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On the restrictions imposed on analytic functions by prescribed function values

The derivations and results which are presented herein, are motivated through striving to gener-

alize Carathéodory’s theorem about the coefficients of power series of functions with a positive real

part1. These theorems give inequalities for the coefficients of the maclaurin series for a function w

of z, as well as the derivative of w for z = 0. By linear transformation of z, or as one might dare

say, through circle geometric generalization one can avoid the special role of z = 0 and obtain the

derivative of w anywhere. Through integration of the derived relations one must get relationships

between function values in different parts of the z-regions.

For the actual realization only the lowest derivatives2 seemed to be necessary. To get the

mentioned theorem one needs a direct process which does not assume a knowledge of Carathéodory’s

theorems3 To get the proposed theorem, besides a direct process which therefore does not assume

a knowledge of Carathéodory’s theorem must be sought. It becomes evident that the method of

Stieltjes, which was already referred to by Fischer-Toeplitz for a proof of Carathéodory’s theorem,

to which we will here apply suitable modifications. The starting point consists of a generalization

of Poisson’s formula for the logarithmic potential. The hermitean form, to which this investigation

led, here are of a general nature, and their coefficients are no longer distinguished by a single index.

This result leads, with an inconsequential omission to a generality stated thus: Between the values

z1, z2, ..., zn of z in the unit circle and the corresponding values w1, w2, ..., wn of w with positive

real parts there exist n relations (inequalities). If these relations are satisfied for n value pairs z, w,

there also exist functions with positive real part which realize these relationmships. Each additional

value of z will be guided by the collection of the already established function values which fill out a

circular disc in the w-plane and indeed each point on the rim through a single (rational) function,

each value in the center runs through an unbounded number of similar functions.

From these theorems the theorems of Carathéodory have to be obtained by specialization rather

than limiting. This is easily done and is sketched in the last of the following paragraphs. As a new

result there accordingly results a theorem valid on the boundary of the disc.

In place of this basic process one wishes to see the case where the given z-values, some of them

coincide, can be disposed of, a task which requires a cleverer treatment.

Finally there is something about an algebraic problem suggested by our investigations. This

is the task of interpolating rational functions, analagously to Lagrange interpolation, which has

already been solved4 in generality by Cauchy and Jacobi. Of this statement we have only an

exceptionally specific case. The Cauchy-Jacobi result will otherwise not be used, but on the contrary

the way of constructing the functions reveals itself during the course of the investigation.

1 Functions in the unit circle with a positive real part.

Let w = u + iv be a regular analytic function on the interior and boundary of a circle K of radius ρ

surrounding z = 0. Then the value of the real part of w on the boundary completely determines its

value in the interior, and w itself is determined up to a purely imaginary constant. Use w̄ as usual

to denote the complex conjugate of w, and if wα, wβ are the values corresponding to the values

zα, zβ arbitrarily situated on the inside of the circle, then (wα + w̄β) is completely determined by

1C. Carathéodory, Rend. d. Palermo 32 (1911), p 193-217
2see the aforementioned work
3E. Fischer, Rend. d. Palermo 32 (1911), p. 240-256
4see, for example, Jacobi, Werke 3, pages 479-511
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the boundary values of the real parts. It must arise from the Poisson Integral or what is equivalent,

the Cauchy integral formula for (wα + w̄β). A particularly concise derivation of what is, for our

purposes, basic, formula is the following: Let z lie on the inside, ζ on the boundary of the circle.

Then according to Cauchy, if ϑ denotes the arc of ζ,

2πw =

� 2π

0
wK

ζ

ζ − z
dϑ,

wherein wK is written in place of w(ζ). Furthermore,

0 =

� 2π

0
wK

ζ

ζ − ρ2

z̄

dϑ,

because
ρ2

z̄ lies outside the circle. In the last formula we can go over to the conjugate values, for

which it can be seen that on the circumference of K,

ζ̄ =
ρ
2

ζ
.

