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Abstract

In Multi-objective optimization problems (MOPs), we aim to simultaneously find
the maximum or minimum values of two or more (often conflicting) objective
functions. MOPs are often found in real-world applications and, consequently,
many methods have been proposed to solve them. Multi-Objective Evolution-
ary Algorithms (MOEAs) are popular techniques to solve MOPs due to their
ease of use and their generality. Assessing the performance of MOEAs has
become increasingly important due to the high number of MOEAs that have
been developed in recent years. This work presents a novel framework for creating
quality indicators using the linear assignment problem. In addition, we intro-
duce two novel quality indicators generated using this framework and present
examples to validate their performance. Furthermore, we present a novel algo-
rithm called MOEA-kAP that can incorporate any indicator generated using our
proposed framework as a density estimator. Our experimental results show that
MOEA-kAP outperforms state-of-the-art algorithms.

Keywords: Quality indicator, Multi-objective optimization, Linear assignment
problem, Evolutionary algorithm

1 Introduction

For the purposes of this paper, we are interested in solving multi-objective optimization
problems (MOPs) where the objective functions are in conflict with each other (i.e.,
improving one objective causes the deterioration of at least another one). Because of
the conflicting nature of their objectives, MOPs do not have a single solution, but a
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set of trade-off solutions that we call the Pareto optimal set. The objective function
values corresponding to the solutions contained in the Pareto optimal set form the
so-called Pareto Front.

MOPs can be found in many areas, including civil engineering, finance, physics, or
water resource management. Because of that, several techniques have been proposed to
solve MOPs since the 1970s. In recent years, Multi-Objective Evolutionary Algorithms
(MOEAs) have gained popularity in this area, because they present several advantages,
from which the main ones are that they do not require any gradient information, they
are relatively easy to use and have a wide applicability (Deb, 2001; Coello Coello et al,
2007).

Performance assessment of MOEAs has become increasingly important, mainly
because of their popularity. Therefore, many performance measures (also called quality
indicators) have been introduced over the years. Such performance indicators typically
focus on one or more of the following aspects of the resulting set of solutions in
objective function space (also known as approximation set) (Audet et al, 2021):

1. Convergence: closeness to the optimal solutions.
2. Extent (or spread): coverage of a wide range of solutions
3. Uniformity : distribution of the solutions.

It is worth noting that the combination of extent and uniformity is referred to as
diversity in evolutionary multi-objective optimization.

As mentioned before, a variety of performance indicators have been proposed in
the literature over the years (Li and Yao, 2019). One of the most popular performance
indicators is the hypervolume (Zitzler, 1999), which measures the size of the objective
space that the solutions cover collectively. One advantage of the hypervolume indica-
tor is that it has been mathematically proved that its maximization leads to Pareto
optimal solutions (Fleischer, 2003). However, its main disadvantage is that its com-
putational cost increases exponentially with the number of objectives (Beume et al,
2009), which makes it unsuitable for problems having a relatively low dimensionality
(normally, it is unsuitable for problems having more than six objectives).

Another popular performance indicator is the Inverted Generational Distance
(IGD) (Coello Coello and Reyes Sierra, 2004), which measures the average distance
in objective space between each solution in a set of Pareto optimal solutions and its
nearest solution in an approximation set. This indicator allows us to assess conver-
gence, spread, and uniformity. Nevertheless, the main drawback of this indicator is
that it requires the Pareto optimal set or at least a high-quality approximation of it.

In 2023, we proposed a novel quality indicator that tries to overcome the draw-
backs of the existing performance indicators: the ILAP (Valencia-Rodŕıguez and Coello
Coello, 2023). This indicator employs the Linear Assignment Problem (LAP) to assess
the convergence and diversity of an approximation set. The LAP consists of a set of
agents and tasks, where assigning an agent to a task involves a cost. Therefore, its
aim is to minimize the overall assignment cost.

In contrast, when assessing a multi-objective optimizer, we have a set of solutions
and reference vectors representing different regions of the Pareto Front. Hence, the
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minimum cost of assigning the solutions to the reference vectors is used as a perfor-
mance indicator. Our experimental study showed that this new indicator correctly
ranks approximation sets in problems with more than four objectives. Moreover, the
ILAP has shown a superior performance over other popular indicators.

