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Abstract

The successof the Particle Swarm Optimization (PSO)algorithm as
a single-objective optimizer(mainly whendealingwith continuoussearch
spaces)hasmotivatedresearchersto extendtheuseof thisbio-inspiredtech-
niqueto otherareas.Oneof themis multi-objective optimization. Despite
thefactthatthefirst proposalof aMulti-ObjectiveParticleSwarmOptimizer
(MOPSO)is over six yearsold, a considerablenumberof otheralgorithms�
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havebeenproposedsincethen.Thispaperpresentsacomprehensive review
of thevariousMOPSOsreportedin thespecializedliterature.As partof this
review, we includea classificationof the approaches,andwe identify the
main featuresof eachproposal. In the last part of the paper, we list some
of the topicswithin this field thatwe consideraspromisingareasof future
research.

1 Intr oduction

Optimizationproblemsthathavemorethatoneobjectivefunctionarerathercom-
mon in every field or areaof knowledge. In suchproblems,theobjectivesto be
optimizedarenormally in conflict with respectto eachother, which meansthat
thereis nosinglesolutionfor theseproblems.Instead,weaimto find good“trade-
off ” solutionsthatrepresentthebestpossiblecompromisesamongtheobjectives.

ParticleSwarmOptimization(PSO)is a heuristicsearchtechnique(which is
consideredas an evolutionary algorithm by its authors[18]) that simulatesthe
movementsof a flock of birds which aim to find food. The relative simplicity
of PSOandthe fact that is a population-basedtechniquehave madeit a natural
candidateto beextendedfor multi-objectiveoptimization.

MooreandChapmanproposedthefirst extensionof thePSOstrategy for solv-
ingmulti-objectiveproblemsin anunpublishedmanuscriptfrom19991 [41]. After
thisearlyattempt,agreatinterestto extendPSOaroseamongresearchers,but in-
terestingly, the next proposalwasnot publisheduntil 2002. Nevertheless,there
arecurrentlyovertwentyfivedifferentproposalsof MOPSOsreportedin thespe-
cializedliterature.Thispaperprovidesthefirst survey of thiswork, attemptingto
classifytheseproposalsandto delineatesomeof thepotentialresearchpathsthat
couldbefollowedin thefutureby researchersin this area.

Theremainderof this paperis organizedasfollows. In Section2, we provide
somebasicconceptsfrom multi-objectiveoptimizationrequiredto makethepaper
self-contained.Section3 presentsanintroductionto thePSOstrategy andSection
4 presentsa brief discussionaboutextendingthePSOstrategy for solvingmulti-
objective problems. A completereview of the MOPSOapproachesis provided
in Section5. We provide a brief discussionaboutthe convergencepropertiesof
PSOandMOPSOin Section6. In Section7, possiblepathsof futureresearchare
discussedand,finally, wepresentour conclusionsin Section8.

1This paper may be found in the EMOO repository located at:
http://delta.cs.cinvestav.mx/˜ccoe llo/EM OO/
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Figure1: Dominancerelationin abi-objectivespace.

2 BasicConcepts

Weareinterestedin solvingproblemsof thetype2:

minimize
���� ����
	���
 ����� ������ ����� �������������� ����� ������ (1)

subjectto: �� � ����"!$# %&�(')�+*,���������.- (2)/  � ����0�1# %2�3'��+*,���������54 (3)

where
��$�6
7� � �8� � ���������8�:9;�=< is the vectorof decisionvariables,

�  	?> @ 9BA > @ ,%C� '����D�E�E�+F are the objective functionsand
�; � /�G 	H> @ 9 A > @ , %I� ')���D�E�D�8- ,J �K')���E�D�E�54 aretheconstraintfunctionsof theproblem.

To describetheconceptof optimality in which we areinterested,we will in-
troducenext a few definitions.

Definition 1. Given two vectors
��L� �MON(> @ � , we say that

��(! �M if �  !PM  for%2�3'����D�E�E�+F , andthat
�� dominates

�M (denotedby
��RQ �M ) if

��R! �M and
��TS� �M .

Figure1 showsaparticularcaseof thedominancerelation in thepresenceof
two objective functions.

Definition 2. We saythat a vectorof decisionvariables
��UN(V WX> @ 9 is non-

dominated with respectto V , if theredoesnot exist another
��:YZN3V suchthat

2Without lossof generality, wewill assumeonly minimizationproblems.
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Figure2: TheParetofront of asetof solutionsin a two objectivespace.

���� ��:Y=�
Q ���� ���� .
Definition 3. We saythata vectorof decisionvariables

��\[HN^]_W3> @ 9 ( ] is the
feasibleregion) is Pareto-optimal if it is nondominatedwith respectto ] .

Definition 4. TheParetoOptimal Set ` [ is definedby:

` [ �3a ��RNR]cb �� is Pareto-optimald
Definition 5. TheParetoFront ` ]e[ is definedby:

` ] [ �fa ���� ����
NC> @ � b ��RN ` [ d
Figure2 shows a particularcaseof the Pareto fr ont in the presenceof two

objective functions.
Wethuswishto determinetheParetooptimalsetfrom theset ] of all thedecision
variablevectorsthatsatisfy(2) and(3). Notehowever that in practice,not all the
Paretooptimal set is normally desirable(e.g., it may not be desirableto have
different solutionsthat map to the samevaluesin objective function space)or
achievable.
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3 Particle Swarm Optimization

JamesKennedyandRussellC. Eberhart[30] originally proposedthe PSOalgo-
rithm for optimization.PSOis a population-basedsearchalgorithmbasedon the
simulationof the social behavior of birds within a flock. Although originally
adoptedfor balancingweightsin neuralnetworks[17], PSOsoonbecamea very
popularglobaloptimizer, mainly in problemsin which thedecisionvariablesare
realnumbers3 [32, 19].

Accordingto Angeline[3], we canmake two maindistinctionsbetweenPSO
andanevolutionaryalgorithm:

1. Evolutionaryalgorithmsrely on threemechanismsin theirprocessing:par-
ent representation,selectionof individualsandthe fine tuning of their pa-
rameters.In contrast,PSOonly relieson two mechanisms,sincePSOdoes
not adoptanexplicit selectionfunction. Theabsenceof a selectionmech-
anismin PSOis compensatedby the useof leadersto guide the search.
However, thereis no notionof offspringgenerationin PSOaswith evolu-
tionaryalgorithms.

2. A seconddifferencebetweenevolutionaryalgorithmsandPSOhasto do
with theway in which the individualsaremanipulated.PSOusesanoper-
atorthatsetsthevelocity of a particleto a particulardirection.This canbe
seenasa directionalmutationoperatorin which thedirectionis definedby
boththeparticle’spersonalbestandtheglobalbest(of theswarm).If thedi-
rectionof thepersonalbestis similar to thedirectionof theglobalbest,the
angleof potentialdirectionswill besmall,whereasa largeranglewill pro-
vide a largerrangeof exploration. In contrast,evolutionaryalgorithmsuse
an mutationoperatorthat cansetan individual in any direction(although
the relative probabilitiesfor eachdirectionmay be different). In fact, the
limitationsexhibitedby thedirectionalmutationof PSOhasled to theuse
of mutationoperatorssimilar to thoseadoptedin evolutionaryalgorithms.

Two arethekey aspectsby whichwebelievethatPSOhasbecomesopopular:

1. Themainalgorithmof PSOis relativelysimple(sincein its originalversion,
it only adoptsoneoperatorfor creatingnew solutions,unlike mostevolu-
tionary algorithms)and its implementationis, therefore,straightforward.

3It is worth notingthattherehave beenproposalsto usealternativeencodingswith PSO(e.g.,
binary [31] and integer [26]), but noneof themhasbeenaspopularasthe original proposalin
which thealgorithmoperatesusingvectorsof realnumbers.
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Additionally, thereis plentyof sourcecodeof PSOavailablein thepublic
domain(seefor example:http://www.swarmintelligenc e.org /
codes.php ).

2. PSOhasbeenfound to bevery effective in a wide varietyof applications,
beingableto producevery goodresultsat a very low computationalcost
[32, 20].

In orderto establishacommonterminology, in thefollowing weprovidesome
definitionsof severaltechnicaltermscommonlyused:

g Swarm: Populationof thealgorithm.

g Particle: Member(individual) of the swarm. Eachparticle representsa
potentialsolutionto theproblembeingsolved.Thepositionof a particleis
determinedby thesolutionit currentlyrepresents.

g pbest (personalbest): Personalbestpositionof agivenparticle,sofar. That
is, thepositionof theparticlethathasprovided thegreatestsuccess(mea-
suredin termsof a scalarvalueanalogousto the fitnessadoptedin evolu-
tionaryalgorithms).

g lbest (local best): Positionof thebestparticlememberof theneighborhood
of agivenparticle.

g gbest (global best): Positionof thebestparticleof theentireswarm.

g Leader: Particlethatis usedto guideanotherparticletowardsbetterregions
of thesearchspace.

g Velocity (vector): This vectordrives the optimizationprocess,that is, it
determinesthedirectionin which a particleneedsto “fly” (move), in order
to improve its currentposition.

g Inertia weight: Denotedby h , the inertiaweight is employed to control
the impactof theprevioushistoryof velocitieson thecurrentvelocity of a
givenparticle.

g Learning factor: Representstheattractionthata particlehastowardeither
its own successor thatof its neighbors.Two arethe learningfactorsused:iZ�

and
i
�

.
iZ�

is thecognitive learningfactorandrepresentstheattraction
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thata particlehastoward its own success.
i
�

is the social learningfactor
and representsthe attractionthat a particle hastoward the successof its
neighbors.Both,

iZ�
and

i
�
, areusuallydefinedasconstants.

g Neighborhoodtopology: Determinesthesetof particlesthatcontributeto
thecalculationof the lbestvalueof agivenparticle.