Finally,

0 =

� 2π

0
w̄K

z

ζ − z
dϑ,

and by addition using Cauchy’s formula

2πw =

� 2π

0
uK

ζ + z

ζ − z
dϑ + i

� 2π

0
vKdϑ.

From this follows

2π(wα + wβ) =

� 2π

0
uK

�
ζ + zα

ζ − zα
+

ζ̄ + zβ

ζ̄ − zβ

�
dϑ.

=

� 2π

0
uK

2(ζζ̄ − zαz̄β)

(ζ − zα)(ζ̄ − z̄β)
dϑ.

or

wα + wβ

ρ2 − zαz̄β
=

1

π

� 2π

0
uK

dϑ

(ζ − zα)(ζ̄ − z̄β)
, (1)

which is the desired formula5. If zα and zβ coincide, the Poisson integral results.
Let w be a function of z regular within the unit circle and the real part of w, thus u,

be always positive. Suppose further that the points {z1, z2, ..., zn} in the interior of this
region correspond to {w1, w2, ..., wn}. If then ρ < 1 is the radius of a circle surrounding
z = 0 which encloses all of these n z-values, then formula (1) holds for each pair of

5The especially elegant modification in the text of my original derivation for formula (1) is due to W. Blaschke,
who has kindly allowed its use
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these values. Multiply by sαsβ and sum independently over α and β from 1 to n. The
sα represent unknown quantities, s̄α their conjugate values. We obtain

1,...,n�

α,β

wα + w̄β

ρ2 − zαz̄β
sαs̄β =

1

π

� 2π

0
UK

�����

1,...,n�

α

sα

ζ − zα

�����

2

dϑ

From this it is to be concluded that the hermitean form of the sα’s standing on the
left is positive, according to which the determinant of the

wα + w̄β

ρ2 − zαz̄β

is positive. Since this is true for whatsoever ρ ever so close to unity, one finds
��������

w1+w̄1
1−z1z̄1

,
w1+w̄2
1−z1z̄2

, ...,
w1+w̄3
1−z1z̄3

w1+w̄1
1−z1z̄1

,
w1+w̄2
1−z1z̄2

, ...,
w1+w̄3
1−z1z̄3

..., ..., ..., ...
w1+w̄1
1−z1z̄1

,
w1+w̄2
1−z1z̄2

, ...,
w1+w̄3
1−z1z̄3

��������
≥ 0. (2)

2 Transition to arbitrary circles.

A suitable linear transformation
z =

µ + νZ

χ + λZ

can map the unit circle of the z-plane onto an arbitrary region of the same plane
bounded by circular arcs. (We will call such a region a circular disc, even if it is not
entirely finite, such as a half plane or the “outside” of a circle.) One has

1− zz̄ =
A + B̄Z + BZ̄ + CZZ̄

(χ + λZ)(χ̄ + λ̄Z̄)
=

Kz(Z, Z̄)

(χ + λZ)(χ̄ + λ̄Z̄)
;

the numerator Kz(Z, Z̄) represents, when equated to zero, the boundary of the new
region, and is positive inside of the region. If zα and zβ are any two z-values and Zα

and Zβ their corresponding Z-values, then

1− zαz̄β =
Kz(Zα, Z̄β)

(χ + λZα)(χ̄ + λ̄Z̄β)
.

Similarly we can map the semiplane of the positive real part via a suitable transfor-
mation

z =
µ
� + ν

�
W

χ� + λ�W

into an arbitrary circular disc. Then

wα + w̄β =
Kw(Wα, W̄β)

(χ + λWα)(χ̄ + λ̄W̄β)

and K(W, W̄ ) vanishes on the boundary and is positive in the interior of the disc.
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This twofold transformation can now be applied to the results of section 1. Accord-
ingly variables will continue to be represented by lowercase letters The general term
of the determinant in Equation (2) transforms into

(χ + λz)(χ̄ + λ̄z̄)

(χ� + λ�w)(χ̄� + λ̄�w̄)
· Kw(wα, wβ)