We realized that modifying the cost function of the ILAP , it is possible to produce
a quality indicator with different features. Thus, we propose here the use of the LAP as
a general framework for creating quality indicators, which we call IFLAP . Additionally,
we also introduce two quality indicators generated using the new framework: PLAP

and DLAP . Furthermore, we have developed a novel MOEA, called MOEA-kAP, that
uses any indicator created using the IFLAP as a density estimator.

The remainder of this paper is organized as follows. Section 2 introduces the
necessary background related to our proposal. Section 3 presents our proposed frame-
work, its properties, and two novel quality indicators generated using this framework.
Section 4 describes our proposed algorithm called MOEA-kAP. Finally, Section 5
presents our conclusions and some possible paths for future research.

2 Background

In multi-objective optimization, the aim is to solve problems of the type1:

minimize f(x) := [f1(x), f2(x), . . . , fk(x)] (1)

subject to:
gi(x) ≤ 0 i = 1, 2, . . . ,m (2)

hi(x) = 0 i = 1, 2, . . . , p (3)

where x = [x1, x2, . . . , xn]
T

is the vector of decision variables, fi : IRn → IR,
i = 1, ..., k are the objective functions and gi, hj : IRn → IR, i = 1, ...,m, j = 1, ..., p
are the constraint functions of the problem.

A few additional definitions are required to introduce the notion of optimality
used in multiobjective optimization:

Definition 1. Given two vectors x,y ∈ IRk, we say that x dominates y (denoted
by x ≺ y), if fi(x) ≤ fi(y) for all i = 1, . . . , k, and fj(x) < fj(y) in at least one j.

Definition 2. We say that a vector of decision variables x ∈ X ⊂ IRn is nondomi-
nated with respect to X , if there does not exist another x′ ∈ X such that x′ ≺ x.

Definition 3. We say that a vector of decision variables x∗ ∈ F ⊂ IRn (F is the
feasible region) is Pareto-optimal if it is nondominated with respect to F .

Definition 4. The Pareto Optimal Set P∗ is defined by:

P∗ = {x ∈ F|x is Pareto-optimal}

1Without loss of generality, we will assume only minimization problems.
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Definition 5. The Pareto Front PF∗ is defined by:

PF∗ = {f(x) ∈ IRk|x ∈ P∗}
Definition 6. A vector x ∈ X is said to weakly dominate another vector y ∈ F
(denoted as x ⪯ y), if fi(x) ≤ fj(y) for all i = 1, . . . ,m.

Therefore, our aim is to obtain the Pareto optimal set from the set F of all the decision
variable vectors that satisfy (2) and (3). Note however that in practice, not all the
Pareto optimal set is normally desirable or achievable, and decision makers tend to
prefer certain types of solutions or regions of the Pareto front (Branke and Deb, 2005).

The outcome of the multi-objective optimizers (such as MOEAs) is called an
approximation set (Zitzler et al, 2003):

Definition 7. Let A ⊆ Z be a set of objective vectors (Z ⊆ IR). A is called an
approximation set if any element of A does not weakly dominate any other objective
in A. The set of all approximation sets is denoted as Ω.

The approximation sets are usually evaluated through quality indicators that
assess different aspects of the set (Zitzler et al, 2003):

Definition 8. An m-ary quality indicator I is a function I : Ωm → IR, which assigns
each vector (A1, A2, . . . , Am) of m approximation sets a real value I(A1, . . . , Am)

2.1 Linear assignment problem

The Linear Assignment Problem (LAP) involves assigning n agents to n tasks, where
each assignment incurs a cost. Therefore, the aim is to minimize the overall assignment
cost. In simpler terms, we are given an n × n cost matrix C = (cij), and we need to
assign each row to a different column to minimize the sum of the corresponding entries.

