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ABSTRACT

In recent years, quality indicators (QIs) have been employed to
design selection mechanisms for multi-objective evolutionary al-
gorithms (MOEAs). These indicator-based MOEAs (IB-MOEAs)
generate Pareto front approximations that present convergence
and diversity characteristics strongly related to the QI that guides
the selection mechanism. However, on complex multi-objective
optimization problems, the performance of IB-MOEAs is far from
being completely understood. In this paper, we empirically ana-
lyze the convergence and diversity properties of five steady-state
IB-MOEAs based on the hypervolume, R2, IGD*, €*, and A,. Re-
garding convergence, we analyze their speed of convergence and
the final closeness to the true Pareto front. The IB-MOEAs adopted
in our study were tested on problems having different Pareto front
shapes, and were taken from six test suites. Our experimental re-
sults show general and particular strengths and weaknesses of the
adopted IB-MOEAs. We believe that these results are the first step
towards a deeper understanding of the behavior of IB-MOEAs.
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1 INTRODUCTION

Many scientific and engineering problems can be formulated in
terms of the simulatenous optimization of several, often conflicting,
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objective functions. These are the so-called multi-objective opti-
mization problems (MOPs), which are formally defined as follows:

min {F() = (@), L@, - fm@)} (1)

where ¥ is the vector of decision variables, Q C R” is the feasible
region set and F (%) is the vector of m > 2 objective functions
where f; : R® - R fori = 1,...,m. Due to the conflict among
the objective functions, solving an MOP involves finding the best
possible trade-offs among them. The particular set that yields the
optimum values, according to the Pareto dominance relation?, for
all the objective functions is known as the Pareto optimal set and
its image is known as the Pareto optimal front (PF *).

Multi-objective evolutionary algorithms (MOEAs) have become
an increasingly popular choice to tackle complex MOPs [5]. Due to
the wide variety of currently proposed MOEAs, an important issue
is how to assess their performance. In the early years of MOEAs, re-
searchers only performed qualitative comparisons of convergence
and diversity (distribution and spread) of the Pareto front approxi-
mations produced by an MOEA. However, in the late 1990s, quality
indicators (QlIs) were proposed to compare the performance of
MOEAs in a quantitative way [20]. QIs are functions that assign a
real value to one or more approximated Pareto fronts, depending
on their specific preferences. In consequence, they impose a total
order between approximation sets [24]. Due to this order property,
QIs are especially noteworthy when the Pareto dominance relation,
which is the more general assumption of quality, is not enough to
discriminate approximation sets.

Throughout the years, some studies on QIs have been proposed.
Zitzler et al. [24] provided the first theoretical analysis of QIs, using
a mathematical framework to understand how QIs are related to a
set of outperformance relations and what type of conclusions can
be drawn from them. The authors emphasized that the choice of
QIs to compare MOEAs depends strongly on the type of statements
that one would like to make, attending the decision maker’s pref-
erences. Jiang et al. [15] empirically analyzed the preferences of a
set of QIs when assessing convex and concave Pareto fronts with
different distributions. The authors showed the consistencies and
contradictions between QIs, which was the first step to understand
their relationship. In order to get a more in-depth understanding of
the relationship between QIs, Liefooghe and Derbel [17] performed
a correlation analysis of the way in which QIs rank approximation
sets with different geometries. Due to the specific preferences of

1Given %, j € R" and F : R — R™ we say that X Pareto dominates J (denoted as
F(X) < F(ij))ifand only if Vi = 1, .. ., m, f;(¥) < fi () and there exists at least
anindex j € {1, ..., m} such that f;(¥) < f; ().
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each QI, no pair obtains the same ranking of Pareto front approx-
imations. Hence, their main result was to establish the degree of
compliance between the adopted QIs.