Kz(zα, zβ)

One observes that the determinant, after having discarded some multipliers, is a prod-
uct of two conjugate factors and is therefore non-negative and as is easily seen does
not vanish, reducing itself to the quantities

Kw(wα, w̄β)

Kz(zα, z̄β)

To better describe the results which we have so far obtained we will henceforth des-
ignate the pair of values zα, wα by pα, and with respect to a function w which takes
the value wα at the point zα we say it owns the pair pα. Furthermore we will use the
abbreviation

Pαβ =
Kw(wα, w̄β)

Kz(zα, z̄β)

Therefore
Pαβ = Pβα,

and denote the determinant ��������

P11 P12 ... P1n

P11 P12 ... P1n

. . ... .

P11 P12 ... P1n

��������

by D(P1, P2, ..., Pn); In fact, once the circular discs Kz, Kw have been given, it is fixed
by P1, P2, ..., Pn. Accordingly we have proven

If the function w of z is without essential singularities in the circular disc Kz and only
takes values within the disc Kw then between any set of n value pairs P1, P2, ..., Pn the
relation

D(P1, P2, ..., Pn) ≥ 0

holds.

3 These results as bounds for the variability of wn.

For further investigation a suitable specialization of Kz and Kw is convenient. There
is no loss in generality since all the results which we shall obtain are either invariant
with respect to circle mappings, or immediately follow from such transformations.
Accordingly we identify Kz as well as Kw with the half plane of positive real parts,
for short the “positive semiplane.” The corresponding functions, which are therefore
regular within the positive z-semiplane and take only values with positive real parts
there, we will call positive functions. We thus have to set

Kz(z, z̄) = −i(z − z̄), Kw(w, w̄) = −i(w − w̄),
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so that
Pα,β =

(z − z̄)

(w − w̄).

We now think of D(P1, P2, ..., Pn) as being arranged according to wn and w̄n which
evidently gives a result of the form

D(P1, P2, ..., Pn) = L + Mw̄n + M̄wn + Nwnw̄n.

The relationship
D(P1, P2, ..., Pn) ≥ 0

therefore says wn sits inside or on the boundary of a certain circular region. One can ask
whether, conversely, every one of the values in this region is possible, whether therefore
a positive function with the value pairs P1, P2, ..., Pn actually exists, taking the value wn

for every z = zn. The complete answer to this question is the object of the following
two paragraphs. We prepare by resolving the following proposition. Suppose that the
positive function w of z has the pairs P1, P2, ..., Pn and that

D(P1, P2, ..., Pn) = 0.

The function will be charcterized by this data. In fact it will be shown, that this
information uniquely defines w, and indeed as a rational function of degree at most
(n− 1).

Under the above assumptions, the term in the lower right corner of the determinant
D(P1, P2, ..., Pn, P ), namely

w − w̄

z − z̄

can be omitted without changing its value, leaving the determinant D(P1, P2, ..., Pn)

bordered by the quantities

w − w̄1

z − z̄1
,
w − w̄2

z − z̄2
, ...,

w − w̄n

z − z̄n

and correspondingly
w1 + w̄

z1 − z̄
,
w2 − w̄

z2 − z̄
, ...,

wn − w̄

zn − z̄

Since D(P1, P2, ..., Pn) vanishes, the bordered determinant splits into two factors, which
are linear in the above quantities, and except for a sign, conjugates. Therefore
(λ1,λ2, ..., λn being independent of z, w),

D(P1, P2, ..., Pn) = −
����λ1

w − w̄1

z − z̄1
+ λ2

w − w̄2

z − z̄2
+ ... + λn

w − w̄n

z − z̄n

����
2

.

This expression is never positive, and only vanishes when

λ1
w − w̄1

z − z̄1
+ λ2

w − w̄2

z − z̄2
+ ... + λn

w − w̄n

z − z̄n
= 0. (3)
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However, according to section 2, the value which the positive function w with the
valuepairs P1, P2, ..., Pn assigns to the point z is subject to the requirement

D(P1, P2, ..., Pn, P ) ≥ 0.