By introducing a binary matrix X = (xij) such that

xij =

{
1 if row i is assigned to column j,

0 otherwise,

The LAP can be modeled as follows (Burkard et al, 2012):

min

n∑
i=1

n∑
j=1

cijxij (4)

s.t.

n∑
j=1

xij = 1 (i = 1, 2, . . . , n), (5)

n∑
i=1

xij = 1 (j = 1, 2, . . . , n), (6)
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xij ∈ {0, 1} (i, j = 1, 2, . . . , n). (7)

The LAP can be solved using the so-called Kuhn-Munkres algorithm, which
Harold Kuhn introduced in 1955 (Kuhn, 1955) and was enhanced by J. Munkres in
1957 (Munkres, 1957). The most efficient implementation of this algorithm is O(n3).

3 Our proposed framework

In this work, we propose using the LAP as a framework to build quality indicators in
the following way. Let W be a set of reference vectors representing different regions
of the Pareto Front, and let A be an approximation set. Moreover, let c be a function
that scores the relation between a reference vector and a solution. Then, we propose
to use the minimum cost of assigning the vectors in W to the solutions in A as a
performance indicator. Hence, we can estimate to what extent the approximation set
covers the different regions of the Pareto front. Formally, this framework, called IFLAP ,
is defined as follows:
Definition 3.1 (IFLAP ). Given a set of reference vectors W = {w1, . . . ,wn}, an
approximation set A = {a1, . . . ,an}, and a cost matrix C such that Cij = c(wi,aj)
where c : IRm × IRm → IR+. Then, the IFLAP is defined as:

IFLAP =
1

n
min
x∈X

{
n∑

i=1

n∑
j=1

Cijxij

}
(8)

where X is the set of permutation matrices.
To calculate the IFLAP , we evaluate each solution and reference vector on function

c to construct matrix C. Next, we solve the LAP by applying the Kuhn-Munkres
algorithm to C. Finally, we use the minimum assignment cost as the indicator value.
The matrix computation is performed in O(mn2) where m is the number of objectives,
and the LAP problem is solved in O(n3). Therefore, the computational complexity of
computing the IFLAP is O(mn2 + n3).

3.1 Framework properties

We can identify three crucial properties of the IFLAP , which are described next.

Property 1. Given a reference set W , the minimum possible overall assignment cost
is obtained by summing up the minimum values from the cost functions defined by each
reference vector in W . It is assumed that these solutions are different.

Proof. Let A = {a1, . . . ,an} be an approximation set and W = {w1, . . . ,wn} be a
reference set. Without loss of generality, suppose that f(ai,wi) is the minimum value
of function f with respect to the reference vector wi for all i = 1, ..., n. Therefore, we
want to prove that the minimum possible overall assignment cost is determined by:

n∑
i=1

f(ai,wi).
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For the sake of contradiction, let us assume that
∑n

i=1 f(ai,wi) is not the minimum
possible overall assignment cost. Hence, there exists another approximation set B =
{b1, . . . , bn} such that

n∑
i=1

f(ai,wi) >

n∑
i=1

f(bi,wi)

Therefore, there is at least one j ∈ {1, . . . , n} where the following holds:

f(aj ,wj) > f(bj ,wj).

However, this is a contradiction since f(aj ,wj) is the minimum value of function f
given vector wj .

Property 2. The IFLAP considers all solutions of the approximation set to evaluate
it.

The IFLAP assigns each element of the approximation set to each reference vector
while minimizing the sum of the assignment costs. Hence, the contribution of each
solution is considered to obtain the indicator’s value. This property allows us to
differentiate the performance between approximation sets fully.

Property 3. Using the IFLAP , we can create several quality indicators by changing
the scoring function.

Changing the function that scores the relation between a reference vector and
a solution allows us to measure different characteristics of the Pareto Front. The
upcoming sections will present two quality indicators produced using the IFLAP , which
have different properties.

3.2 Designing a convergence-diversity indicator

As mentioned in the previous sections, we must select a scoring function to create a per-
formance indicator using the IFLAP . In this section, we propose using the Achievement
Scalarizing Function (ASF) (Miettinen, 1999), which is defined as follows:

uASF (w,f ′(x)) := max
i∈{1,...,m}

{
f ′
i

wi

}
(9)

where w ∈ IRm, f(x) ∈ IRm is the objective vector, f ′(x) = f(x) − z∗, and
z∗ ∈ IRm is a reference point. The ASF transforms a multi-objective problem into
a single-optimization problem by using a reference vector. Moreover its minimization
leads to a weakly Pareto optimal solution (Miettinen, 1999). A detailed explanation
of this can be found in (Tutum and Deb, 2015).