In PSO,particlesare“flown” throughhyperdimensionalsearchspace.Changes
to the positionof the particleswithin the searchspacearebasedon the social-
psychologicaltendency of individualsto emulatethesuccessof otherindividuals.

Thepositionof eachparticleis changedaccordingto its own experienceand
thatof its neighbors.Let

��  �kj � denotethepositionof particle4  , attimestep
j
. The

positionof 4  is thenchangedby addinga velocity
�l  �mj � to the currentposition,

i.e.:

��  �kj �0� ��  �mj�n 'o�qp �l  �kj � (4)

Thevelocityvectorreflectsthesociallyexchangedinformationand,in general,
is definedin thefollowing way:

�l  �kj �0� h �l  �mj�n '��qp iZ��r;��� ��ts�umv5wyx=z n ��  �kj �{�
p i
�.r���� ��}|~v5����vy� n ��  �kj �{� (5)

whereand
r;� � r�� N�
�#���'�� arerandomvalues.

Particlestendto be influencedby the successof anyonethey areconnected
to. Theseneighborsarenot necessarilyparticleswhich arecloseto eachotherin
parameter(decisionvariable)space,but insteadareparticlesthatarecloseto each
otherbasedon a neighborhoodtopology that definesthe socialstructureof the
swarm[32].

Particlescanbeconnectedto eachotherin any kind of neighborhoodtopology
representedasa graph. In the following, list sometypical neighborhoodgraphs
usedin PSO.

g Empty graph: In this topology, particlesareisolated.Eachparticleis con-
nectedonly with itself, andit comparesits currentpositiononly to its own
bestpositionfoundsofar (pbest) [19]. In thiscase,

i
� �O# in Equation5.

g Local best: In this topology, eachparticle is affectedby the bestperfor-
manceof its F immediateneighbors.Particlesare influencedby the best
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Figure3: Thering neighborhoodtopologythatrepresentsthe local bestscheme,
when F��K* . In this commonlocal bestcase,eachparticleis affectedonly by its
two immediateadjacentneighbors.Eachcircle representsaparticle.

position within their neighborhood(lbest), as well as their own pastex-
perience(pbest) [19]. When F���* , this structureis equivalent to a ring
topologysuchasthe oneshown in Figure3. In this case,leader=lbestin
Equation5.

g Fully connectedgraph: This topologyis theoppositeof theemptygraph.
The fully connectedtopologyconnectsall membersof the swarm to one
another. Eachparticleusesits history of experiencesin termsof its own
bestsolutionso far (pbest) but, in addition, the particleusesthe position
of the bestparticle from the entireswarm (gbest). This structureis also
calledstar topologyin thePSOcommunity[19]. SeeFigure4. In thiscase,
leader=gbestin Equation5.

g Star network: In this topology, oneparticleis connectedto all othersand
they areconnectedto only that one(called focal particle) [19]. SeeFig-
ure5. Particlesareisolatedfrom oneanother, asall informationhasto be
communicatedthroughthe focal particle.The focal particlecomparesper-
formancesof all particlesin theswarmandadjustsits trajectorytowardsthe
bestof them. Thatperformanceis eventuallycommunicatedto the restof
theswarm.Thisstructureis alsocalledwheeltopologyin thePSOcommu-
nity. In this case,leader=focalin Equation5.

g Treenetwork: In this topology, all particlesarearrangedin a treeandeach
nodeof thetreecontainsexactlyoneparticle[28]. SeeFigure6. A particle
is influencedby its own bestpositionsofar (pbest) andby thebestposition
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Figure4: Thefully connectedgraphrepresentsthe fully connectedneighborhood
topology(eachcircle representsa particle). All membersof theswarmarecon-
nectedto oneanother.

focal particle

Figure5: Thestarnetwork topology(eachcircle representsa particle).Tnefocal
particleis connectedto all theotherparticlesandthey areconnectedto only that
one.
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Figure6: The treenetwork topology(eachcircle representsa particle). All par-
ticles arearrangedin a tree. A particleis influencedby its own bestpositionso
far (pbest) andby thebestpositionof theparticlethatis directlyabove in thetree.
Here,we show anexampleof a topologydefinedby a regular treewith a height
equalto 3, degreeequalto 4 anda total of 21 particles.

of the particle that is directly above in the tree(parent). If a particleat a
child nodehasfound a solutionthat is betterthanthe bestso far solution
of the particle at the parentnode,both particlesare exchanged. In this
way, this topologyoffers a dynamicneighborhood.This structureis also
calledhierarchical topologyin thePSOcommunity. In this case,leader=
pbests+����v�9�x in Equation5.

The neighborhoodtopology is likely to affect the rate fo convergenceas it
determineshow muchtime it takesto theparticlesto find out aboutthe location
of good(better)regionsof thesearchspace.For example,sincein the fully con-
nectedtopologyall particlesareconnectedto eachother, all particlesreceive the
informationof the bestsolutionfrom the entireswarm at the sametime. Thus,
whenusingsuchtopology, theswarmtendsto convergemorerapidly thanwhen
using local besttopologies,sincein this case,the informationof the bestposi-
tion of the swarm takesa longer time to be transferred.However, for the same
reason,the fully connectedtopologyis alsomoresusceptibleto suffer premature
convergence(i.e., to convergeto local optima)[20].

Figure7 shows the way in which the general(single-optimization)PSOal-
gorithm works. First, the swarm is initialized. This initialization includesboth
positionsandvelocities. The correspondingpbestof eachparticle is initialized
and the leaderis located(usually the gbestsolution is selectedas the leader).
Then,for a maximumnumberof iterations,eachparticleflies throughthesearch
spaceupdatingits position(using(4) and(5)) andits pbestand,finally, theleader
is updatedtoo.
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Begin
Initialize swarm
Locateleader� �U#
While

�e��� -��)�
For eachparticle

UpdatePosition(Flight)
Evaluation
Update4}�+��� j

EndFor
Updateleader�
++

EndWhile
End

Figure7: Pseudocodeof thegeneralPSOalgorithm.

4 Particle Swarm Optimization for Multi-Objecti ve
Problems

In orderto applythePSOstrategy for solvingmulti-objectiveoptimizationprob-
lems, it is obvious that the original schemehasto be modified. As we saw in
Section2, thesolutionsetof a problemwith multiple objectivesdoesnot consist
of a singlesolution(asin global optimization). Instead,in multi-objective opti-
mization,we aim to find a setof differentsolutions(theso-calledParetooptimal
set).In general,whensolvingamulti-objectiveproblem,threearethemaingoals
to achieve [73]:

1. Maximizethenumberof elementsof theParetooptimalsetfound.

2. Minimize the distanceof theParetofront producedby our algorithmwith
respectto thetrue(global)Paretofront (assumingweknow its location).

3. Maximizethespreadof solutionsfound,sothatwe canhave a distribution
of vectorsassmoothanduniformaspossible.

Given the population-basednatureof PSO,it is desirableto produceseveral
(different)nondominatedsolutionswith asinglerun. So,aswith any otherevolu-
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tionaryalgorithm,thethreemainissuesto beconsideredwhenextendingPSOto
multi-objectiveoptimizationare[13]:

1. How to selectparticles(to beusedasleaders)in orderto givepreferenceto
nondominatedsolutionsover thosethataredominated?

2. How to retainthenondominatedsolutionsfoundduringthesearchprocess
in order to report solutionsthat are nondominatedwith respectto all the
pastpopulationsandnot only with respectto the currentone? Also, it is
desirablethatthesesolutionsarewell spreadalongtheParetofront.

3. How to maintaindiversity in theswarmin orderto avoid convergenceto a
singlesolution?

As we could seein the previous section,whensolving single-objective op-
timization problems,the leaderthat eachparticle usesto updateits position is
completelydeterminedoncea neighborhoodtopologyis stablished.However, in
thecaseof multi-objectiveoptimizationproblems,eachparticlemight have a set
of differentleadersfrom which justonecanbeselectedin orderto updateits posi-
tion. Suchsetof leadersis usuallystoredin adifferentplacefrom theswarm,that
we will call external archive 4: This is a repositoryin which the nondominated
solutionsfoundsofar arestored.Thesolutionscontainedin theexternalarchive
areusedas leaderswhenthe positionsof the particlesof the swarm have to be
updated.Furthermore,thecontentsof theexternalarchiveis alsousuallyreported
asthefinal outputof thealgorithm.

Figure8 shows the way in which a generalMOPSOalgorithmworks. We
havemarkedwith italics theprocessesthatmakethisalgorithmdifferentfrom the
generalPSOalgorithmfor singleobjectiveoptimization.