One sees that whenever D(P1, P2, ..., Pn) = 0 and also D(P1, P2, ..., Pn, P ) = 0, the circle to
which w must belong is a null circle, w itself is completely determined, and indeed, as
equation (3) asserts, is a rational function of degree (n-1).

There is a tacit assumption in this derivation, that the determinant D(P1, P2, ..., Pn)

has rank (n-1) since otherwise there could be uncertainties in the related expressions.
However, this limitation is only apparent; if among the determinants

D(P1),D(P1, P2), ...,D(P1, P2, ..., Pn)

say
D(P1, P2, ..., Pm)

is the first to vanish (D(P1) is certainly not zero); we stop then with D(P1, P2, ..., Pm)

which is of rank (m-1) and determine w as above.
We have therefore established that

If the positive function w of z owns the valuepairs P1, P2, ..., Pn and if

D(P1, P2, ..., Pn) = 0,

then the function with these characteristics is uniquely determined as a
rational function of at most (n− 1)st degree.

4 Arbitrariness of the assigned values. The case D(P1, P2, ..., Pn) =
0.

If the positive function w owns the value pairs P1, P2, ..., Pn, then

D(P1) > 0,D(P1, P2) ≥ 0, ..., D(P1, P2, ..., Pn) ≥ 0.

If equality holds in this relation, then according to section 3 the function is rational
and uniquely defined. We can therefore limit ourselves to the case in which only the
last of these determinants reaches zero and therefore write

D(P1) > 0,D(P1, P2) ≥ 0, ...,D(P1, P2, ..., Pn−1) > 0, D(P1, P2, ..., Pn) ≥ 0.

Conversely, are there positive functions and valuepairs satisfying such relations? It
will be shown in this and following sections that the answer is affirmative.

We consider first the case
D(P1, P2, ..., Pn) = 0.

According to section 3, where w generally exists as a positive function, it is a rational
function of at most (n− 1)st degree and indeed given by the equation

λ1
w − w̄1

z − z̄1
+ λ2

w − w̄2

z − z̄2
+ ... + λn

w − w̄n

z − z̄n
= 0.
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When D(P1, P2, ..., Pn) �= 0, one has an explicit equation wherein the last row of

D(P1, P2, ..., Pn)

is replaced by the quantities

w − w̄1

z − z̄1
,
w − w̄2

z − z̄2
, ...,

w − w̄n

z − z̄n
,

and the result equated to zero. From this representation one immediately recognizes
that the resulting rational function

w =
ψ(z)

ϕ(z)

actually satisfies the equation

wα =
ψ(zα)

ϕ(zα)

as well as its conjugate

w̄α =
ψ(z̄α)

ϕ(z̄α)

From this follows that w is real, that is, a function with real coefficients. One now
substitutes the wα and w̄α in equation (B) by the values displayed above; the terms of
the determinant acquire the form

Pαβ =
1

ϕ(zα)ϕ(z̄β)

ϕ(z̄β)ψ(zα)− ψ(z̄β)ϕ(zα)

zα − z̄β

or, with the abbreviation

Ω(z, z̄) =
ϕ(z̄)ψ(z)− ψ(z̄ϕ(z)

z − z̄

for these entire and rational functions of z and z̄ in which each of the two variables
appears at the highest of (n− 2)nd degree,

Pαβ =
Ω(zα, z̄β)

ϕ(zα)ψ(z̄β)

One sees that the determinant D(P1, P2, ..., Pm), multiplied by the essentially positive
number

ϕ(z1)ϕ(z2)...ϕ(zm)ϕ(z̄1)ϕ(z̄2)...ϕ(z̄m)

becomes one, which we call ∆m, whose elements have the simple form

Ω(zα, z̄β)

The determinants ∆m therefore satisfy the relation

∆1 > 0,∆2 > 0, ..., ∆n−1 > 0;
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accordingly the hermitean form

H
∗
(s, s̄) =

1...(n−1)�

α,β

Ω(sα, s̄β)sαs̄β

is positive definite.
We consider now the hermitean form H(t, t̄) which arises from Ω(s, s̄) wherein the

powers
z

r−1
, z̄

r−1 (r = 1, 2, ..., n− 1)

are replaced by indeterminates tr, t̄r. Consequently

H(t, t̄)t=sr−1
α ,t̄=s̄r−1

β
= Ω(sα, s̄β).