In addition, we propose employing Uniform Design with the Hammersley method
(UDH) (Molinet Berenguer and Coello Coello, 2015) to create the reference set. The
formal definition of the new indicator (which we called PLAP ) is the following:
Definition 3.2 (PLAP ). Given a set of reference vectors W = {w1, . . . ,wn},
an approximation set A = {a1, . . . ,an}, and a cost matrix C such that Cij =
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(a) Measuring convergence.
PLAP (triangles) = 25000.4375,
PLAP (circles) = 25000.3375,
and PLAP (squares) = 25000.2375.
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(b) Measuring diversity.
PLAP (triangles) = 25000.4375, and
PLAP (circles) = 150000.5375.

Fig. 1: Examples where the PLAP assesses convergence and diversity of approximation
sets of a problem with two objectives. A lower value of the indicator is preferred.

uASF (wi,a
′
j) where a′j,k =

aj,k−zmin
k

zmax
k −zmin

k

, where zmin, zmax ∈ IRm are the minimum and

maximum possible values for each objective, and z∗ = 0. Then, the PLAP is defined as:

PLAP =
1

n
min
x∈X

{
n∑

i=1

n∑
j=1

Cijxij

}
(10)

where X is the set of permutation matrices.
The PLAP measures convergence because it always considers the best values of

the ASF. Moreover, we can infer from Property 1 that the minimum possible value
of PLAP is the sum of the minimum values of the ASF associated with each reference
vector. Consequently, the approximation set that achieves the minimum value of PLAP

comprises at least weakly Pareto optimal solutions. Figure 1a shows an example where
PLAP correctly ranks three approximation sets, where a lower value implies a better
approximation.

On the other hand, the PLAP measures the diversity of a set since it quantifies
how much each solution covers the Pareto Front regions given by the reference vectors.
Figure 1b shows an example where PLAP assesses diversity of two approximation sets.

3.3 Designing a diversity indicator

In this section, we introduce a new performance indicator calledDLAP that assesses the
diversity of an approximation set. To accomplish this, we propose using the minimum
Euclidean distance between a point and a reference vector. Given a solution a =
[a1, . . . , am] and a reference vector w = [w1, . . . , wm], this distance can be computed
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using the following expression:

d(w,a) =
∥∥∥a− a ·w

w ·w
w
∥∥∥ (11)

where || · || is the l2-norm.
The minimum Euclidean distance allows us to measure how much a region of the

Pareto Front is covered. Therefore, we also propose using the UDH method to gener-
ate uniformly distributed reference vectors in objective space. The formal definition
of the DLAP is the following:

Definition 3.3 (DLAP ). Given a set of reference vectors W = {w1, . . . ,wn}, an
approximation set A = {a1, . . . ,an}, and a cost matrix C such that Cij = d(wi,a

′
j)

where a′j,k =
aj,k−zmin

k

zmax
k −zmin

k

, where zmin, zmax ∈ IRm are the minimum and maximum

possible values for each objective. Then, the DLAP is defined as:

DLAP =
1

n
min
x∈X

{
n∑

i=1

n∑
j=1

Cijxij

}
(12)

where X is the set of permutation matrices.
We conducted three experiments to validate the DLAP . The first experiment

involved generating three approximation sets on the hyperplane f1 + f2 + f3 = 1. The
first set concentrates the solutions in a corner of the hyperplane (see Figure 2a), the
second set randomly places the solutions on the hyperplane (see Figure 2b), and the
third set distributes the solutions uniformly (see Figure 2c). We observed that as the
indicator value decreases, the distribution of the sets improves.

(a) DLAP = 0.2557 (b) DLAP = 0.0699 (c) DLAP = 0.0611

Fig. 2: Artificially generated Pareto Fronts with different distributions

In the second experiment, we took the approximation set of Figure 2c and scaled it
by 75% and 50% (see Figure 3). This experiment aimed to test the indicator’s ability
to measure a set’s coverage. The experimental results indicate that a lower indicator
value corresponds to a better coverage of the set.
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(a) DLAP = 0.1563 (b) DLAP = 0.076 (c) DLAP = 0.0611

Fig. 3: Artificially generated Pareto Fronts with different coverage

In the third experiment, we inverted the approximation sets in Figure 2. This
experiment aims to evaluate if this indicator is sensitive to the rotation of Pareto
Fronts. Figure 4 shows that it still holds that the lower the value of DLAP , the better
the distribution.

