiorityof OMOPSOcomparedvith
theotherPSO-basedpproaches.

It is very importantto notethat our algorithmwasthe only PSO-base@pproach
thatwas ableto generatehe entire Paretofront of this function. This illustratesthe
effectivenessf the mechanismadoptedn our approachto maintaindiversity andto
selectandfilter outleaders.

Function DTLZ2. FromTable9, we canconcludehattheMOPSQalgorithmobtained
thebestresultsin this functionwith respecto the SCCmeasurevith anaverageof 89
points belongingto the true Paretofront. However, aswe can seein Figure 8, all
the pointsobtainedby the MOPSOalgorithmare concentratean oneof the inferior
cornersof the true Paretofront. This factis reflectedby the valuesobtainedby the
MOPSOalgorithmin the IGD measuregiving the worst valuesin this case. In this
case althoughin the SCCmeasureur proposedapproachdidn’t obtainbetterresults
comparedvith the otherPSO-basedpproacheghe correspondingaluesof the IGD
measuréndicatethatour algorithmobtainedasgoodapproximationgo thetrue Pareto
front asthe otherapproaches.

Regardingthe binary measuresnd consideringboth of them (seeTable 10), we
canconcludethat no algorithmwasbetterthanary other Also, we cansaythatthe
MOPSOQis relativelybetterthanall thealgorithmsandall the algorithmsarerelatively
betterthanthe cMOPSOalgorithm. The sSMOPSQis relatively betterthan SPEA2,
the SPEA2is relativelybetterthanthe NSGA-II andthe NSGA-II is relativelybetter
thanOMOPSO.As in functionZDT2 andZDT4, the sign of the valuesthatwe have
markedwith anasterisk(*) in Table10 waschangedo correspondnorecloselywith
reality, sincethe hypenolume correspondingdo the front of MOPSOis lessthanthe
hypenolumeof the otheralgorithms but this factis dueto the poordistribution of the
solutionsobtainedoy MOPSO.

Function DTLZ4. From the resultsshovn in Table 11, we can concludethat our

algorithm (OMOPSO)obtainedthe bestresultin the SCC measureand almostthe
samequality (on averagethanthebestresultin theIGD measurgobtainedn thiscase
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by the SPEA2).

Regardingthe binary measuresnd consideringboth of them (seeTable 12), we
canconcludethatall the algorithmsare betterthancMOPSO.Also, we cansaythat
OMOPSQis relativelybetterthanSPEA2 NSGA-II, MOPSOandsMOPSO Theval-
uesmarked with an asterisk(*) in Table 12 were changedfor the samereasonsof
functionDTLZ2. We canseethe Paretofronts obtainedor this functionin Figure9.

Function DTLZ6. FromTablel13,wecanconcludehatouralgorithm(OMOPSO)ob-
tainedthe bestresultswith respecto thetwo unarymeasuresdoptedwith thelargest
numberof points(on averagepelongingto thetrue Paretofront andthe minimumIGD
(onaverage).

Regardingthe binary measuresnd consideringboth of them (seeTable 14), we
canconcludehatOMOPSONSGA-II, SPEA2andcMOPSQarebetterthanMOPSO,
andthat OMOPSOis betterthansMOPSO.Also, OMOPSOis relatively betterthan
NSGA-Il, SPEA2andcMOPSO.The valuesmarked with an asterisk(*) in Table 14
were changedo correspondmore closelywith reality, sincethe hypenolumecorre-
spondingto the front of sSMOPSOQis zero. We canseethe Paretofronts obtainedfor
thisfunctionin Figure10.

7.1 Overall Discussion

With respectto the unary performancemeasurespur approachobtainedthe bestre-
sultsin all functions,exceptfor ZDT1 andDTLZ2. In thesetwo functions(ZDT1 and
DTLZ2), our algorithmwas outperformedwith respectto the SCC measure.In the
caseof functionZDT1, thebestresultswith respecto the SCCmeasuravereobtained
by the sSMOPSOalgorithmand, in the caseof function DTLZ2, by the MOPSOal-
gorithm. However, in both casesalthoughthosetwo PSO-basedlgorithmsobtained
morepointsbelongingto thetrue Paretofront, bothalgorithmswereunableto obtaina
gooddistributedsetof solutions.Thiswasreflectedoy theIGD measuresincein those
two functions(ZDT1y DTLZ2), thosetwo PSO-basedlgorithmsobtainedpoorresults
(SMOPSOQOin ZzDT1 andMOPSOQin DTLZ2), whereaur approachobtainedasgood
resultsasthebestresultsobtainedn eachcase.Thus,thisindicateghatOMOPSOwas
ableto obtaina goodapproximatioranda goodnumberof pointsof thetrue Paretoof
all thetestfunctionsusedin this paper