First, the swarm is initialized. Then,a setof leadersis also initialized with
thenondominatedparticlesfrom theswarm. As we mentionedbefore,thesetof
leadersis usually storedin an external archive. Later on, somesort of quality
measureis calculatedfor all theleadersin orderto select(usually)oneleaderfor
eachparticleof theswarm. At eachgeneration,for eachparticle,a leaderis se-
lectedandtheflight is performed.Most of theexistingMOPSOsapplysomesort
of mutationoperator5 afterperformingtheflight. Then,theparticleis evaluated

4This external archive is also used by many Multi-Objective Evolutionary Algorihtms
(MOEAs).

5Themutationoperatorsadoptedin thePSOliteraturehavealsobeencalledturbulenceopera-
tors.
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Begin
Initialize swarm
Initialize leaders in anexternalarchive
Quality(leaders)� �1#
While

����� -��)�
For eachparticle

Selectleader
UpdatePosition(Flight)
Mutation
Evaluation
Update4}�+��� j

EndFor
Updateleaders in theexternalarchive
Quality(leaders)�
++

EndWhile
Reportresultsin theexternalarchive

End

Figure8: Pseudocodeof ageneralMOPSOalgorithm.

13



andits corresponding4:����� j is updated.A new particlereplacesits 4}�+��� j particle
usuallywhenthis particleis dominatedor if bothareincomparable(i.e., they are
bothnondominatedwith respectto eachother). After all theparticleshave been
updated,thesetof leadersis updated,too. Finally, thequality measureof theset
of leadersis re-calculated.This processis repeatedfor a certain(usuallyfixed)
numberof iterations.

As we cansee,andgiventhecharacteristicsof thePSOalgorithm,the issues
thatarisewhendealingwith multi-objective problemsarerelatedwith two main
algorithmicdesignaspects[64]:

1. Selectionandupdatingof leaders:

g How to selecta single leaderout of set of nondominatedsolutions
which areall equallygood?Shouldwe selectthis leaderin a random
wayor shouldweuseanadditionalcriterion(to promotediversity, for
example)?g How to selecttheparticlesthatshouldremainin theexternalarchive
from oneiterationto another?

2. Creationof new solutions:

g How to promotediversitythroughthetwo mainmechanismsto create
new solutions:updatingof positions(Equations4 and5) andmutation
(turbulence)operator.

Theseissuesarediscussedin moredetail in thenext subsections.

4.1 Leadersin Multi-Objecti veOptimization

Sincethe solutionof a multi-objective problemconsistof a setof equallygood
solutions,it is evidentthattheconceptof leadertraditionallyadoptedin PSOhas
to bechanged.

A few researcheshaveavoidedtheproblemof defininganew conceptof leader
for multi-objective problemsby adoptingaggregating functions(i.e., weighted
sumsof theobjectives)or approachesthatoptimizeeachobjectiveseparately. We
will briefly discusstheseapproachesin Section5.

However, it is importantto indicatethatthemajorityof thecurrentlyproposed
MOPSOapproachesredefinetheconceptof leader.
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Figure9: Thenearestneighbordensityestimatorfor anexamplewith two objec-
tive functions.Particleswith a largervalueof this estimatorarepreferred.

As we mentionedbefore,the selectionof a leaderis a key componentwhen
designinga MOPSOapproach.Themoststraightforwardapproachis to consider
every nondominatedsolutionasa new leaderandthen,just oneleaderhasto be
selected.In thisway, aqualitymeasurethatindicateshow goodis a leaderis very
important. Obviously, suchfeaturecanbedefinedin severaldifferentways. As
we will seein Section5, thereexist alreadydifferentproposalsto dealwith this
issue.

Oneposibleway of definingsuchquality measurecanbe relatedto density
measures.Promotingdiversity may be donethroughthis processby meansof
mechanismsbasedon somequality measuresthat indicatethe closenessof the
particleswithin theswarm.

Several authorshave proposedleaderselectiontechniquesthat arebasedon
densitymeasures.In orderto helpunderstandingthespecificapproachesthatare
goingto bedescribedlateron,we presentheretwo of themostimportantdensity
measuresusedin theareaof multi-objectiveoptimization:

g Nearestneighbor densityestimator [16]. Thenearestneighbordensityes-
timatorgivesusanideaof how crowdedaretheclosestneighborsof agiven
particle,in objective functionspace.This measureestimatestheperimeter
of the cuboid formedby using the nearestneighborsas the vertices. See
Figure9.
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Figure 10: For eachparticle, a niche is defined. Particleswhoseniche is less
crowdedarepreferred.

g Kernel density estimator [22, 15]: Whena particle is sharingresources
with others,its fitnessis degradedin proportionto thenumberandcloseness
to particlesthatsurroundit within a certainperimeter. A neighborhoodof
a particleis definedin termsof a parametercalled � w��+����v that indicatesthe
radiusof the neighborhood.Suchneighborhoodsare called niches. See
Figure10.

4.2 Retaining and SpreadingNondominatedSolutions

As we mentionedbefore, it is important to retain the nondominatedsolutions
found alongall the searchprocessso that we canreportat the end thosesolu-
tions thatarenondominatedwith respectto all thepreviouspopulations.This is
importantnotonly for pragmaticreasons,but alsofor theoreticalones[54].

The most straightforward way of retainingsolutionsthat are nondominated
with respectto all the previous populations(or swarms) is to usean external
archive. Suchan archive will allow the entranceof a solutiononly if: (a) it is
nondominatedwith respectto thecontentsof thearchive or (b) it dominatesany
of thesolutionswithin thearchive (in this case,thedominatedsolutionshave to
bedeletedfrom thearchive).

Thisapproachhas,however, thedrawbackof increasingthesizeof thearchive
very quickly. This is an importantissuebecausethearchive hasto beupdatedat
eachgeneration.Thus,this updatemaybecomevery expensive,computationally
speaking,if thesizeof thearchivegrowstoomuch.In theworstcase,all members
of the swarm may wish to enterinto the archive, at eachgeneration.Thus, the
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Figure11: To theleft, wecanseetheareathatis dominatedby acertainsolution.
To theright, wegraphicallydepictthe � -dominanceconcept.In thiscase,thearea
beingdominatedhasbeenextendedby a valueproportionalto the parameter�
(which is definedby theuser).

correspondingupdatingprocess,ateachgeneration,hasacomplexity of � � F�� � � ,
where� is thesizeof theswarmand F is thenumberof objectives.In thisway, the
complexity of theupdatingprocessfor thecompleterun is of � � F��U� � � , where� is thetotal numberof iterations.

Thus,mainlydueto practicalreasons,archivestendto bebounded[13], which
makesnecessarytheuseof anadditionalcriterionto decidewhich nondominated
solutionsto retain,oncethearchive is full. In evolutionarymulti-objective opti-
mization,researchershaveadopteddifferenttechniquesto prunethearchive(e.g.,
clustering[74] andgeographical-basedschemesthatplacethenondominatedso-
lutions in cells in orderto favor lesscrowdedcellswhendeletingin-excessnon-
dominatedsolutions[34]). However, theuseof an archive introducesadditional
issues:for example,do we imposeadditionalcriteria to enterthearchive instead
of justusingnondominance(e.g.,usethedistributionof solutionsasanadditional
criterion)?

Note that, strictly speaking,threearchives shouldbe usedwhen extending
PSOfor multi-objective optimization: onefor storingthe global bestsolutions,
onefor thepersonalbestvaluesanda third onefor storingthelocalbest(if appli-
cable).However, in practice,few authorsreporttheuseof morethanonearchive
in their MOPSOs.

Besidesthe useof an externalfile, it is alsopossibleto usea plus selection
in which parentscompetewith their childrenandthosewhich arenondominated
(andpossiblycomply with someadditionalcriterion suchasproviding a better
distribution of solutions)areselectedfor thefollowing generation.In thecaseof
PSO,aplusselectioninvolvesselectingfrom amergeof two consecutiveswarms.

17



f 1

f 2

ε 2ε 3ε 4ε 5ε

ε

2ε

3ε

5ε

4ε

1 2

3
4

6

5

7

Figure12: An exampleof theuseof � -dominancein anexternalarchive. Solution
1 dominatessolution2, thereforesolution1 is preferred. Solutions3 and4 are
incomparable.However, solution3 is preferredover solution4, sincesolution4
is thecloserto thelower lefthandcornerrepresentedby point (2� ,2� ). Solution5
dominatessolution6, thereforesolution5 is preferred.Solution7 is not accepted
sinceits box,representedby point (2� ,3� ) is dominatedby theboxrepresentedby
point (2� ,2� ).
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More recently, other researchershave proposedthe useof relaxed forms of
dominance.Themainoneadoptedin PSOhasbeen� -dominance[36], which is
illustratedin Figure11. Themainuseof this conceptin multi-objectivePSOhas
beento filter solutionsin theexternalarchive. By using � -dominance,wedefinea
setof boxesof size � andonly onenondominatedsolutionis retainedfor eachbox
(e.g.,theoneclosestto thelower lefthandcorner).This is illustratedin Figure12,
for abi-objectivecase.Theuseof � -dominance,asproposedin [36] andillustrated
in Figure12,guaranteesthattheretainedsolutionsarenondominatedwith respect
to all solutionsgeneratedduring therun. It is worth noting,however, that,when
using � -dominance,thesizeof thefinal externalarchive dependson the � -value,
which is normallyauser-definedparameter[36]. MostaghimandTeich[43] have
found that whencomparing� -dominanceagainstexisting clusteringtechniques
for fixing thearchivesize,the � -dominancemethodcanfind solutionsmuchfaster
(computationallyspeaking)thantheclusteringtechniquewith a comparable(and
evenbetterin somecases)convergenceanddiversity.