From this it now follows through the substitutions that

tr =
�1...(n−1)

α z
r−1
α sα, t̄r =

�1...(n−1)
α z̄

r−1
α s̄α (r = 1, 2, ..., n− 1)

H(t, t̄) transforms into
1...(n−1)�

α,β

Ω(zα, z̄β)sαs̄β = H
∗
(s, s̄)

Accordingly H(t, t̄) is positive definite and consequently

H(t, t̄)t=sr−1
α ,t̄=s̄r−1

β
= Ω(z, z̄).

always different from zero and positive, since t1 = 1 �= 0, t̄1 = 1 �= 0 after the replaced
values.

From this it follows first of all, that the imaginary part of

w =
ψ(z)

ϕ(z)

always has the same sign , as that of z itself, and only vanishes with this coincidence. One
easily finds further that for real z = x

Ω = ϕ(x)ψ
�
(x)− ψ(x)ϕ

�
(x).

Therefore neither ϕ nor ψ have a real multiple root and in general: z as a function of w =
ψ(z)
ϕ(z) can have no real branch point. In particular, ϕ

�(z) cannot vanish simultaneously
with ϕ(z) and for ϕ(x) = 0 one has

ϕ(x)

ϕ�(x)
= − Ω

[ϕ(x)]2

an essentially negative quantity. Therefore if a1, a2, ..., an−1 are the roots of ϕ(x), then

ψ(z)

ϕ(z)
= C − A1

z − a1
− A2

z − a2
− ...− An − 1

z − an − 1
, (4)
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wherein A1, A2, ..., An−1 are positive constants. In the case, however, that ϕ(z) is of lower
than the (n−1)st degree, which can always be brought back to the above form through
a suitable real linear substitution of z, one gets

ψ(z)

ϕ(z)
= C + Az − A1

z − a1
− ...− An−2

z − an−2
, (5)

with positive A1, A2, ..., An−2.
Furthermore, if

w =
ψ(s)

ϕ(s)

is given by (4), there results

wα − wβ

zα − zβ
=

A1

(zα − a1)(z̄β − a1)
− ...− An−1

(zα − an−1)(z̄β − an−1)
,

wherein
wα =

ψ(zα)

ϕ(zα)
, w̄β =

ψ(w̄β)

ϕ(w̄β)
, etc.

are substituted. Then D(P1, P2, ..., Pm), equal to the product of the matrices
�������

A1
z1−a1

...
An−1

zn−1−an−1

. .

A1
zm−a1

...
An−1

zm−an−1

�������
,

������

1
z̄1−a1

...
1

z̄1−an−1

. .
1

z̄1−a1
...

1
z̄1−an−1

������
,

therefore equal to zero for m ≥ n, in comparison to being strictly positive for m ≤ n−16.
Likewise one can, if he wishes, get more information from (5). One sees at the same time

that the numerator and denominator of w, or even one of them has exactly the (n− 1)st degree and

both at least degree (n-2).

We have the result If P1, P2, ..., Pn, are n value pairs which satisfy the relations

D(P1) > 0,D(P1, P2) ≥ 0, ..., D(P1, P2, ..., Pn) ≥ 0.

then there is one and only one positive function owning it. The function is rational, maps the

positive half plane z just onto the (n-1) fold covered positive w-plane, which (2n-4) branch points

are identically complex and pairwise conjugates.