Recently, QIs have motivated the design of selection mechanisms
of MOEAs, giving rise to the so-called indicator-based MOEAs (IB-
MOEAs). From the plethora of QIs currently available (see [16, 18]),
those focused on assessing convergence have attracted particular
interest since finding a set of solutions that optimize their value
will produce an approximation set closer to ¥ *. The hypervol-
ume indicator (HV) [23] has been extensively used in IB-MOEAs
due to its nice mathematical properties. HV measures the volume
dominated by an approximation set, being the most remarkable
convergence QI because, from all the classical indicators, it is the
only one that is Pareto-compliant?. However, its computational
cost increases super-polynomially with the number of objectives.
In consequence, other less expensive convergence Qls such as R2
[2], Inverted Generational Distance plus (IGD*) [13], the additive
¢ indicator (¢*) [24], and the averaged Hausdorff distance (A,)
[19], have been employed to guide the selection mechanisms of IB-
MOEAs. Despite the wide variety of IB-MOEAs in the specialized
literature, there is no clear understanding of their convergence and
diversity properties when tackling MOPs with distinct Pareto front
geometries and difficulties. In this paper, we perform a comprehen-
sive empirical study of the convergence and diversity properties
of five steady-state IB-MOEAs based on HV, R2, IGD™, €*, and
Ap. We aim to provide a first insight into the strengths and weak-
nesses of IB-MOEAs when tackling a wide variety of MOPs from
the test suites Deb-Thiele-Laumanns-Zitzler (DTLZ) [7], Walking-
Fish-Group (WFG) [12], Lamé Superspheres [8], Viennet problems
(VIE) [21], and the recently proposed DTLZ™! and WFG™! [14].

The remainder of this paper is organized as follows. Section 2
briefly introduces the selected QIs and the generic steady-state
IB-MOEA employed in our study. The convergence and diversity
analysis are described in Section 3. Finally, Section 4 presents the
conclusions of the paper and some possible future research paths.

2 BACKGROUND

In this section, we formally define the HV, R2, IGD™, €*, and A,
indicators. In all cases, let A be an approximation set and Z be a
reference set. m is the dimension of the objective space. Addition-
ally, we introduce the generic steady-state IB-MOEA, based on the
framework of the S-Metric Selection Evolutionary Multi-Objective
Algorithm (SMS-EMOA) [1].

2.1 Quality indicators

DEFINITION 1 (HYPERVOLUME INDICATOR). Given an anti-optimal
reference point ¥ € R™, the hypervolume is defined as follows:

HV(ﬂ,?):L(U {E|a<5<?}), @)

aeA
where L(-) denotes the Lebesgue measure in R™.
2Let A, B C RF, |A| = 18| = 4 be two approximation sets and I : R*¥ - Rbe

a unary QL Then, I is Pareto-compliant if A < 8 = I(A) > I(B), supposing a
greater indicator value is better.
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DEFINITION 2 (UNARY R2 INDICATOR). The unary R2 indicator is
defined as follows:

Rz(?(,W):—L Z max{u;(d)}, ®3)
Waefﬂ

where W is a set of weight vectors and uy; : R™ — R is a scalarizing
function defined by w € W that assigns a real value to each m-
dimensional vector.

DEerFINITION 3 (IGD* INDICATOR). The IGD*, for minimization, is
defined as follows:

1
IGDY(A,Z) = —

Z min d* (4@, 72), ©

! Zezae‘ﬂ

where d* (d,Z) = \/ZI'C”ZI (max{ay — 2, 0})%.
DEFINITION 4 (UNARY €' INDICATOR).

€' (A,Z) = max min max {z; — a;}. 5)
ZeZ deAl<i<m

The unary e*-indicator gives the minimum distance by which a
Pareto front approximation needs to or can be translated in each
dimension in objective space such that a reference set is weakly
dominated.

DEFINITION 5 (AVERAGED HAUSDORFF DISTANCE (Ap)). For a
given p > 0, the Ay, is defined as follows:

Ap(A. Z) = max {GDp (A, Z), IGDy (A, Z)}. (6)

Ap is defined on the basis of two indicators: GDp, and IGD,, which
are slight modifications of the indicators Generational Distance
(GD) [20] and Inverted Generational Distance (IGD) [4], respectively.
These are defined in the following:

DEFINITION 6 (GD) INDICATOR).
) 1/p
GDy(A,Z) =| — d(@, 2)? , 7
»(A.2) (|ﬂ|%< )) 7)

where d(d, Z) = mingc 7 |27 (a; — z;)%.

DEFINITION 7 (IGD), INDICATOR).