4.3 Promoting Diversity while CreatingNewSolutions

It is well-known thatoneof themostimportantfeaturesof thePSOalgorithmis
its fastconvergence.This is apositivefeatureaslongaswedon’t havepremature
convergence(i.e.,convergenceto a local optimum).

Prematureconvergenceis causedby the rapid loss of diversity within the
swarm. So, the appropriatepromotionof diversity in PSOis a very important
issuein orderto controlits (normallyfast)convergence.

Aswementionedin Section4.1,whenadoptingPSOfor solvingmulti-objective
optimizationproblems,it is possibleto promotediversitythroughtheselectionof
leaders.However, this canbealsodonethroughthe two mainmechanismsused
for creatingnew solutions:

1. Updating of positions. As we mentionedin Section3, theuseof different
neighborhoodtopologiesdetermineshow fastis theprocessof transfering
the informationthroughtheswarm(sincea neighborhooddetermineswho
the leaderparticle is in Equation5). Sincein a fully connectedtopology
all particlesareconnectedwith eachother, the information is transferred
fasterthanin thecaseof a local bestor a treetopology, sincein thesecases
particleshave smallerneighborhoods.Underthe sameargument,a speci-
fiedneighborhoodtopologyalsodetermineshow fastis diversitylostwithin
theswarm. Sincein a fully connectedtopology, the tranferof information
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is fast, when using this topology, diversity within the swarm is also lost
rapidly. In this way, topologiesthatdefineneighborhoodssmallerthanthe
entireswarmfor eachparticlecanalsopreserve diversitywithin theswarm
a longertime.

On theotherhand,diversitycanalsobepromotedby meansof the inertia
weight( h in Equation5). As it wasdefinedin Section3, theinertiaweight
is employedto controltheimpactof theprevioushistoryof velocitiesonthe
currentvelocity. Thus,the inertia weight influencesthe trade-off between
global(wide-ranging)andlocal (nearby)explorationabilities[58]. A large
inertia weight facilitatesglobal exploration(searchingnew areas)while a
smallerinertia weight tendsto facilitate local explorationto fine-tunethe
currentsearcharea.Thevalueof theinertiaweightmayvaryduringtheop-
timizationprocess.Shi [59] assertedthatby linearly decreasingthe inertia
weightfrom arelatively largevalueto asmallonethroughthecourseof the
PSOrun, thePSOtendsto havemoreglobalsearchability at thebeginning
of therunandhavemorelocalsearchability neartheendof therun. Onthe
otherhand,Zhenget al. [72] arguethateitherglobalor local searchability
associateswith a small inertia andthat a large inertia weight providesthe
algorithmmorechancesto be stabilized. In this way, inspiredon the pro-
cessof the simulatedannealingalgorithm,the authorsproposedto usean
increasinginertiaweightthroughthePSOrun.

Theadditionof velocity to thecurrentpositionto generatethenext position
is similar to the mutationoperatorin evolutionaryalgorithms,exceptthat
“mutation” in PSOis guidedby theexperienceof a particleandthatof its
neighbors.In otherwords,PSOperforms“mutation” with a “conscience”
[58].

2. Through the useof a mutation (or turbulence)operator.

As mentionedin theprevioussection,whena particleupdatesits position,
a mutationwith “conscience”occurs. Sometimes,however, someuncon-
ciousnessor “craziness”,ascalledby KennedyandEberhartin theoriginal
proposalof PSO[30], is needed. Craziness,also referredas turbulence,
reflectsthechangein a particle’sflight which is outof its control[21].

In general,whena swarmstagnates,that is, whenthevelocitiesof thepar-
ticles arealmostzero,it becomesunableto generatenew solutionswhich
might leadtheswarmout of this state.This behavior canleadto thewhole
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swarm beingtrappedin a local optimumfrom which it becomesimpossi-
ble to escape.Sincethe global bestindividual attractsall membersof the
swarm,it is possibleto leadtheswarmawayfrom acurrentlocationby mu-
tatinga singleparticleif themutatedparticlebecomesthenew globalbest.
Thismechanismpotentiallyprovidesameansbothof escapinglocaloptima
andof speedingup thesearch[62].

In this way, theuseof a mutationoperatoris very importantin orderto es-
capefrom local optimaandto improvetheexploratorycapabilitiesof PSO.
Whena solutionis chosento be mutatedeachcomponentis thenmutated
(randomlychanged)or not with certainprobability. Actually, differentmu-
tation operatorshave beenproposedthat mutatecomponentsof eitherthe
positionor thevelocityof aparticle.

In our experience,thechoiceof a goodmutationoperatoris a difficult task
thathasa significantimpacton performance.On theotherhand,oncewe
have selecteda specificmutationoperatoranotherdifficult task is to de-
cide how muchmutationto apply: with how muchprobability, in which
momentsof theprocess,in which specificcomponentof aparticle,etc.

Severalproposedapproacheshave useddifferentmutationoperators,how-
ever, therearealsoapproacheswhich do not useany kind of mutationop-
eratorandthatshow goodperformance.So,theuseof mutationis anissue
thatcertainlydeservesamorecarefulstudy.

5 A Taxonomyof Approaches

Thetaxonomythatweproposeto classifythecurrentMOPSOsis thefollowing:g Aggregatingapproaches

g Lexicographicordering

g Sub-Populationapproaches

g Pareto-basedapproaches

g Combinedapproaches

g Otherapproaches

Wewill discussnext eachof thesetypesof approaches.Also, Table1 summa-
rizeall thedifferentapproachesandindicatestheir mostimportantfeatures.
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5.1 AggregatingApproaches

Underthiscategoryweconsiderapproachesthatcombine(or “aggregate”)all the
objectivesof the probleminto a singleone. In otherwords,the multi-objective
problemis transformedinto a single-objective one. This is not a new idea,since
aggregatingfunctionscanbe derived from the well-known Kuhn-Tucker condi-
tionsfor nondominatedsolutions[35].

g Parsopoulosand Vrahatis[50]: This algorithm adoptsthreetypesof ag-
gregatingfunctions: (1) a conventionallinear aggregating function (were
weightsarefixedduringtherun),(2) adynamicaggregatingfunction(were
weightsaregraduallymodifiedduringtherun)and(3) thebangbangweighted
aggregationapproach(wereweightsareabruptlymodifiedduringtherun)6

[29]. In all cases,theauthorsadoptthe fully connectedtopology.

g Baumgartneret al. [6]: This approach,basedon the fully connectedtopol-
ogy, useslinear aggregatingfunctions. In this case,the swarm is equally
partitionedinto � subswarms,eachof which usesa differentsetof weights
andevolvesinto thedirectionof its own swarmleader. Theapproachadopts
agradienttechniqueto identify theParetooptimalsolutions.

5.2 Lexicographic Ordering

In this method,the useris asked to rank the objectives in orderof importance.
Theoptimumsolutionis thenobtainedby minimizingtheobjectivefunctionssep-
arately, startingwith themostimportantoneandproceedingaccordingto theas-
signedorderof importanceof theobjectives[40]. Lexicographicorderingtends
to beusefulonly whenfew objectivefunctionsareused(two or three),andit may
besensitiveto theorderingof theobjectives[10].

g Hu andEberhart[24]: In thisalgorithm,only oneobjectiveis optimizedata
time usinga schemesimilar to lexicographicordering[13]. This approach
adoptsthe ring (local best) topology. No external archive is adoptedin
this case.However, in a further versionof this approach[25], theauthors
incorporateanexternalarchive (called“extendedmemory”)andintroduce
somefurtherimprovementsto their dynamicneighborhoodPSOapproach.

6This approachhasthepeculiarityof beingableto generatenonconvex portionsof thePareto
front, which is somethingthattraditionallinearaggregatingfunctionscannotdo [14].
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5.3 Sub-Population Approaches

Theseapproachesinvolve the useof several subpopulationsassingle-objective
optimizers.Then,thesubpopulationssomehow exchangeinformationor recom-
bineamongthemselvesaimingto producetrade-offs amongthedifferentsolutions
previouslygeneratedfor theobjectivesthatwereseparatelyoptimized.

g Parsopouloset al. [49] studieda parallelversionof the VectorEvaluated
ParticleSwarm(VEPSO)methodfor multi-objectiveproblems.VEPSOis
a multi-swarm variantof PSO,which is inspiredon the VectorEvaluated
GeneticAlgorithm (VEGA) [56, 57]. In VEPSO,eachswarmis evaluated
usingonly oneof the objective functionsof the problemunderconsidera-
tion, andtheinformationit possessesfor this objective functionis commu-
nicatedto theotherswarmsthroughthe exchangeof their bestexperience
(gbestparticle).Theauthorsarguethatthis processcanleadto Paretoopti-
mal solutions.

g Chow andTsui [8]: In this paper, the authorsusePSOasan autonomous
agentresponselearningalgorithm. For that sake, the authorsproposeto
decomposethe award function of the autonomousagentinto a set of lo-
cal awardfunctionsand,in this way, to modeltheresponseextractionpro-
cessas a multi-objective optimizationproblem. A modified PSOcalled
“Multi-SpeciesPSO” is introducedby consideringeachobjective function
asa speciesswarm. A communicationchannelis establishedbetweenthe
neighboringswarmsfor transmittingthe informationof the bestparticles,
in orderto provideguidancefor improving their objectivevalues.Also, the
authorsusethe flight formula of the fully connectedtopology, but include
a neighborswarmreferencevelocity. Suchvelocity is directly relatedwith
thebestparticlewithin eachsubswarm(similar to lbest).