5 The case D(P1, P2, ..., Pn) > 0.

The general case, to which we now turn, leads back to the special case D(P1, P2, ..., Pn) =

0 already discussed.
6The first part of this claim, namely that D(P1, P2, ..., Pm) = 0, for m ≥ n, follows just from the circumstance

that ψ(s)
ϕ(s) is of the (n− 1)st degree. This important fact, useful later (section 5), can be recognized directly from the

transformation relation between the hermitean forms H
∗ and H. H has, on account of the degree of ψ(s)

ϕ(s) just (n-1)

variablepairs tr, t̄r, and H
∗ is therefore indefinite if it contains more than (n-1) variable pairs sα, s̄α, which happens

for m ≥ n.
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Consider, for the moment, wn as a variable, with respect to which P1, P2, ..., Pn−1 and
z are held fixed, perhaps calling it w

�
n, and the pair Zn, w

�
n as P

�
n, making the assertion

read: that it turns out that D(P1, P2, ..., Pn−1P
�
n) > 0 for w

�
n = wn is positive. Assume

that for whatever other real w
�
n, D(P1, P2, ..., Pn−1, P

�
n) turns out to be negative. Then

when the element is the lower right corner of the determinant:

w
�
n − w̄

�
n

zn − z̄n

vanishes and a bordering of D(P1, P2, ..., Pn−1) results, the discriminant of a positive
definite form. The bordered determinant therefore comprises a negative definite form,
from which the assertion follows. The circle Kn−1 in the W plane (see section 3), which
is defined by the equation in w

�
n, w̄

�
n

D(P1, ..., Pn−1P
�
n−1) = 0,

has accordingly real points, and lies entirely within the positive half plane.
We arbitrarily select two points on the circumference of the circle; each of the same

complete, with zn joined to a pair, the pair P1, P2, ..., Pn−1 to a system introduced in the
previous paragraph. This way we obtain two rational functions of the (n− 1)st degree,

ψ1(z)

ϕ1(z)
,
ψ2(z)

ϕ2(z)

which both possess the valuepairs P1, P2, ..., Pn−1, while they come out differently for
z = zn. Let λ be an arbitrary real number; then also

w =
ψ1(z) + λψ2(z)

ϕ1(z) + λϕ2(z)
(6)

is a rational function of the (n−1)st degree which possesses the value pairs P1, P2, ..., Pn−1.
For z = zn it then takes on the value

w =
ψ1(zn) + λψ2(zn)

ϕ1(zn) + λϕ2(zn)

this produces a further value pair which can be adjoined to P1, P2, ..., Pn−1 and must
again produce a system of vanishing determinant (page 1, footnote 1). According to
section 4 the function established by this system is a definite rational function. The
expression for the to zn belonging value w represents for real variables λ a circle in
the w-plane (as an image of the real λ-axis) and this is nothing other than the circle
Kn−1 defined by

D(P1, P2, ..., Pn−1, P
�
n) = 0,

since this relation is fulfilled for all w-values. The expression given in equation (6) therefore
represents the totality of all functions which are determined by the given P1, P2, ..., Pn−1 and indeed
a further pair given by the relation

D(P1, ..., Pn−1, Pn) = 0.

For every point on the circumference Kn−1 there corresponds one such function.
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The expression for w also leads to functions which possess the pair P1, P2, ..., Pn−1 if
λ takes whatever other complex value, and if λ ranges over the whole complex plane
likewise w does the same (for fixed z). Accordingly, if λ takes on all values with positive
imaginary part, the value corresponding to z = zn lies either inside or outside Kn−1

We can, in the case of necessity, interchange the signs of ϕ2(z) and ψ2(z) always so
arrange that the positive λ-halfplane corresponds to the interior of Kn−1

Now put
λ = λ(z) =

r + sz

p + qz

where p, q, r, s signify four real values, and ps - qr ¿ 0 should hold, then every z in
the positive semiplane corresponds to such a λ so that therefore

wn =
ψ1(zn) + λnψ2(zn)

ϕ1(zn) + λnϕ2(zn)