(a) DLAP = 0.5164 (b) DLAP = 0.3418 (c) DLAP = 0.3018

Fig. 4: Artificially generated Pareto fronts with different distributions located on an
inverted unit simplex.

4 Our proposed algorithm

This section presents a novel algorithm in which you can incorporate any indicator
generated using the IFLAP as a density estimator. We called this algorithm a Multi-
Objective Evolutionary Algorithm based on the k-cardinality Assignment Problem
(MOEA-kAP). Algorithm 1 shows the operation of MOEA-kAP. First, a population
is randomly generated and evaluated. Then, in the main loop, new individuals are
generated using DE/rand/1/bin (Storn and Price, 1997), and the resulting solutions
are evaluated. After that, the best individuals are selected for the next generation
using the kAP selection. This process continues until it reaches a maximum number
of generations.

The kAP selection is the core process of MOEA-kAP and is displayed in Algo-
rithm 2. This selection scheme first applies non-dominated sorting over a populations
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Algorithm 1 Multi-Objective Evolutionary Algorithm based on the k-cardinality
Assignment Problem (MOEA-kAP)

Require: Maximum number of generations (gmax), Differential evolution parameters
(Cr, D), Reference vectors (W ), MOP

1: P1 = Generate initial population randomly
2: Evaluate each individual in P1

3: for t = 1, gmax do
4: Qt = Generate offspring using Pt and DE/rand/1/bin
5: Evaluate each individual in Qt

6: Pt+1 =kAP selection( Pt, Qt, W )
7: end for

that combines parents and offspring (see lines 1-2). Then, the next generation’s pop-
ulation (Pt+1) is created by selecting the best non-dominated sets until the sum of
Pt+1 and the current non-dominated set exceeds N (see lines 3-7).

We must take the top k = N −|Pt+1| solutions from the last non-dominated set to
have a population of N individuals. However, it is essential to note that the previous
non-dominated sets have already covered certain regions defined by the weight vectors.
Thus, it is preferable to pick solutions in areas that have not yet been covered. For
this purpose, we identify which weight vectors are covered. We assume that a weight
vector is covered when at least one solution in the population obtains its minimum
value using the weight vector. Algorithm 3 summarizes the process of finding the
non-covered weight vectors.

On the other hand, it is crucial to note that the number of non-covered weight
vectors may be larger than the number of solutions to pick. Hence, we cannot consider
it a LAP since both numbers must be identical. Instead, this is known as a k-cardinality
Assignment Problem (k-AP) (Dell’Amico and Martello, 1997). In this type of problem,
there are n agents, m tasks, and a positive integer k. The objective is to assign k
agents to k tasks to minimize the sum of the assignment costs.

Given an m× n cost matrix C = (cij), and a positive integer k ≤ min(m,n). The
k-AP can be modeled as follows:

min

n∑
i=1

n∑
j=1

cijxij (13)

s.t.

n∑
j=1

xij ≤ 1 (1 ≤ i ≤ m), (14)

m∑
i=1

xij ≤ 1 (1 ≤ j ≤ n), (15)

m∑
i=1

n∑
j=1

xij = k (1 ≤ i ≤ m, 1 ≤ j ≤ n) (16)

xij ∈ {0, 1} (1 ≤ i ≤ m, 1 ≤ j ≤ n). (17)
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Guo-Zhong Bai proposed transforming the k-AP into a LAP by modifying the cost
matrix and then solving the problem using the Kuhn-Munkres algorithm (Bai, 2009).
The modified cost matrix (C̃) is created by adding n− k rows and m− k columns to
the original cost matrix (C). Moreover, each element of matrix C̃ is defined as follows:

C̃ij =


Ci,j if (1 ≤ i ≤ m) and (1 ≤ j ≤ n)

M if (m < i ≤ m+ n− k) and (n < j ≤ m+ n− k)

0 if (1 ≤ i ≤ m) and (n < j ≤ m+ n− k)

0 if (1 ≤ j ≤ n) and (m < i ≤ m+ n− k)

(18)

whereM is an arbitrarily large positive number and i, j = 1, . . . ,m+n−k. Algorithm 4
illustrates the creation of the modified cost matrix.