5.4 Pareto-BasedApproaches

Theseapproachesuse leaderselectiontechniquesbasedon Paretodominance.
Thebasicideaof all theapproachesconsideredhereis to selectasleadersto the
particlesthat arenondominatedwith respectto the swarm. Note however, that
severalvariationsof the leaderselectionschemearepossiblesincemostauthors
adoptadditional information to selectleaders(e.g., information provided by a
densityestimator)in orderto avoid arandomselectionof aleaderfrom thecurrent
setof nondominatedsolutions.
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g MooreandChapman[41]: Thisalgorithmwaspresentedin anunpublished
documentandit is basedon Paretodominance.Theauthorsemphasizethe
importanceof performingbothanindividualandagroupsearch(acognitive
componentanda social component). In this approach,the personalbest
(pbest) of a particleis a list of all thenondominatedsolutionsit hasfound
in its trajectory. Whenselectingapbest, aparticlefrom thelist is randomly
chosen.Sincethering topologyis used,whenselectingthebestparticleof
the neighborhood,the solutionscontainedin the pbestlists arecompared,
anda nondominatedsolutionwith respectto the neighborhoodis chosen.
The authorsdon’t indicatehow they choosethe lbestparticlewhenmore
thatonenondominatedsolutionis foundin theneigborhood.

g RayandLiew [53]: This algorithm(basedon a fully connectedtopology)
usesParetodominanceandcombinesconceptsof evolutionarytechniques
with theparticleswarm. Theapproachusesa nearestneighbordensityes-
timator to promotediversity (by meansof a rouletteselectionschemeof
leadersbasedonthisvalue)andamultilevel sieveto handleconstraints(for
this, the authorsadoptthe constraintand objective matricesproposedin
someof their previousresearch[52]). Thesetof leadersmaintainedby the
authorscanbeconsideredanexternalarchive.

g FieldsendandSingh [21]: This approachusesan unconstrainedelite ex-
ternalarchive (in which a specialdatastructurecalled“dominatedtree” is
adopted)to storethenondominatedindividualsfoundalongthesearchpro-
cess.The archive interactswith the primary populationin orderto define
leaders.Theselectionof thegbestfor a particlein theswarm is basedon
thestructuredefinedby thedominatedtree.First, a compositepoint of the
treeis locatedbasedon dominancerelations,andthentheclosestmember
(in objective functionspace)of thecompositepoint is chosenastheleader.
On the otherhand,a setof personalbestparticlesfound (nondominated)
is alsomaintainedfor eachswarmmember, andtheselectionis performed
uniformly. Thisapproachalsousesa“turbulence”operatorthatis basically
a mutationoperatorthat actson the velocity valueusedby the PSOalgo-
rithm.

g Coello et al. [11, 12]: This proposalis basedon the idea of having an
externalarchive in which every particlewill depositits flight experiences
after eachflight cycle. The updatesto the externalarchive areperformed
consideringageographically-basedsystemdefinedin termsof theobjective
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function valuesof eachparticle. The searchspaceexploredis divided on
hypercubes.Eachhypercubereceivesa fitnessvaluebasedon thenumber
of particlesit contains. Thus, in order to selecta leaderfor eachparticle
of the swarm, a roulette-wheelselectionusing thesefitnessvaluesis first
applied,to selectthehypercubefrom whichtheleaderwill betaken.Oncea
hypercubehasbeenselected,theleaderis randomlychosen.This approach
alsousesa mutationoperatorthatactsboth on theparticlesof theswarm,
andon therangeof eachdesignvariableof theproblemto besolved.

In more recentwork, ToscanoandCoello [66] usethe conceptof Pareto
dominanceto determinetheflight directionof aparticle.Theauthorsadopt
clusteringtechniquestodividethepopulationof particlesintoseveralswarms.
This aimsto provide a betterdistribution of solutionsin decisionvariable
space.Eachsub-swarmhasits own setof leaders(nondominatedparticles).
In eachsub-swarm,aPSOalgorithmis executed(leadersarerandomlycho-
sen)and,atsomepoint,thedifferentsub-swarmsexchangeinformation:the
leadersof eachswarmaremigratedto a differentswarmin orderto variate
theselectionpressure.Also, this approachdoesnot useanexternalarchive
sinceelitism in this caseis anemergentprocessderivedfrom themigration
of leaders.

g Srinivasanand Hou [61]: This approach,called Particle Swarm Inspired
Evolutionary Algorithm (PS-EA), is a hybrid betweenPSOand an evo-
lutionary algorithm. The main aim is to useEA operators(mutation,for
example)to emulatethe workings of PSOmechanisms,basedon a fully
connectedtopology. Sincetheauthorsmentionthatthefinal swarmconsti-
tutesthe final solution(Paretofront), we concludethat a plus selectionis
performedat eachiterationof thealgorithm. Also, theauthorsusea niche
countanda Paretorankingapproachin order to assigna fitnessvalueto
the particlesof the swarm. However, the selectiontechniqueusedis not
describedin thepaper.

g Mostaghimand Teich [44]: They proposea sigmamethodin which the
leaderfor eachparticleis selectedin orderto improve theconvergenceand
diversityof aMOPSOapproach.Theideaof thesigmamethodis similar to
compromiseprogramming[13]. In orderto selecta leaderfor eachparticle
of theswarm,a sigmavalueis assignedto eachparticleof theswarmand
of theexternalarchive. Eachparticleof theswarmselectsasits leaderthe
particleof theexternalarchivewith theclosestsigmavalue.Theuseof the
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sigmavaluesmakestheselectionpressureof PSOevenhigher, which may
causeprematureconvergencein somecases.Theauthorsalsousea “turbu-
lence”operator, which is appliedondecisionvariablespace.Thisapproach
hasbeensuccessfullyappliedto the molecularforce field parametrization
problem[42].

In furtherwork,MostaghimandTeich[43] studiedtheinfluenceof � -dominance
[36] on MOPSOmethods. � -dominanceis comparedwith existing clus-
tering techniquesfor fixing the externalarchive sizeandthe solutionsare
comparedin termsof computationaltime, convergenceanddiversity. The
resultsshow that the � -dominancemethodcanfind solutionsmuchfaster
thanthe clusteringtechniquewith a comparable(andeven betterin some
cases)convergenceanddiversity. Theauthorssuggesta new densitymea-
sure(sigmamethod)inspiredon their previouswork [44]. Also, basedon
theideathattheinitial externalarchive from which theparticleshave to se-
lect a leaderhasinfluenceon thediversityof solutions,theauthorspropose
theuseof successive improvementsadoptingapreviousexternalarchiveof
solutions.In thisway, in morerecentwork, MostaghimandTeich[45] pro-
poseanew methodcalledcoveringMOPSO(cvMOPSO)whichretakesthis
idea.Thismethodworksin two phases.In phase1, a MOPSOalgorithmis
run with anexternalarchive with restrictedsizeandthegoal is to obtaina
goodapproximationof thePareto-front.In thephase2, thenon-dominated
solutionsobtainedfrom the phase1 are consideredas the input external
archiveof thecvMOPSO.Theparticlesin theswarmof thecvMOPSOare
dividedinto subswarmsaroundeachnon-dominatedsolutionafter thefirst
generation.The task of the subswarmsis to cover the gapsbetweenthe
non-dominatedsolutionsobtainedfrom thephase1. No restrictionson the
archivesizeareimposedin thephase2.

g Bartz et al. [5]: This approachstartsfrom the ideaof introducingelitism
(throughtheuseof anexternalarchive) into PSO.Differentmethodsfor se-
lectinganddeletingparticles(leaders)from thearchiveareanalyzedto gen-
erateasatisfactoryapproximationof theParetofront. Thedeletionmethods
analyzedarebasedon the contribution of eachparticleto the diversity of
the Paretofront. Selectingmethodsareeither inverselyrelatedto the fit-
nessvalueor basedon the previous successof eachparticle. The authors
providesomestatisticalanalysisin orderto assesstheimpactof eachof the
parametersusedby theirapproach.