One now chooses the p, q, r, s so that

r + szn

p + qzn
= λn

where an arbitrary real constant remains. The rational function of n
th degree,

w =
ψ1(z) + λ(z)ψ2(z)

ϕ1(z) + λ(z)ϕ2(z)
(7)

has the obvious characteristic of owning all the valuepairs P1, P2, ..., Pn−1, Pn. Accord-
ingly it is proven: For every system of value pairs P1, P2, ..., Pn which satisfy the relation

D(P1) > 0,D(P1, P2) > 0, ...,D(P1, P2, ..., Pn) > 0

is accordingly assumed there corresponds a rational function, and indeed there are always such
functions in unlimited numbers.

Formula (7) permits that with the given parameters there are further completely
rational positive functions of the n

th degree with the value pairs P1, P2, ..., Pn. One can
see that under this scheme successive rational functions can be constructed, in which
one starts out from the linear functions with the value pair P1 and by gathering in
pairs P2, P3, ... raise the series to functions of 2nd

, 3rd
, etc. degree.

6 Consequences and transition to an arbitrary circle.

The results, which we have achieved in the last two sections, can be summarized by
saying

(n-1) pointpairs P1, P2, ..., Pn−1 which meet the requirements

D(P1) > 0,D(P1, P2) > 0, ...,D(P1, P2, ..., Pn) > 0

and otherwise arbitrary, assign to each further zn in the positive half plane a circular disc in the

positive w-halfplane whose boundary is defined by

D(P1, P2, ..., Pn−1, Pn) = 0
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For each wn belonging to one of these circular discs (and to no exterior point) there are associated

positive functions, which possess the valuepairs P1, P2, ..., Pn−1 and assume the value wn at the point

zn. If wn lies on the boundary of this disc, the function is completely determined, and indeed as a

rational function of the (n− 1)st degree which maps the positive z-halfplane directly in the (n-1)fold

covered positive w-halfplane. Interior points always correspond to unlimitedly many functions

A consequence of our development is also this: Let P1, P2, ... be the value pairs of a
positive function, and if

D(P1, P2, ..., Pn) = 0,

all the following determinants must vanish (section 4). The determinants belonging to
a series of valuepairs P1, P2, ... of a positive function are either positive throughout, or
they are positive up to a certain n, and zero thereafter. In the last case, the function is
rational. The number of different non-zero determinants is independent of the choice
and ordering of the valuepairs P1, P2, ...; it is then the degree of the function.

We further remark, that the circles K1,K2, ..., which an arbitrary z-value assigns
through the pairs P1, or P1, P2, etc. have the property that each successor lies within
its predecessor. Then the restrictions for Kn include those for Kn−1. Furthermore, if

D(P1, ..., Pn) > 0,

the circle Kn never can touch the boundary of Kn−1 because for all the boundary points
of Kn−1 its associated function is rational of the (n− 1)stdegree and then

D(P1, P2, ..., Pn) = 0,

must hold.
The theorems which have been found can be transferred without further ado to

arbitrary disks Kz, Kw in the z- and w- planes. If, for short, we will call a function
admissible which, within Kz, is without essential singularities and only takes values
within Kw, then in all discussions we have only to put admissible functions in place of
positive functions and instead of positive z- or w-planes speak of inside of Kz or Kw

respectively. The occurring rational functions have the following character: they map
the circular disc Kz onto the multiply covered disc Kw, the entire z-plane corresponding
to the just as multiply covered w-plane w; the branch points correspond to z-values
which lie in reflective pairs relative to the boundary of Kw.

Finally we make the following remarks. The relationships between the valuepairs
P1, P2, , ... which an admissible function must satisfy can now be exhibited in the form
that the sections of the hermitean form in infinitely many variables

�

α,β

Pα,βsαs̄β

are positive forms and indeed totally definite, or up to a certain point, definite and
thereafter indefinite. If a form possesses this characteristic it also possesses the same
form which arises from whatever rearrangement of the sequence P1, P2, , ..., and the
number of definite sections is conserved.