1/p
IGDp(A, Z) = GDp(Z, A) = (% Z d(Z.ﬂ)P) , (8)
zeZ

DEFINITION 8 (INDICATOR CONTRIBUTION). Let I be any indicator
in the set {HV, R2,IGD*, €*, Ap}. The individual contribution C of a
solution d € A to the indicator value is given as follows:

Cr(@A) = I(A) - I(A\La})l. ©)

2.2 Steady-state IB-MOEAs

From the large spectrum of IB-MOEAs, the one that has received
particular attention is SMS-EMOA [1]. This is a steady-state MOEA
that employs Pareto dominance as its main selection criterion, and
it adopts a density estimator based on HV. Algorithm 1 shows the
general framework of SMS-EMOA that can be adapted to any of the
QIs defined in the previous section. The main loop of the generic
steady-state IB-MOEA is in lines 2 to 11. At each iteration, a single
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solution is created from the population P using genetic operators.
This solution is then temporarily added to P to form the population
Q in line 4, Then, Q is divided into a set of layers Ry, ..., R;, using
the nondominated sorting algorithm [6], where R; contains the
worst solutions according to the Pareto dominance relation. If R;
has more than one solution, an indicator-based density estimator
(IB-DE) is executed. First, an IB-DE calculates the individual indica-
tor contributions of all solutions in a given set using Eq. (9), and,
finally, it deletes the solution having the minimum contribution.
Regarding SMS-EMOA, its IB-DE calculates the individual contri-
butions to HV. Finally, the IB-MOEA returns the population P as
the approximation to the Pareto front. Based on the SMS-EMOA
framework, other IB-MOEAs using the indicators R2 and IGD*
have been proposed, i.e., the R2-EMOA [3] and the IGD"-based
Many-Objective Evolutionary Optimizer (IGD*-MaOEA) [10], re-
spectively.

Algorithm 1 Generic steady-state IB-MOEA

Require: Indicator I
Ensure: Pareto front approximation
1: Randomly initialize population P
2: while stopping criterion is not fulfilled do
3:  Generate offspring ¢ from population P
Q « PU{q}
Obtain Z* and 7" from Q and normalize it
{Ry, ..., Rt} « NDsorting(Q)
if |[R;| > 1 then
Porst < arg min?eR[ Cr(7, Ry)
else
10: Pworst is the single solution in R,
11: P Q\ {Pworst }
12: return P

3 EXPERIMENTAL RESULTS

In this section, we empirically analyze the convergence and diver-
sity properties of five steady-state IB-MOEAs, following the frame-
work of Algorithm 1, based on the indicators HV, R2, IGD?, ¢*, and
Ap. In other words, we compare SMS-EMOA [1], R2-EMOA [3],
IGD"-MaOEA [10], and we propose *-MaOEA and A,-MaOEA.
We adopted the DTLZ, WFG, VIE, Lamé superspheres, DTLZ™?,
and WFG™! test suites with two and three objective functions. Ta-
ble 1 describes the MOPs employed in the study, emphasizing their
Pareto front geometry and whether P¥ * is correlated with the
shape of a simplex formed by a set of convex weight vectors>. In all
cases, we performed 30 independent executions of each algorithm
with each test instance.

3.1 Parameters settings

For a fair comparison, in all the experiments, the IB-MOEAs used
the same population size y = Cﬁf;”_l which is equal to the number
of convex weight vectors employed by R2-EMOA. H is a parameter
that controls the number of convex weight vectors [22]. Hence, p
is equal to 100 and 105 for two and three objectives, respectively.
We adopted a maximum number of function evaluations as the
3A vector w € R™ is a convex weight vector if and only if 3,7

Ziwi=landw; >
o,Vi=1,...,m
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Table 1: MOPs adopted in our study. For each case, the Pareto
front geometry is described, indicating whether it is corre-
lated or not with the shape of a simplex.

Pareto front

MOP shape Simplex-like
DTLZ5 Degenerate X
DTLZ57! Convex X
DTLZ7 Disconnected X
DTLZ77! Disconnected X
WFG1 Mixed v
WFG1™! Mixed X
WFG2 Disconnected v
WFG2~! Slightly concave X
WEG3 Degenerate X
WFG3™! Linear X
Lamé y = 0.25 Highly convex X
Lamé y = 0.50 Convex v
Lamé y = 1.00 Linear v
Lamé y = 2.00 Concave v
Lamé y = 5.00 Highly concave v
Mirror y = 0.25 Highly concave X
Mirror y = 0.50 Concave X
Mirror y = 1.00 Linear X
Mirror y = 2.00 Convex X
Mirror y = 5.00 Highly convex X
VIE1 Convex X