26



g Li [37]: This approachis basedon a fully connectedtopologyandincorpo-
ratesthemainmechanismsof theNSGA-II [16] to thePSOalgorithm. In
this approach,oncea particlehasupdatedits position,insteadof compar-
ing thenew positiononly againstthe pbestpositionof theparticle,all the
pbestpositionsof theswarmandall thenew positionsrecentlyobtainedare
combinedin just oneset(givena total of *�� solutions,where� is thesize
of theswarm).Then,theapproachselectsthebestsolutionsamongthemto
conformthenext swarm(by meansof anondominatedsorting).Theauthor
doesn’t specifywhichvaluesareassignedto thevelocityof pbestpositions,
in orderto considerthemasparticles.Thisapproachalsoselectstheleaders
randomlyfrom theleadersset(storedin anexternalarchive)amongthebest
of them,basedon two differentmechanisms:a nichecountanda nearest
neighbordensityestimator. This approachusesa mutationoperatorthat is
appliedat eachiterationsteponly to theparticlewith thesmallestdensity
estimatorvalue(or thelargestnichecount).

g ReyesandCoello[60]: Thisapproachis basedonParetodominanceandthe
useof a nearestneighbordensityestimatorfor theselectionof leaders(by
meansof a binary tournament).This proposalusestwo externalarchives:
onefor storingthe leaderscurrentlyusedfor performingtheflight andan-
otherfor storingthefinal solutions.Thedensityestimatorfactoris usedto
filter out the list of leaderswhenever themaximumlimit imposedon such
list is exceeded.Only theleaderswith thebestdensityestimatorvaluesare
retained.On the otherhand,the conceptof � -dominanceis usedto select
theparticlesthatwill remainin thearchive of final solutions.Additionally,
the authorsproposea schemein which they subdivide the population(or
swarm)into threedifferentsubsets.A differentmutationoperatoris applied
to eachsubset.Note however, that for all otherpurposes,a singleswarm
is considered(e.g.,for selectingleaders).This approachis basedon a fully
connectedtopology.

g Alvarez-Benitezet al. [2]: Theauthorsproposemethodsbasedexclusively
onParetodominancefor selectingleadersfrom anunconstrainednondomi-
nated(external)archive. Threedifferentselectiontechniquesarepresented:
Onetechniquethatexplicitly promotesdiversity(calledRoundsby theau-
thors),onetechniquethatexplicitly promotesconvergence(calledRandom)
and finally one techniquethat is a weightedprobabilisticmethod(called
Prob) and forms a compromisebetweenRandomandRounds. Also, the
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authorsproposeandevaluatefour mechanismsfor confiningparticlesto the
feasibleregion, thatis, constraint-handlingmethods.Theauthorsshow that
probabilisticselectionfavoring archival particlesthat dominatefew parti-
cles provides good convergencetowardsthe Pareto front while properly
covering it at the sametime. Also, they concludethat allowing particles
to exploreregionscloseto theconstraintboundariesis importantto ensure
convergenceto theParetofront. Thisapproachusesa turbulencefactorthat
is addedto thepositionof theparticleswith certainprobability.

g Ho et al. [23]: The authorsproposea novel formula for updatingveloc-
ity andpositionparticles,basedon threemainmodificationsto theknown
flight formula for the fully connectedtopology. First, sincetheauthorsar-
gue that the randomfactors

r;�
and

r��
in Equation5 are not completely

independent,they proposeto use:
r�� ��' n$r;�

. Second,they proposeto
incorporatetheterm

� ' n h � in thesecondandthird termsof Equation5,
where h � r ��� � #���'�� . Third (andlast),undertheargumentof allowing a
particleto fly sometimesback,theauthorsproposeto allow thefirst termof
Equation5 beingnegative with a 50%probability. On theotherhand,the
authorsintroducea“craziness”operatorin orderto promotediversitywithin
the swarm. This “craziness”operatoris applied(with certainprobability)
to thevelocity vectorbeforeupdatingthepositionof a particle.Finally, the
authorsintroduceoneexternalarchive for eachparticleandoneglobalex-
ternalarchive for thewholeswarm. Thearchive of eachparticlestoresthe
latestParetosolutionsfound by the particleand the global archive stores
thecurrentParetooptimalset.Every time a particleupdatesits position,it
selectsits personalbestfrom its own archive andtheglobal bestfrom the
globalarchive. In bothcases,theauthorsusearouletteselectionmechanism
basedon thefitnessvaluesof theparticles(assignedusingthemechanism
originally proposedby Zitzler et al. [74], for theSPEAalgorithm)andon
an “age” variablethat the authorsintroduceand that is increasedat each
generation.

g Villalobos-Ariaset al. [68]: Theauthorsproposea new mechanismto pro-
motediversity in multi-objective optimizationproblems.Althoughtheap-
proachis independentof thesearchengineadopted,they incorporateit into
the MOPSOproposedin [12]. The new approachis basedon the useof
stripesthatareappliedon theobjective functionspace.Basedon ananal-
ysis for a bi-objective problem,the main ideaof the approachis that the
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Paretofront of theproblemis “similar” to the line determinedby themin-
imal pointsof theobjective functions. In this way, severalpoints(that the
authorscall stripecenters)aredistributeduniformly alongsuchline,andthe
particlesof theswarmareassignedto theneareststripecenter. Whenusing
this approachfor solvingmulti-objectiveproblemswith PSO,oneleaderis
usedin eachstripe. Suchleaderis selectedminimizing a weightedsumof
theminimal pointsof theobjective functions. Theauthorsshow that their
approachovercomesthe drawbackson otherpopularmechanismssuchas� -dominance[36] andthesigmamethodproposedin [44].

g Salazar-LechugaandRowe [55]: Themain ideaof this approachis to use
PSOto guidethe searchwith the help of nichecounts(appliedon objec-
tive functionspace)[22] to spreadtheparticlesalongtheParetofront. The
approachusesanexternalarchive to storethebestparticles(nondominated
particles)foundby thealgorithm.Sincethis externalarchivehelpsto guide
the search,the niche count is calculatedfor eachof the particlesin the
archive andthe leadersarechosenfrom this setby meansof an stochas-
tic samplingmethod(roulettewheel). Also, the nichecount is usedasa
criterion to updatethe externalarchive. Eachtime the archive is full and
a new particlewantsto get in, its nichecountis comparedwith the niche
countof theworstsolutionof thearchive. If thenew particleis betterthan
theworstparticle,thenthenew particleentersinto thearchiveandtheworst
particleis deleted.Niche countsareupdatedwheninsertingor deletinga
particlefrom thearchive.

g RaquelandNaval [51]: As in [60], this approachincorporatestheconcept
of nearestneighbordensityestimatorfor selectingthe global bestparticle
andalso for deletingparticlesfrom the externalarchive of nondominated
solutions.Whenselectinga leader, thearchive of nondominatedsolutions
is sortedin descendingorderwith respectto the densityestimator, anda
particleis randomlychosenfrom thetoppartof thelist. On theotherhand,
whentheexternalarchive is full, it is againsortedin descendingorderwith
respectto thedensityestimatorvalueandaparticleis randomlychosento be
deleted,from thebottompart of the list. This approachusesthemutation
operatorproposedin [12] in sucha way that it is appliedonly during a
certainnumberof generationsat thebeginningof theprocess.Finally, the
authorsadopttheconstraint-handlingtechniquefrom theNSGA-II [16].

g ZhaoandCao[71]: This approachis verysimilar to theproposalof Coello
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andLechuga[11]. However, the authorsindicatethat they maintaintwo
externalarchives,but oneof themis actuallya list thatkeepsthepbestpar-
ticle for eachmemberof theswarm.Theanotherexternalarchivestoresthe
nondominatedsolutionsfound alongthe evolutionaryprocess.This trun-
catedarchive is similar to theadaptive grid of PAES [34]. Theauthorsap-
ply their approachto solve theeconomicloaddispatchproblem.With this
aim, they employ a fuzzy-basedmechanismto extractthebestcompromise
solution,in which they incorporatethe preferencesof the decisionmaker.
Theapproachadoptsa linearmembershipfunctionto representthegoalsof
eachobjectivefunction.Thismembershipfunctionis adoptedto modify the
rankingof thenondominatedsolutionsasto focusthesearchon thesingle
solutionthatattainsthemaximummembershipin thefuzzyset.

JansonandMerkle [27] proposeda hybrid particleswarmoptimizational-
gorithm for multi-objective optimization,calledClustMPSO.ClustMPSO
combinesthe PSOalgorithmwith clusteringtechniquesto divide all par-
ticles into several subswarms. For this aim, the authorsusethe � -means
algorithm. Eachsubswarm hasits own nondominatedfront and the total
nondominatedfront is obtainedfrom theunionof thefrontsof all thesub-
swarms. Eachparticlerandomlyselectsits neighborhoodbest( � ����� j ) par-
ticle from thenondominatedfront of theswarmto which it belongs.Also,
a particleonly selectsa new � �+��� j particlewhen the currentis no longer
a nondominatedsolution. On the otherhand,the personalbest(4}�+��� j ) of
eachparticleis updatedbasedon dominancerelations.Finally, theauthors
definethata subswarmis dominatedwhennoneof its particlesbelongsto
the total nondominatedfront. In this way, whena subwarm is dominated
for acertainnumberof consecutivegenerations,thesubswarmis relocated.
Theproposedalgorithmis testedon an artificial multi-objective optimiza-
tion function and on a real-world problemfrom biochemistry, called the
moleculardockingproblem. Theauthorsreformulatethemoleculardock-
ing problemasamulti-objectiveoptimizationproblemand,in thiscase,the
updatingof the 4:����� j particleis alsobasedon theweightedsumof theob-
jectivesof theproblem.ClustMPSOoutperformsawell-knownLamarckian
GeneticAlgorithm thathadbeenpreviouslyadoptedto solvesuchproblem.
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5.5 CombinedApproaches
g Mahfoufet al. [39]: TheauthorsproposeanAdaptiveWeightedPSO(AW-