The extent to which these conditions are sufficient and to what degree a sequence
P1, P2, , ... with the prescribed character also corresponds to the same admissible func-
tion, will not be discussed further here7.

7One should refer to the note of W. Blaschke, “An extension of the theorem of Vitali etc.” Săchs. Berichte,
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7 Relation to the theorems of Carathéodory regarding func-
tions with positive real part.

The theorem mentioned in the caption can be obtained from our results, when one first
identifies Kz with the interior of the unit circle and Kw with the half-plane of positive
real parts, and secondly sets all the z1, z2, .... equal to zero and the corresponding
w1, w2, ... equal to 1

2 . The first of these procedures gives

Pα,β =
wα + w̄β

1− zαz̄β

as in section 1. The second leads via a familiar limiting process in which only positive
factors are discarded to determinants with the terms

�
∂

α+β−2
p11

∂α−1z1∂
β−1z̄

�

z1=z̄1=0

,

which can still be multiplied by suitable numerical factors (α− 1)!(β − 1)!. Now let

w =
1

2
+ a1z + a2z

2
+ ...

be the power series for w; then

w + w̄ = 1 + (a1z1 + ā1z̄1) + (a2z
2
2 + ā2z̄

2
2) + ...

1

1− z1z̄1
= 1 + zz̄ + z

2
z̄
2

+ ...

therefore
p11 =

w1 + w̄1

1− z1z̄1
= 1 + (a1z1 + ā1z̄1) + (a2z

2
1 + z1z̄1 + ā2z̄

2
1) + ...

With the notation8

a0 = 1, a−k = āk

one finds

(α− 1)!(β − 1)!

�
∂

α+β−2
p11

∂α−1z1∂
β−1z̄

�

z1=z̄1=0

= aα−β ;

and from the determinant D(P1, P2, ..., Pn) that designated by Carathéodory as D(1, a1, a2, ..., an−1).
Accordingly one obtains

D(P1, P2, ..., Pn) ≥ 0,

the result of Carathéodory-Toeplitz. Indeed we can still carry out the boundary tran-
sition for the determinant

D(P1, P1, ..., Pn, P ) ≥ 0,

wherein the last pair P = (z, w) does not participate. One gets in the last row as the
α

th element

(α− 1)!

�
∂

α−1

∂z̄α−1

�
w + w̄1

1− zz̄1

��

z̄1=0

,

Math.-Phys. Klasse 1915 which appeared while this article was in press.
8See Carathéodory a. a. O. p. 205
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and similarly in the last column

(α− 1)!

�
∂

α−1

∂zα−1

�
w + w̄1

1− zz̄1

��

z1=0

,

while the last lower right element stays the same. Now, in entire analogy to the above
there results for these two expressions

z
α−1 · w +

1

2
z

α−1
+ ā1z

α−2
+ ... + āα−1

or respectively

z̄
α−1 · w̄ +

1

2
z̄

α−1
+ a1z̄

α−2
+ ... + aα−1.

The determinant D(1, a1, ..., an−1) is to be bordered with these values and furthermore
the value

w + w̄

1− zz̄

is to be placed in the lower right corner. The determinant constructed thereby, equated
to zero, must lead to the circle within which w must lie. We express this in the form
of a theorem as:

The function which is overall regular within the unit circle

w =
1

2
+ a1z + a2z

2
+ ... + an− 1z

n−1
+ ...,

and has a positive real part there and coincides in the first (n-1) expansion coefficients a1, a2, ..., an−1,
maps an arbitrary z in the unit circle to a disk which is the half plane of the positive real parts.

Retrospectively the boundary and interior points of the disc naturally map them-
selves in such a way.

Prague, March 6, 1915.

Translated from German, April 2009, H. V. McIntosh:
G. Pick, “Über die Beschränkungen analytischer Funktionen,
welche durch vorgegebene Funktionswerte bewirkt werden,”
Mathematische Annalen 77 7-23 (1916).
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