In summary, in order to select the best k individuals, we first normalized the Pt+1

population and the last non-dominated set (see lines 8-10 of Algorithm 2). Then,
we obtain the non-covered vectors (see line 11), construct the new modified matrix
(see lines 12-13) using the resulting vectors, and solve the linear assignment problem.
Finally, the previous non-dominated sets and the assigned solutions are selected for
the next generation.

Algorithm 2 kAP selection

Require: Parents population (Pt), Offspring population (Qt), Reference vectors (W )
Ensure: Next population (Pt+1)
1: Rt = Pt ∪Qt

2: F = Perform fast non-dominated sorting using Rt

3: Pt+1 = ∅ and i = 1
4: while |Pt+1|+ |Fi| ≤ N do
5: Pt+1 = Pt+1 ∪ Fi

6: i = i+ 1
7: end while
8: zmax, zmin =Obtain the limits of Pt+1 ∪ Fi

9: P̃t+1 = Normalize Pt+1 using zmax and zmin

10: F̃i = Normalize Fi using zmax and zmin

11: W̃ =obtain non covered vectors( P̃t+1, W )
12: k = N − |Pt+1|
13: C̃ =construct k matrix(F̃i, W̃ , k)
14: I ← Obtain the best assignment in C̃ using the Kuhn-Munkres algorithm
15: for all i ∈ I do
16: Pt+1 = Pt+1 ∪ {Fi,j}
17: end for
18: return Pt+1
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Algorithm 3 obtain non covered vectors

Require: Population (P ), Reference vectors (W )
Ensure: List of non covered vectors (non cover)
1: non cover = Initialize list of size N with ones
2: for all a ∈ P do
3: idx = argmini∈{1,...,|W |} c(wi,a)
4: non cover[idx] = 0
5: end for
6: return non cover

Algorithm 4 construct k matrix

Require: Normalized front population (P̃ ), Non covered vectors (W̃ ), Number of
individuals to select (k)

Ensure: Cost matrix (C)
1: m = |W̃ |
2: n = |P̃ |
3: M = arbitrarily large positive number
4: C = Create matrix of size (n+m− k)× (n+m− k)
5: for i = 1,m do
6: for j = 1, n do
7: Ci,j = c(W̃i, P̃j)
8: end for
9: end for

10: for i = m,n+m− k do
11: for j = n, n+m− k do
12: Ci,j = M
13: end for
14: end for
15: return C

4.1 Experimental analysis

We compared the performance of MOEA-kAP with respect to that of the NSGA-
III (Deb and Jain, 2014) and with respect to a version of MOEA/D (Qingfu Zhang
and Hui Li, 2007) that uses Differential Evolution. For this purpose, we adopted the
DTLZ1-DTLZ7 test problems from the Deb-Thiele-Laumanns-Zitzler (DTLZ) (Deb
et al, 2005) test suite using three objectives. The number of variables is defined by
n = 3 + k − 1 where k = 5 for DTLZ1, k = 10 for DTLZ2-DTLZ6, and k = 20 for
DTLZ7.

We adopted three indicators to assess performance: hypervolume (Zitzler, 1999),
IGD+ (Ishibuchi et al, 2015), and s-energy (Hardin and Saff, 2004). The hypervol-
ume indicator measures the size of the objective space covered by the approximation
set. The IGD+ indicator measures the average distance between a reference set and
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Table 1: Average and standard deviation of the IGD+ indi-
cator over 30 executions. Darker cells imply better values.
Moreover, the numbers below each value represent the identi-
fiers of the algorithms with the worst performance according
to the Wilcoxon rank sum test.