PSO)algorithm,in which thevelocity is modifiedby includinganacceler-
ationtermthatincreasesasthenumberof iterationsincreases.Thisaimsto
enhancetheglobalsearchability at theendof runandto helpthealgorithm
to jump out of local optima. Also, a weightedaggregatingfunction is in-
troducedwithin thealgorithmfor performanceevaluationandto guidethe
selectionof thepersonalandglobalbests.Theauthorsusedynamicweights
to generateParetooptimalsolutions.Whenthepopulationis losingdiver-
sity, a mutationoperatoris appliedto thepositionsof certainparticlesand
thebestof themareretained.Finally, theauthorsincludea nondominated
sortingalgorithmto selecttheparticlesfrom oneiterationto thenext. Since
plusselectionis adopted,an externalarchive is not necessaryin this case.
Thisapproachis appliedin theoptimaldesignof heat-treatedalloy steels.

g Xiao-huaet al. [69]: The authorsproposean Intelligent Particle Swarm
Optimization(IPSO)algorithmfor multi-objective problemsbasedon an
Agent-Environment-Rules(AER) modelto provideanappropriateselection
pressureto propeltheswarmpopulationtowardstheParetooptimalfront. In
this model,theauthorsmodify the fully connectedflight formulaincluding
the lbestpositionof theneighborhoodof eachparticle. Theneighborhood
of a particle is determinedby a lattice-like topology. On the otherhand,
eachparticleis takenasanagentparticlewith theability of memory, com-
munication,response,cooperationandself-learning.Eachparticlehasits
position,velocityandenergy, whichis relatedto its fitness.All particleslive
in a latticelike environment,which is calledanagentlattice,andeachpar-
ticle is fixedon a lattice-point.In orderto survive in thesystem,they com-
peteor cooperatewith their neighborssothatthey cangainmoreresources
(increaseenergies). Eachparticlehasthe ability of cloning itself, andthe
numberof clonesproduceddependsof theenergy of theparticle. General
agentparticlesandlatency agentparticles(thosewho have smallerenergy
but containcertainfeatures—e.g.,favoringdiversity—thatmakethemgood
candidatesto be cloned)will be cloned. The aim of the clonal operator
(which is modeledin theclonalselectiontheoryalsoadoptedwith artificial
immunesystems[46]) is to increasethecompetitionamongparticles,main-
tain diversityof theswarmandimproving theconvergenceof theprocess.
Also, a clonal mutationoperatoris used. Leadersare selectedbasedon
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theenergy valuesof theparticles.Finally, this approachadoptsanexternal
archive in orderto storethenondominatedsolutionsfound throughoutthe
runandto provide thefinal solutionset.

5.6 Other Approaches

Here,we considerthe approachesthat could not fit any of the main categories
previouslydescribed.

g Li [38]: This authorproposesthemaximinPSO, which usesa fitnessfunc-
tionderivedfromthemaximinstrategyproposedbyBalling [4] todetermine
Pareto-domination.Theauthorshowsthatoneadvantageof thisapproachis
thatno additionalclusteringor nichingtechniqueis needed,sincethemax-
imin fitnessof a solutioncantell usnot only if a solutionis dominatedor
not, but also if it is clusteredwith othersolutions,i.e., the approachalso
providesdiversityinformation. In this approach,for eachparticle,a differ-
ent leaderis selectedfor eachof thedecisionvariablesto conforma single
global best. Leaders(storedin an externalarchive) arerandomlyselected
basedon themaximinfitness.

g Zhanget al. [70]: This approach(basedon a fully connectedtopology)
attemptsto improve the selectionof

� �+��� j and 4}�+��� j whenthe velocity of
eachparticle is updated. For eachobjective function, thereexists both a� �+��� j anda 4}�+��� j for eachparticle. In order to updatethe velocity of a
particle,thealgorithmdefinesthe

� �+��� j of a particleastheaverageof the
completesetof

� �+��� j particles.Analogously, the 4}�+��� j is computedusing
eitherarandomchoiceor theaveragefrom thecompletesetof 4}�+��� j values.
This choicedependson thedispersiondegreebetweenthe

� �+��� j and 4}�+��� j
valuesof eachparticle.

6 ConvergencePropertiesof PSOand MOPSO

Recently, sometheoreticalstudiesabouttheconvergencepropertiesof PSOhave
beenpublished. As in the caseof many evolutionaryalgorithms,thesestudies
haveconcludedthattheperformanceof thePSOis sensitive to controlparameter
choices[20].
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neighborhood leadersselection external dynamic mutation
topology basedon archive � operator

Aggregatingapproaches
ParsopolousandVrahatis[50] fully connected single-objective no yes no ¢¡�£�¤Z¥X¤)£7¦;§
Baumgartneretal. [6] fully connected single-objective no no no
Lexicographic ordering
Hu andEberhart[24] ring single-objective no yes no¨�©}ª  «¤)£~¬�­+¡�£�¤�§
Hu etal. [25] ring single-objective yes yes no¨�©}ª  «¤)£~¬�­+¡�£�¤�§
Sub-Population approaches
Parsopoulosetal. [49] fully connected single-objective yes no no
Chow andTsui [8] fully connected single-objective no no no
Pareto-Basedapproaches
MooreandChapman[41] ring dominance no no no
RayandLiew [53] fully connected densityestimator yes no no
FieldsendandSingh[21] fully connected dominance& yes no yes

closeness
Coelloetal. [11, 12] fully connected densityof solutions yes no yes
ToscanoandCoello[66] fully connected randomly no no no
SrinivasanandHou [61] fully connected nichecount& no no yes

dominance
MostaghimandTeich[44] fully connected sigmavalue yes no yes
MostaghimandTeich[43] fully connected sigmavalue yes no yes
MostaghimandTeich[45] fully connected sigmavalue yes no yes
Bartzetal. [5] fully connected densityof solutions; yes no no

success
Li [37] fully connected nichecount; yes yes yes

densityestimator
 ¢¡�£�¤Z¥X¤)£7¦;§

ReyesandCoello[60] fully connected densityestimator yes yes yes¨�©}ª  «¤)£=¡�­�¤)£~¬�§
Alvarez-Benitezetal. [2] fully connected dominance yes no yes
Ho etal. [23] fully connected fitness& age yes yes yes

proposed
Villalobos-Ariasetal. [68] fully connected stripes yes no yes
Salazar-LechugaandRowe[55] fully connected nichecount yes no no
RaquelandNaval [51] fully connected densityestimator yes no yes
ZhaoandCao[71] fully connected fuzzy membership yes no no
JansonandMerkle [27] fully connected random yes no no
Combined approaches
Mahfouf etal. [39] fully connected single-objective no yes yes¨�©}ª  «¤)£=¡+¬�­+¡�£�¤�§
Xiao-huaet al. [69] fully connected& energy value yes yes yes

lattice
 «¤)£~®¯¥X¤)£~°�§

Other approaches
Li [38] fully connected maximinfitness yes yes no ¢¡�£�¤Z¥X¤)£7¦;§
Zhangetal. [70] fully connected compositeleader no yes no «¤)£~±¯¥X¤)£7¦;§

Table1: Completelist of the MOPSOproposalsreviewed. For eachproposal,
we indicatethe correspondingneighborhoodtopologyadopted,leaderselection
schemeusedandwhetherthe approachincorporatessomedynamicschemefor
theinertiaweight( h ), anexternalarchiveandamutationoperator.
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Most of thetheoreticalstudiesarebasedon simplifiedPSOmodels,in which
a swarm consistingof oneparticleof onedimensionis studied. The pbestand
gbestparticlesareassumedto beconstantthroughouttheprocess.Also, theterms² � �P³ ��r;� , ² � �´³ �8r�� (usedin Equation5) areassumedto be constant.Under
theseconditions,particle trajectoriesandconvergenceof the swarm have been
analyzed.

In thetheoreticalstudiesdevelopedaboutPSO,convergencehasbeendefined
asfollows:

Definition 6. Consideringthesequenceof globalbestsolutions a � �+��� j x d�µxE¶�· ,
wesaythattheswarmconvergesif f

lim xE¸ µ
� �+��� j xq�¹4

where4 is anarbitrarypositionin thesearchspace.
Since4 refersto anarbitrarysolution,Definition6 doesnotmeanconvergence

to a local or globaloptimum.
The first studieson the convergencepropertiesof PSOwere developedby

OzcanandMohan[47, 48]. OzcanandMohanstudieda PSOunderthe condi-
tionspreviouslydescribedbut, in addition,theirmodeldid notconsidertheinertia
weight. They concludedthat,when # � ² �Kº

, where
² � ² � p ² �

, the trajec-
tory of a particleis a sinusoidalwave wherethe initial conditionsandparameter
choicesdeterminetheamplitudeandfrequency of thewave. Also, they concluded
thattheperiodicnatureof thetrajectorymaycauseaparticleto repeatedlysearch
regionsof thesearchspacealreadyvisited,unlessanotherparticlein its neighbor-
hoodfindsabettersolution.

