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Introduction Database queries
1D range trees

Balanced binary search trees
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Balanced binary search trees
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Introduction Database queries
1D range trees

Balanced binary search trees

The search paths for 25 and for 90
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Introduction Database queries
1D range trees

Example 1D range query

A 1-dimensional range query with [25, 90]
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Introduction Database queries
1D range trees

1D range query algorithm

Algorithm 1DRANGEQUERY (T, [x : x'])
Veplit < FINDSPLITNODE(T, x,x")
if Vopiic is a leaf
then Check if the point in Vit must be reported.
else Vv «— lc(Vgpiit)
while v is not a leaf
do if x <x,
then REPORTSUBTREE(rc(V))
vV —lc(v)
else v« re(v) : g
Check if the point stored in v must be reported.
V — FC(Vsplit)
Similarly, follow the path to X/, and ...
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Introduction Database queries
1D range trees

Query time analysis

Grey nodes: they occur on only two paths in the tree, and
since the tree is balanced, its depth is O(logn)

Black nodes: a (sub)tree with m leaves has m — 1 internal
nodes; traversal visits O(m) nodes and finds m points for the

output + nodos
'fv/?ov‘eue‘o\_

The time spent at each node is O(1) = O(logn+ k) query

time
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Introduction Database queries
1D range trees

ﬁ@me Nrees.

binary search tree on
x-coordinates

‘Iassoc(v)
binary search tree
on y-coordinates
—
P(v)
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Introduction Database queries

Question: How much storage does this take?
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To analyze storage, two arguments can be used:

» By level: On each level, any point is stored exactly once. So all associated trees

on one level together have O(n) size

« By point: For any point, it is stored in the associated structures of its search

path. So it is stored in O(logn) of them

Lemma 5.6 A range tree on a set of n points in the plane requires O(nlogn)
storage.
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Introduction Database queries
1D range trees

Algorithm BUILD2DRANGETREE(P)

OC "\ Input. A set P of points ir} the p.lane.
QOutput. The root of a 2-dimensional range tree.

- a— @ , Constitct the associated structure: Build a binary search tree T 450 On the
e el "“‘U"do estu set P, of y-coordinates of the points in P. Store at the leaves of Tass0c DOt
orde 0o A o) just the y-coordinate of the points in Py, but the points themselves.

~ 2. if P contains only one point
3. then Create a leaf v storing this point, and make T, the associated
structure of v.
4. else Split P into two subsets; one subset P contains the points with

x-coordinate less than or equal to x,;q, the median x-coordinate,
and the other subset Pyjgne contains the points with x-coordinate
larger than xy,;q.

5. Vieft < BUILD2DRANGETREE(Peft)

6. Vright <~ BUILD2DRANGETREE(Pyign)

7. Create a node Vv storing xniq, make Vg the left child of v, make
Vright the right child of v, and make T4, the associated structure

of v.

8. return v éD CDW\D\QGQ\D &C/Ld Z OCV\.‘%V\\
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Range tree example
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Range tree example

) primary tree T
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Range tree example Dprimary tree T
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Querying
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How are queries performed and why are they correct?
+ Are we sure that each answer is found?

+ Are we sure that the same point is found only once?

32



2D range queries
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Introduction Database queries
1D range trees

Balanced binary search trees

Algorithm 2DRANGEQUERY(T, [x : x| x [y : y'])

Input. A 2-dimensional range tree T and a range [x : x| x [y : /]
QOutput. All points in J that lie in the range.

1. Vgpiit «—FINDSPLITNODE(T, x,x")

2 if Vsplit 1s a leaf

3. then Check if the point stored at Vypj;; must be reported.
4

else (x Follow the path to x and call IDRANGEQUERY on the subtrees
right of the path. x)

5. V — lC(Vsplit)

6. while v is not a leaf Vv —D

7. doif x <x,

8. then 1 DRANGEQUERY (Tyssoc (rc(V)),

9. v —lc(v)

10. else v« rc(v)

11. Check if the point stored at v must be reported.

12. Similarly, follow the path from ”C(Vsplit) to x’, call IDRANGE- ]

QUERY with the range [y : /| on the associated structures of sub-
trees left of the path, and check if the point stored at the leaf where
the path ends must be reported.