MOEA/D-DE (0) MOEA-kAP (1) NSGA-III (2)
DTLZ1 6.120e+00

(1.10e+01)
2.3386e-02
(5.09e-02)
0,2

5.4093e-02
(8.45e-02)
0

DTLZ2 3.767e-02
(5.47e-04)

2.5659e-02
(5.61e-05)
0

2.2453e-02
(2.33e-06)
0,1

DTLZ3 2.386e+01
(3.29e+01)

4.8558e-01
(7.96e-01)
0,2

9.0021e-02
(1.81e-01)
0

DTLZ4 4.5382e-02
(1.15e-02)

3.1976e-02
(1.20e-02)
0

5.669e-02
(7.65e-02)
0,1

DTLZ5 5.8124e-03
(1.58e-04)
2

5.1957e-03
(3.13e-04)
0,2

6.974e-03
(8.22e-04)

DTLZ6 5.4551e-03
(3.19e-06)
2

2.9014e-03
(9.46e-06)
0,2

9.083e-03
(7.21e-04)

DTLZ7 9.858e-02
(2.78e-02)

4.8975e-02
(4.24e-03)
0

4.2030e-02
(2.30e-03)
0,1

a Pareto Front approximation. Furthermore, the s-energy indicator measures the uni-
form distribution of a set in a d-dimensional manifold. Thus, these indicators allow us
to assess both diversity and convergence of the approximation sets generated by each
algorithm.

Regarding the algorithms’ parameters, we set F = 1.0 and Cr = 0.4 for Differen-
tial Evolution. Moreover, we set the crossover probability to pc = 1.0, the mutation
probability to pm = 1/n, the crossover distribution index to ηc = 20, and the mutation
distribution index to ηm = 20 for the crossover and mutation operators of NSGA-III.
In addition, MOEA/D-DE used a neighborhood size T = 20, a neighborhood selec-
tion probability δ = 0.9, and the PBI function with θ = 5. We also used the DLAP

indicator as the density estimator of MOEA-kAP.
Additionally, we generated the reference points for NSGA-III and MOEA/DE using

the Das and Dennis’s systematic approach (Das and Dennis, 1998), which places the
points on an (k-1)-dimensional unit simplex. The number of reference points (H)
generated by this method is given by H =

(
k+p−1

p

)
, where p is the number of divisions

along each objective, and k is the number of objectives. In this experiment, we set
p = 12 as suggested in (Deb and Jain, 2014), resulting in 91 reference points. However,
we used a population size of 92 to meet NSGA-III’s requirement for an even number
of individuals. Moreover, we set the maximum number of generations to 1000.
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Table 2: Average and standard deviation of the hypervol-
ume indicator over 30 executions. Darker cells imply better
values. Moreover, the numbers below each value represent
the identifiers of the algorithms with the worst performance
according to the Wilcoxon rank sum test.

MOEA/D-DE (0) MOEA-kAP (1) NSGA-III (2)
DTLZ1 1.326e+00

(1.64e-02)
1.3310e+00
(2.48e-06)

1.3310e+00
(4.44e-16)
0,1

DTLZ2 7.003e-01
(2.07e-03)

7.2946e-01
(4.67e-04)
0

7.4663e-01
(5.58e-06)
0,1

DTLZ3 1.285e+00
(9.86e-02)

1.3310e+00
(2.47e-06)
0

1.3310e+00
(1.80e-07)
0,1

DTLZ4 7.197e-01
(3.33e-02)

7.5094e-01
(3.22e-02)
0

7.3752e-01
(1.03e-01)
0,1

DTLZ5 2.7113e-01
(1.25e-04)
2

2.7433e-01
(3.56e-04)
0,2

2.696e-01
(1.43e-03)

DTLZ6 2.5915e-01
(6.70e-06)
2

2.6408e-01
(1.45e-05)
0,2

2.535e-01
(1.41e-03)

DTLZ7 7.432e-01
(1.42e-02)

7.8776e-01
(3.70e-03)
0

7.9389e-01
(3.39e-03)
0,1

Tables 1, 2, and 3 show the average and standard deviation of the indicators’
values of each algorithm. Moreover, the numbers below each value represent the sta-
tistically worst algorithms according to the Wilcoxon rank sum test. The identifier for
MOEAD/DE is 0, for MOEA-kAP is 1, and for NSGA-III is 2.