In [67], vandenBergh developeda modelof PSOunderthesameconditions,
but consideringthe inertiaweight. VandenBerg provedthat,when »½¼ �� � ³ � p³ � � n ' , theparticleconvergesto thepoint² � 4}�+��� j p ² � � ����� j² � p ² � �
In this way, if ³ � �O³ � , theparticleconvergesto thepoint

4}�+��� j p � �+��� j* �
Sincetheseconclusionswereobtainedundertheassumptionof

² �
and

² �
being

constants,vandenBergh generalizedhis modelconsideringthestochasticnature
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of
² �

and
² �

. In this case,heconcluded(assuminguniformdistributions)thatthe
particlethenconvergesto theposition:

� ' n �¾�k4:����� j p�� � ����� j
where �¿� ÀyÁÀ¢ÂyÃ�ÀyÁ . In this way, vandenBergh showedthata particleconvergesto
aweightedaveragebetweenits personalbestandits neighborhoodbestposition.

As we saidbefore,in orderto ensureconvergence,thecondition »Ä¼ �� � ³ � p³ � � n ' musthold. However, it is possibleto choosevaluesof ³ � , ³ � and » such
thattheconditionis violated,andtheswarmstill converges[67]: if

² ����x  ÆÅ � ² À �  x³ � p¹³ �
is closeto 1.0, where

² À �  xÇ� sup a ² b,#���È ² n ' � »Éd , ² N � #��Ê³ � pU³ � � , the
swarm hasconvergentbehavior. This implies that the trajectoryof the particle
will convergemostof thetime, occasionallytakingdivergentsteps.

The studiesdevelopedby Ozcanand Mohan, and van der Bergh, consider
trajectoriesthatarenot constricted.In [9], ClercandKennedyprovidea theoreti-
cal analysisof particlebehavior in which they introduceaconstrictioncoefficient
whoseobjective is to preventthevelocity from growing outof bounds.

As we couldsee,theconvergenceof PSOhasbeenproved. However, we can
only ensuretheconvergenceof PSOto thebestpositionvisitedby all theparticles
of theswarm. In orderto ensureconvergenceto thelocal or globaloptimum,two
conditionsarenecessary:

1. The
� �+��� j x Ã � solutioncanbeno worsethanthe

� ����� j x solution(monotonic
condition).

2. The algorithmmustbe ableto generatea solutionin the neighborhoodof
the optimumwith nonzeroprobability, from any solution � of the search
space.

In [67], van denBergh providesa proof to show that the basicPSOis not a
local (neitherglobal)optimizer. This is dueto the fact that,althoughPSOsatis-
fiesthemonotonicconditionindicatedabove,oncethealgorithmreachesthestate
where���¹4}�+��� j � � �+��� j for all particlesin theswarm,nofurtherprogresswill be
made.Theproblemis thatthis statemaybereachedbefore

� �+��� j reachesa mini-
mum,whetherbelocal or global. ThebasicPSOis thereforesaidto prematurely
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converge. In thisway, thebasicPSOalgorithmis nota local (global)searchalgo-
rithm, sinceit hasno guaranteedconvergenceto a local (global)minimumfrom
anarbitraryinitial state.

Also, van denBergh suggeststwo waysof extendingPSOin orderto make
it a globalsearchalgorithm. Thefirst is relatedto thegenerationof new random
solutions.In general,theintroductionof a mutationoperatoris useful.Neverthe-
less,forcing PSOto performa randomsearchin an areasurroundingthe global
bestposition,thatis, forcing theglobalbestpositionto changein orderto prevent
stagnation(by meansof a hill-climbing search,for example),is alsoa suitable
mechanism[20]. On theotherhand,vandenBergh alsoproposesto usea“multi-
startPSO”, in which whenthealgorithmhasconverged(undersomecriteria), it
recordsthebestsolutionfoundandtheparticlesarerandomlyreinitialized.

To the bestof our knowledge,until this date,thereareno studiesaboutthe
convergencepropertiesof MOPSOs. From the discussionpreviously provided,
wecanconcludethatit is possibleto ensureconvergence,by correctlysettingthe
parametersof theflight formula. But, asin thecaseof single-optimization,such
propertydoesnot ensurethe convergenceto the true Paretofront, in this case.
In the caseof multi-objective optimization,we may concludethat we still need
conditions(1) and(2), to ensureconvergence.However, in thiscase,condition(1)
maychangeto:

1. The solutionscontainedin the external archive at iteration
j p½' should

benondominatedwith respectto thesolutionsgeneratedin all iterationsË ,#Ì! Ë ! j p$' , sofar (monotoniccondition).

Theuseof the � -dominancebasedarchiving asproposedin [36] ensuresthis
condition,but the normaldominance-basedstrategiesdo not, unlessthey make
surethatfor any solutiondiscardedfrom thearchiveonewith equalor dominating
objectivevectoris accepted.In thisway, givenaMOPSOapproach,andassuming
it satisfiescondition(1), it remainsto exploreif it satisfiescondition(2), to ensure
globalconvergenceto thetrueParetofront.

7 Futur eResearch Paths

As we have seen,despitethefact thatMOPSOsstartedto bedevelopedlessthan
tenyearsago,thegrowth of this field hasexceededeventhemostoptimisticex-
pectations.By looking at the papersthat we reviewed, the coreof the work on
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MOPSOshasfocusedonalgorithmicaspects,but thereis muchmoreto do in this
area.In thissection,wewill providesomeinsightsregardingsometopicsthatwe
believethatareworth investigatingwithin thenext few years:

g Emphasison Efficiency: ThecurrentMOPSOsarenot algorithmspartic-
ularly complex (in termsof their datastructures,memorymanagementand
so on), andare quite effective (more than state-of-the-artmulti-objective
evolutionaryalgorithmsin somecases).So,why to make thingsmorecom-
plicatedregardingalgorithmicdesign?Is thereroomfor new developments
in this regard? We believe that thereis, but we have to focusour work in
a new direction. For example,few peoplehave tried to exploit the very
high convergenceratecommonlyassociatedwith PSOto designan“ultra-
efficient” MOPSO.It would bevery useful(for real-world applications)to
have a MOPSOthatcouldproducereasonablygoodapproximationsof the
Paretofrontof multi-objectiveoptimizationproblemswith 20or 30decision
variableswith lessthan5000fitnessfunctionevaluations.A first attemptto
designsucha type of MOPSOis reportedin [64] but more work in that
directionis certainlyexpected,sincethis topic hasbeenrecentlyexplored
with othertypesof multi-objectiveevolutionaryalgorithmsaswell [33].

g Self-Adaptation of Parameters in MOPSOs: The designof MOPSOs
with noparametersthathavetobefine-tunedby theuseris anothertopicthat
is worth studying. In evolutionarymulti-objectiveoptimizationin general,
the useof self-adaptationor on-line adaptationmechanismsis scarce(see
for example[63, 1, 7]), andwe areonly awareof onemulti-objectiveevo-
lutionaryalgorithmwhichwasdesignedto beparameterless:themicroGA

�
[65]. Thedesignof a parameterlessMOPSOrequiresacarefulstudyof the
velocity updateformulaadoptedin PSO,andanassessmentof the impact
of eachof its componentsin theperformanceof a MOPSO.Eventhe iner-
tia andlearningfactorswhich arenormallyassumedconstantsin PSOmay
benefit from an on-line adaptationmechanismwhen dealingwith multi-
objectiveoptimizationproblems.7

g Theoretical Developments:Thereis notmuchtheoreticalwork onPSOin
general(seefor example[9]) and,therefore,thelackof researchontheoret-
ical aspectsof MOPSOsis, by nomeans,surprising.It wouldbeinteresting

7Readersinterestedin this topic may be interestedin looking at the work of MauriceClerc,
availableat: http://clerc.maurice.free.fr/pso/ .
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to performatheoreticalstudyof therun-timeandconvergencepropertiesof
aMOPSO(seeSection6). Otheraspectssuchasthefitnesslandscapesand
dynamicsof aMOPSOarealsoveryattractive theoreticalresearchtopics.

g Applications: Evidently, no algorithmwill everbeusefulif wecannotfind
a goodapplicationfor it. MOPSOshave beenusedin a few applications
(seeSection5), but not soextensively asothermulti-objectiveevolutionary
algorithms.ThereasonmaybethatMOPSOsareyoungerandlessknown
than, for example,multi-objective geneticalgorithms. However, a well-
designedMOPSOmaybequiteusefulin real-world applications,mainly if,
aswementionedbefore,its veryfastconvergencerateis properlyexploited.
At somepoint in thenearfuture,we believe thattherewill beanimportant
growth in the numberof applicationsthat adoptMOPSOsastheir search
engine.

8 Conclusions

Wehavereviewedthestate-of-the-artregardingextensionsof PSOto handlemul-
tipleobjectives.Wehavestartedbyprovidingashortintroductionto PSOin which
we describedits basicalgorithmandits maintopologies.We have alsoindicated
themainissuesthathaveto beconsideredwhenextendingPSOto multi-objective
optimization,andthenwehaveanalyzedeachof themin moredetail.

Wehavealsoproposeda taxonomyto classifythecurrenttechniquesreported
in thespecializedliterature,andwe have provideda survey of approachesbased
onsucha taxonomy.

Finally, we have providedsometopicsthatseem(from theauthors’perspec-
tive) as very promisingpathsfor future researchin this area. Consideringthe
currentrateof growth of thisarea,weexpecta lot of moreactivity within thenext
few years.However, theswitchto new areasdifferentfrom purealgorithmdevel-
opmentmayattractnewcomersto thisfield andmaycontributeto keepit alivefor
severalmoreyears.
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