Mixed

VIEZ (convex and degenerate) X
VIE3 Degenerate X

stopping criterion which was set to 50,000 and 60,000 for two and
three objectives, respectively. All the IB-MOEAs employed sim-
ulated binary crossover and polynomial-based mutation as their
genetic operators [6]. For all the objectives, the crossover and mu-
tation probabilities were set to 0.9 and 1/n, respectively, where n
is the number of decision variables. Both the crossover and the
mutation distribution indexes were set equal to 20. At each itera-
tion, SMS-EMOA employs the vector of worst objective values of
the population as the reference point of HV and the layer R; as
the reference set in {IGD*, e*, Ap}-MaOEA. Regarding the MOPs,
the number of decision variables of problems DTLZ, DTLZ™!, and
Lamé superspheres is n = m + K — 1, where K = 10 for DTLZ5 and
DTLZ5™!; K = 20 for DTLZ7 and its minus version; and, K = 5 for
the Lamé and Mirror problems that are determined by a different y
value in Table 1. Considering the WFG and WFG™! test instances,
n was set to 24 and 26 for two and three objective functions, respec-
tively. In both cases, the number of position-related parameters is
two. The decision space of the three VIE problems is of dimension
two.

3.2 Convergence analysis

The goals of our convergence analysis are twofold. First, investigate
the percentage of successful executions (denoted as “hit rate”) on
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which an IB-MOEA is sufficiently close (attending a specific cri-
terion) to PF *, and, on average, how many function evaluations
are required to fulfill this condition (convergence speed). Secondly,
evaluate the final Pareto front approximations generated by the
adopted IB-MOEAs, using multiple convergence Qls.

Regarding the former goal, we claim that an IB-MOEA is close
enough to a reference set! Z ¢ PF* if its population at some
iteration t meets the following criterion (called e*-convergence):
€"(Py, Z) < & where é is a parameter set to 0.05 and 0.1 for two and
three objectives, respectively. If the IB-MOEA has e*-convergence,
that execution is marked as successful; otherwise, the execution is
marked as failed. The hit rate (h,) is the number of successful cases
divided by the total number of executions (30 in our experiments).
We take the speed of convergence as the mean value at which an
IB-MOEA reaches €' -convergence. Table 2 shows the hit rate and
speed of convergence for each MOP of all IB-MOEAs. The fastest
IB-MOEA is shown in grayscale, and the symbol # is placed when
its speed of convergence is significantly better than the other IB-
MOEAs based on a one-tailed Wilcoxon test, using a significance
level of @ = 0.05. From the table, it is possible to establish the
strengths and weaknesses of the IB-MOEAs. We express as a general
strength those test instances where all the IB-MOEAs have b, = 1.0
(denoted by the symbol v ), and a general weakness is where all
the IB-MOEAs have the symbol KXrelated to h, = 0.0.

On the one hand, Lamé and Mirror problems, DTLZ5 in both
objective dimensions, DTLZ7~! 2D, WFG2~! 2D, VIE2 and VIE3
are the general strengths of the adopted IB-MOEAs. On the other
hand, DTLZ5~! 3D, DTLZ7 3D, all WFG1 and WFG1~" test in-
stances, WFG2 2D and WFG3~! 3D are considered as the general
weaknesses. Figure 1 supports our claim of general weaknesses
since it shows the IB-MOEAs’ median e* convergence graphs for
all the above-mentioned problems. From this figure, we can see
that no IB-MOEA reaches the e -convergence condition because in
some cases (DTLZ57! 3D and DTLZ7 3D) the IB-MOEAs get stuck
in a higher e value, or the algorithms’ behavior is particularly
chaotic (WFG1~! 2D, WFG1™! 3D and WFG™! 3D). Considering
the 23 MOPs belonging to the DTLZ, DTLZ™!, WFG, WFG™! and
VIE test suites (which are more difficult problems than the Lamé
superspheres where all the IB-MOEAs achieved e*-convergence),
IGD*-MaOEA e*-converged in the largest number of MOP:s (i.e.,
14 problems) although SMS-EMOA and e*-MaOEA also showed
outstanding results since they e*-converged in 12 and 13 test in-
stances, respectively. Taking into account the total number of MOPs
having h, = 0.0 and h, € (0,1), Ap-MaOEA and R2-EMOA are the
worst IB-MOEAs, having a total of 13 and 15 MOPs under these
conditions, respectively. In general, SMS-EMOA presents the best
results regarding the speed of convergence because, considering all
the MOPs, it was the fastest in 20 out of 43 problems. Additionally,
SMS-EMOA and IGD"-MaOEA e*-converged in a similar num-
ber of cases. Consequently, the latter IB-MOEA can be considered
to obtain e*-convergence at a lower computational cost and ob-
taining similar results to SMS-EMOA. In terms of e -convergence,

4For each MOP, we uniformly sampled its P F* to generate the reference set. The
cardinality of the reference sets was set to 200 and 300 for two- and three-dimensional
MOPs.
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R2-EMOA is the worst IB-MOEA when tackling MOPs having non-
simplex-like Pareto fronts. Although in Mirror problems it always
presents et-convergence, the diversity of solutions is not good,
since there is a strong bias to the boundaries of the Pareto fronts.
This bad performance is explained by the use of convex weight vec-
tors. Recently, Ishibuchi et al. [14] empirically showed that MOEAs
using convex weight vectors do not perform very well when tack-
ling MOPs whose Pareto front shapes are not correlated to the
geometry of a simplex. In our experiments, most of the problems
are not correlated with the simplex shape.