Regarding the IGD+ indicator, the best algorithm is the MOEA-kAP because
it ranked first in 4 out of 7 problems. The second-best algorithm is the NSGA-III,
which ranked first in 3 problems. Hence, it is shown that the approximations obtained
by the MOEA-kAP are usually near the Pareto Front in comparison with the other
algorithms.

In terms of the hypervolume indicator, the NSGA-III algorithm performed the best
as it ranked first in 4 out of 7 problems. Additionally, the MOEA-kAP algorithm was
the second-best performer, as it ranked first in 3 problems. Therefore, MOEA-kAP is
a competitive algorithm regarding the area of the approximation set that is is able to
cover.

On the other hand, if we examine the results concerning the s-energy indicator,
we can observe that the MOEA-kAP outperforms the other algorithms in 6 out of 7
problems. Thus, it is shown that the MOEA-kAP outperforms the other algorithms
in terms of the distribution of the approximation set.

In addition, Table 4 presents the average runtime over 30 executions of each algo-
rithm. The MOEA/D-DE exhibits the best execution time, while the MOEA-kAP
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Table 3: Average and standard deviation of the s-energy
indicator over 30 executions. Darker cells imply better values.
Moreover, the numbers below each value represent the identi-
fiers of the algorithms with the worst performance according
to the Wilcoxon rank sum test.

MOEA/D-DE (0) MOEA-kAP (1) NSGA-III (2)
DTLZ1 1.291e+13

(2.39e+13)
5.2593e+09
(6.96e+08)
0

1.4442e+11
(7.52e+11)
0,1

DTLZ2 1.555e+13
(9.12e+12)

5.6136e+04
(1.80e+02)
0

4.6289e+04
(2.01e+00)
0,1

DTLZ3 2.700e+13
(3.67e+13)

1.2287e+09
(8.98e+08)
0

8.4395e+09
(3.88e+10)
0,1

DTLZ4 5.411e+13
(2.49e+13)

1.7817e+06
(6.08e+06)
0

1.7945e+11
(5.48e+11)
0,1

DTLZ5 2.694e+13
(2.41e+13)

1.0282e+08
(1.66e+08)
0,2

6.6723e+11
(1.11e+12)
0

DTLZ6 6.788e+12
(8.80e+12)

5.3466e+09
(1.69e+10)
0,2

1.8199e+12
(5.55e+12)
0

DTLZ7 2.067e+13
(2.01e+13)

5.6285e+07
(2.40e+08)
0,2

2.6027e+09
(1.01e+10)
0

Table 4: Average execution time in seconds for
each algorithm.

MOEA/D-DE MOEA-kAP NSGA-III
DTLZ1 15.864992 86.342058 19.805620
DTLZ2 16.565173 85.256798 19.199497
DTLZ3 16.438486 81.106055 20.314408
DTLZ4 16.742942 83.959776 19.587641
DTLZ5 16.798523 75.291789 20.219775
DTLZ6 16.380325 96.555691 19.893042
DTLZ7 17.254832 87.401130 20.675136

has the worst. However, the latter time is not prohibitively high and, as mentioned in
Section 3, it increases linearly with respect to the number of objectives.

5 Conclusions and future work

In this work, we presented a novel framework for creating quality indicators using the
linear assignment problem (IFLAP ). This framework allows us to build indicators with
a polynomial computational cost that consider every element of the approximation
set to assess its performance. Using this framework, we created two novel indicators:
PLAP and DLAP . Our exploratory analysis suggests that the DLAP indicator can
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correctly determine the diversity of approximation sets, and that our proposed PLAP

indicator can determine both convergence and diversity. In addition, we introduced an
algorithm that can incorporate any quality indicator generated using the IFLAP as a
density indicator: the MOEA-kAP. Our experimental results showed that our proposed
MOEA-kAP outperforms state-of-the-art multi-objective evolutionary algorithms in
problems with different characteristics.

As part of our future work, we would like to conduct a more in-depth exploration of
the mathematical properties of the framework. Furthermore, we aim to test the PLAP

with several scalarizing functions to determine the most effective way to evaluate the
quality of an approximation set. Regarding the DLAP , we intend to substitute the
Euclidean distance with another function, such as an angle, to measure the proximity
between a reference vector and a point. Finally, we also plan to design new strategies
that allow a reduction in the computational time required by our approach.
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