Computational Geometry Lecture 7: Range searching and kd-trees



Range tree range search example
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Range tree range search example
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Range tree range search example

10 primary tree T
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Range tree range search example

tree T
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Range tree range search example

primary tree T
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Range tree range search example
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Algorithm 2DRANGEQUERY(T, [x : x| X [y :)'])
Input. A 2-dimensional range tree T and a range [x: x| X [y : y
Output. All points in J that lie in the range.
k &CAC\

I. Vgpiic <~ FINDSPLITNODE(T x,x) O CO\W\Q

2. if Vg 1s a leaf
3. then Check if the point stored at V)i must be reported.
4

else (x Follow the path to x and call I DRANGEQUERY on the subtrees
right of the path. )

5. V— lC(Vsplit) 7
6. while Vv is not a leaf O
7. doif x < x,

8. then 1 DRANGEQUERY (Tygs0c(rc(V)), [y 1 Y'])

9. vV —lc(v)

10. else v «— rc(v)

11. Check if the point stored at v must be reported.

12. Similarly, follow the path from rc(vsp]it) to x’, call IDRANGE-
QUERY with the range [y : y'| on the associated structures of sub-
trees left of the path, and check if the point stored at the leaf where
the path ends must be reported.
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Question: How much time does a 2D range query take?

Subquestions: In how many associated structures do we search? How much time

does each such search take?

35
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Use the concept of grey and black nodes again:

AAAA&AAA
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2D range query efficiency

We visit O(logn) grey nodes in the main structure.

We perform a 1D range query using the associated structure of O(logn) nodes v;

at most two per level.

Each such query visits O(logn, ) grey nodes and O(ky ) black nodes, and thus
takes O(logny + ky ) time, where
n, = #leaves in subtree v, and

k, = #reported points from subtree of V.

So the query time is

\%

Y O(logny +ky) — Z/QS“V - ?kv
Y Vv
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So the number of grey nodesis Y, O(logny) = log n),since ny <n

The number of black nodes is ¥, O(k, ) = O(k) if k points are reported (since
k=Y ,ky).

The query time is O(log® 1+ k), where k is the size of the output

39



So the number of grey nodes is ¥, O(logny) = O(log®n), since ny < n

The number of black nodes is ¥, O(k, ) = O(k) if k points are reported (since
k=Y ,ky).

The query time is O(log® 1+ k), where k is the size of the output
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Theorem: A set of n points in the plane can be preprocessed in O(nlogn) time

into a data structure of O(nlogn) size so that any 2D range query can be answered
in O(log” n + k) time, where k is the number of answers reported

Recall that a kd-tree has O(n) size and answers queries in O(y/n + k) time

40



Question: How about range counting queries?

AAAA&AAA
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2D Range trees

Higher dimensions

42



Higher dimensional range trees

A d-dimensional range tree has a main
tree which is a one-dimensional balanced
binary search tree on the first coordinate,
where every node has a pointer to an
associated structure that is a

(d — 1)-dimensional range tree on the

other coordinates
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The size S;(n) of a d-dimensional range tree satisfies:

Si(n) = O(n) foralln

Sq4(1)=0(1) foralld

Sa(n) <2-S4(n/2)+S4-1(n) ford >?2

a—

A
d=3

This solves to Sy (n) = O(nlog? ™! n)

O(wlg&n) \

%4



The number of grey nodes G4(n) satisfies:

Lk
<P °%
Gi(n) = O(logn) foralln N
1 g I m‘ O Dd‘
%V\, Da- o
Gy(1)=0(1) foralld i/[>Q— L
)

Gy(n) <2-logn+2-logn-Gy_1(n) ford>?2 ‘[;g

This solves to G4(n) = O(log? n)
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Theorem: A set of n points in d-dimensional space can be preprocessed in
O(nlog?~!n) time into a data structure of O(nlog? ! n) size so that any

d-dimensional range query can be answered in 0(10gdn + k) time, where k is the
number of answers reported Vusande MC’H"V‘:‘Q Cas ca..cL“Mg_
denesora o OCQ‘A oAk

Recall that a kd-tree has O(n) size and answers queries in O(n' =14 4+ k) time
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