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Abstract

This supplementary material provides complementary information related to
the paper entitled “Uniform Mixture Design via Evolutionary Multi-Objective
Optimization.” In particular, we present proofs that support this research work.
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optimization.

Appendix A. Proofs

Appendiz A.1. Any solution evaluated in MOP1 maps to a mizture

We prove that given an x € [0,1]*~! such that x = (21,...,7-1) and the
objective vector F(x) = (f1(x), ..., far(x))T produced by MOP1 (Equation (3))

is a mixture.

i) First, we show that given an x € [0, 1], fi(x) >0 foreachi e {1,..., M}.
Since z; € [0,1] for all j e {1,...,M -1} then:
o Hf=1x¢20f0r0<k£M—l, and
o(1-z;)>0
Therefore, f;(x) >0 for each i € {1,...,M}.
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ii) Now, we show that given an x € [0,1]M1, ¥ f,(x) = 1.
Substituting each term of the sum by its definition in MOP1 (Equation (3))

and simplifying, we obtain:

f1(x) + fa(x) + f3(x) + -+ faur-1(x) + faur(x)
=r1%2Tp-1+ (1 - 33M—1)331$2"'33M—2+

(1 - l‘M_Q).Z‘ll‘Q"'l‘M_g + et (1 —.Z‘g)xl + (1 —.’1’,‘1)

=r1To " Tpr-1 + ([I,'lxg"'(EM,Q - $1$2""’EM,1)+ (A].)
+ ($1$2"'£L'M_3 — $1$2"'$M_2) + -+ (CEl - .’£1£C2)+

(1—1‘1):1

Hence, from i) and ii), we have that given an x € [0,1]M7!, F(x) is a

mixture.m

Appendiz A.2. Any solution evaluated in MOP2 maps to a mizture

15 We prove that given an x € [0,1]M1 such that x = (zy,...,2-1) and
r1 < 9 <--- < a1, the objective vector F(x) = (f1(x),..., far(x))T produced

by MOP2 (Equation (4)) is a mixture.

i) First, we show that given an x € [0, 1], f;(x) > 0 foreachi e {1,..., M}.

Since xj € [0,1] for all je{l,...,. M -1} and 0 <z <xa <~ <xppg <1,
2 we have that:

ox12>0

o Since 1 >x; >x;-1>0foreachie{2,... M -1}, z;-x;_1 >0

ol-zpy_120
Therefore, f;(x) >0 for each i € {1,...,M}.
2 ii) Now, we show that given an x € [0,1]™~! such that 23 < x5 < < 2p7 1,

Z?fl fi(x) =1.



Substituting each term of the sum by its definition in MOP2 (Equation (4))

and simplifying, we obtain:

f1(x) + fa(x) + f3(x) + -+ far-1(x) + far(x) =
=x1+ (v —x1) + (x5 —x2) + -+ (Tpr-1 — Tpr—2)+

(1 —LL‘M,l) =1

Hence, from i) and ii), we have that given an x € [0,1] ! such that z; <

xg < <wpyo1, F(x) is a mixture.m

Appendiz A.3. Any solution evaluated in MOPS8 maps to a mizture

30 We prove that given an x € [0,1]™ sucht that x # 0, the objective vector

F(x) = (fi(x),..., far(x))T produced by MOP3 (Equation (5)) is a mixture.

i) First, we show that given an x € [0,1]* such that x # 0, f;(x) > 0 for each
ie{l,...,M}.

Since z; € [0,1] and the L;-norm is nonnegative and x # 0, we have that

]
[<Ilx

Therefore, f;(x) >0 for each i € {1,...,M}.

3 is well-defined and it is always a nonnegative number.
ii) Now, we show that given an x € [0,1]* such that x # 0, ¥, fi(x) = 1.
Substituting each term of the sum by its definition in MOP3 (Equation (5))

and simplifying, we obtain:

fi(x) + f2(x) + f3(x) + -+ far-1(x) + faur(x) =

. il 72|
|CL‘1|+‘£L’2|+“'+|$M| |x1|+|x2|+~~~+|mM|

+

|z ]+ ||+ + ||

|z1| + |z2| + - + |Tas] - || +|z2| + -+ + |z as] -

Hence, from i) and ii), we have that given an x € [0,1]™ such that x # 0,

F(x) is a mixture.m
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Appendiz A.4. Any solution is a Pareto optimal solution

Now, we show that any x € S7E| is Pareto optimal solution of its corre-
sponding MOP. By definition of the formulated MOPs, we know that z =
(fi(x),..., fm(x)) is a mixture for any x € Q, ie., z; 20 (i =0,...,M) and
Y M 2z =1 (see the proofs in the above sections).

Let us assume that there is an objective vector y such that y dominates
z. Notice that y is a mixture. Then, from the definition of Pareto dominance,
we have that there exists ¢ € {1,...,M} such that y; < z; and y; < z; for all
je{l,...,M} with i # j. Therefore Z?zl,j*iyj < Z%M# zj. Since y; < z;,
Zﬁl,jﬂ Y; + i < Z?ﬁl’jﬂ zj + z;. Therefore, fol yi < 1. Hence, y is not a

mixture.m

10 =[0,1]1M-! for MOP1 and MOP2, and Q = [0,1]™ \ {0} for MOP3
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