To analyze the final convergence quality of the IB-MOEAs, we de-
cided to employ the Hausdorff distance (HD) which is a well-known
metric as well as the QIs: HV, R2, IGD™, €*, and Ap. The reason to
use HD is due to its neutrality when assessing the IB-MOEAs, i.e.,
none of them employ HD in their selection mechanism. Consider-
ing the Qls, we opted for a neutral comparison. If we compare a set
of IB-MOEAs, using an indicator 7, where one of the algorithms
uses 7 in its selection mechanism, the comparison will be biased
to this particular IB-MOEA. Hence, we leave aside that algorithm
when comparing with 7. For example, if we compare the IB-MOEAs
using HV, SMS-EMOA does not take part in the comparison. Due to
space limitations®, we only present the numerical results for HD in
Table 3. However, we summarize in Fig. 2 the counting of the first
and second places obtained by the IB-MOEAs on the Qls. Based on
HD, Ap-MaOEA and SMS-EMOA are the best IB-MOEAs because
they obtained very similar results: the former is the best in 16 MOPs
while the latter gets the first place in 15 test instances. e*-MaOEA is
ranked as the worst algorithm since it only obtained the first place
in one MOP, namely WFG3 3D. It is worth noting that although
the behavior of A,-MaOEA was not very good with regard to the
hit rate and speed of convergence (as it is the case of e*-MaOEA),
it obtains good results on the basis of HD. Based on this and the
complete analysis of final convergence, it is possible to see that
not always the fastest algorithm obtains the best final convergence
performance. Hence, we believe that the hit rate and convergence
speed can provide valuable insights about the exploration ability
of the corresponding IB-DEs, while the final convergence results
help us to determine what is the exploitation (or refinement of the
approximated Pareto fronts) ability associated with the IB-DEs. To
support this fact, from Figure 2, we observe that SMS-EMOA is the
best algorithm for IGD™, €*, and Ap; while Ap-MaOEA is the best
for HV and R2. Considering the second places on each QI, we have
IGD*-MaOEa for HV, SMS-EMOA for R2, e"-MaOEA regarding
IGD*, IGD*-MaOEA for €%, and, finally, R2-EMOA for Ap. Due to
the high correlation between HV and €™ [17], and HV with IGD*
[10], it is clear why SMS-EMOA significantly outperforms the other
IB-MOEAs on these QIs. Additionally, the first place of SMS-EMOA
in Ay is due to its good distribution of solutions (which is discussed
in the next section) in comparison to the uniformity of solutions
produced by R2-EMOA, IGD*-MaOEA, and €*-MaOEA. On the
other hand, A,-MaOEA obtains the first place in HV because its
spread and uniformity of solutions are better than that of the other
IB-MOEAs, which is something rewarded by HV. The same argu-
ments hold for the case of R2, which is also highly correlated with

5The complete study can be found in http://computacion.cs.cinvestav.mx:/~jfalcon/
IB-MOEAs/Study.html.
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Figure 1: Convergence graphs for MOPs which represent general weaknesses for all the adopted IB-MOEAs. The x-axis is
related to the number of iterations and the y-axis is the ¢* value.
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Figure 2: Heat map that shows the number of times an IB-
MOEA was ranked first or second, according to the indica-
tors HV, R2, IGD™, €*, A;, and s-energy.

HV although it prefers uniformly distributed solutions on linear
and concave Pareto fronts.

Based on the experimental results of both experiments, the fol-
lowing conclusions are drawn. The IGD*-based or the e¢*-based
density estimators (DEs) can be plugged onto MOEAs to provide a
higher probability to obtain e*-convergence although at a slower
rate. The HV-DE is better if we are interested in a faster conver-
gence. However, we have to consider that the cost of repeatedly
computing HV contributions is time-consuming since the cost of
HYV increases super-polynomially with the number of objective
functions. In order to refine the Pareto fronts produced by the
recommended IB-DEs, we can choose A,-DE since it provided ex-
cellent final convergence results regarding HD, HV, and R2. On the

other hand, due to the use of convex weight vectors, R2-EMOA
arises as the worst option when the Pareto front of the MOP is not
correlated with the shape of a simplex. This result is supported in
[14]. The rest of IB-MOEAs are not strongly sensitive to the Pareto
front geometry.