Regardingthe binary measuresgiven the samereasongliscussedreviously, our
approachwasrelatively outperformedonly in three(out of seven) functions(ZDT1,
ZDT3, andDTLZ2). Notethatthe“relativelybetter”criterionis basedon the values
of the SC binary measurerelateddirectly with the SCC unary measure. However,
OMOPSOwasat leastrelativelybetterthanalmostall the algorithmsin all functions,
exceptin functionDTLZ2. In fact, dueto the useof e-dominancepur approachost
theextremesuperiormpointsof the Paretofronts,andfor this reasont wasnot possible
to concludeits superiorityover someof the otheralgorithmsin several functions(for
examplefunctionZDT4).

In general, OMOPSOwas clearly superiorcomparedwith the other PSO-based
approacheadoptedn our comparatie study Also, theresultsobtainedoy OMOPSO
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shavedthatit is highly competitive with respecto bothNSGA-II andSPEA2,which
aretwo algorithmsrepresentatie of the state-of-the-arin evolutionarymulti-objective
optimization.

8 Conclusionsand Future Work

We have proposeda new multi-objective particle swarm optimizerwhich usesPareto
dominanceanda crowding-basedelectiormechanisnio identify theleaderdo bere-
movedwhentherearetoo mary of them. The selectionof suchin-excessleadershas
beena topic oftendisregardedin the literatureof multi-objective particle swarm opti-
mizers,but it is a key issueto designrobustandeffective PSO-basednulti-objective
optimizers. This is clearly illustratedin this paper since our approachwas able to
outperformthe otherPSO-basedlgorithms. Additionally, our approachwasthe only
algorithmableto generatehe Paretofront of a problemfor which no otherPSO-based
approachwasableto work properly.

Ourapproachusesasinglepopulation(or swarm). However, for mutationpurposes,
the swarmis subdvidedin threepartsof equalsize and differentmutationoperators
(takenfrom the EA literature)are appliedto eachof them (including no mutationat
all). We alsoadoptthe e-dominanceconceptto fix the sizeof the setof final solutions
producedy thealgorithm.

After performinga comparatie studywith respectto threeother PSO-baseap-
proachesindtwo highly competitive multi-objectiveevolutionaryalgorithms(theNSGA-
Il andSPEA?2),we foundour proposedapproactto be highly competitive. Our results
indicatesuperiorityof our techniquewith respecto the otherPSO-base@pproaches
andavery similar behaior with respecto the NSGA-Il andSPEAZ2.

As partof our future work, we areinterestecbn improving the distribution of the
final setof solutionsobtainedby our algorithm. We intendto fix the problemwith
thelossof the extremaof the Paretofronts causedy the useof e—dominance.This
problemwasobsenedin all thetestfunctionsusedin this paper however, it wasmore
evidentin the three-objectie functions. So, it seemghatthe lossof extremapoints
tendsto intensifyasthenumberof objectvesgrows. In addition,we planto implement
anon-line adaptatiormechanisnof the e parameterin this way, the userwon’t need
to tunethis parameteof thealgorithm.

We arealsointerestedn studyingthe corvergencepropertiesof the PSOstratgy
with the aim of exploring mechanismshat canaccelerateonvergencewhile keeping
thesamequality of resultscurrentlyachieved.

Furthermorewe have in mind to investigateprocesseshatallow our approacho
stop the searchautomatically(i.e., without having to definea maximumnumberof
iterations)[18, 33].

Finally, we planto studytheimpactof the useof differentmutationoperatorsand
alsothe effect of the differentparametershatareinvolvedin the flight formula used
by the PSOstrateyy, which is the main operatorof this heuristic.
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