3.3 Diversity analysis

To assess the diversity of solutions in the outcomes of IB-MOEAs,
we decided to employ two QIs: the Solow-Polasky Diversity indi-
cator (SPD) [9] and the Riesz s-energy indicator (Es) [11]. Due to
space limitations, we only show the numerical results of SPD in
Table 4 and, in Fig. 2, we summarize the E results. Both SPD and
Es values show evidence that A,-MaOEA produces Pareto front
approximations with high diversity. In the second place, we have
SMS-EMOA for both QIs as well. et-MaOEA has the worst diver-
sity results since it does not produce the best value in any of the
test cases adopted. The results of e*-MaOEA can be explained by
the fact that et exclusively assesses convergence while the other
indicators adopted in our study simultaneously assess convergence
and diversity. Hence, the e*-based DE only promotes convergence.
On the other hand, from Table 4, it is easy to see that in most cases
where Ap-MaOEA obtains the best value, such results are related
to MOPs with Pareto fronts not correlated with the form of a sim-
plex, such as DTLZ5 3D, DTLZ7 3D, WFG2~! 3D and all the VIE
problems. Regarding the Lamé problems, SMS-EMOA has the best
results on the convex and linear instances, while R2-EMOA per-
forms better in concave Pareto fronts. This behavior holds on the
Mirror problems. In Figure 3, we show some Pareto fronts produced
by the IB-MOEAs to support our claims. For instance, no IB-MOEA
was able to generate the complete front of WFG1 2D (that is why
this problem was highlighted as a general weakness in the previous
section). Also, in the Lamé y = 2.0 with three objectives, R2-EMOA
produces evenly distributed solutions while for its mirror version,
it fails to cover the entire Pareto front. For this latter problem, we
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Table 2: Hit rate and, in paretheses, the mean value at which IB- Table 3: Mean and, in parentheses, standard deviation of the
MOEAs achieved e*-convergence (NA means no convergence). The Hausdorff distance. The two best values are shown in gray
symbols v'and X denote hit rate values of 1.0 and 0.0, respectively. scale, where the darker tone corresponds to the best value.

A symbol # is placen when the best algorithm performed

- - - . . .
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2 . . . . _
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can see from the figure that the distributions of both IGD*-MaOEA
and e*-MaOEA are not too uniform and their spread is deficient.

4 CONCLUSIONS AND FUTURE WORK

In spite of the broad spectrum of currently available IB-MOEAs,
there is still no clear understanding of their convergence and di-
versity behavior when tackling complex MOPs. In this paper, we
performed an empirical analysis of the convergence and diversity
properties of five steady-state IB-MOEAs based on the indicators:
hypervolume, R2, IGD™, €*, and A, i.e., we analyzed the behav-
ior of SMS-EMOA, R2-EMOA, IGD*-MaOEA, e*-MaOEA, and A,-
MaOEA. Our study highlights essential insights into the perfor-
mance of the adopted IB-MOEA s related to their convergence speed,
convergence quality of the final Pareto front approximations as well
as the uniformity of solutions when tackling MOPs with different
Pareto front shapes. The study revealed that, in general, SMS-EMOA
speeds up convergence to the Pareto front. However, IGD*-MaOEA
provides convergence results more consistently since it was the
IB-MOEA that was able to converge in most of the adopted test
instances, although it has a slower convergence than SMS-EMOA.
Considering the final convergence quality of the IB-MOEAs, SMS-
EMOA is the best algorithm, having the best values in four out six
convergence Qls. Regarding diversity, Ap-MaOEA produces well-
diversified approximation sets in most forms of the Pareto front. In
summary, our experimental results allowed us to outline some of
the strengths and weaknesses of the IB-MOEAs of our study. As
part of our future work, we are interested in studying the effect of
the IB-MOEAs on MOPs with several difficulties and on problems
with many objective functions, i.e., MOPs with more than three
objectives.
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Figure 3: Approximated Pareto fronts produced by all the adopted IB-MOEAs. Each approximation set corresponds to the
median of the Solow-Polasky Diversity indicator.
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